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INTRODUCTION

Topicality and demand of the theme of the dissertation.

The theme is highly topical due to the growing interest in alternative theories
of gravity, which aim to resolve fundamental issues in General Relativity (GR),
such as singularities and incompatibility with quantum mechanics. Recent ad-
vancements in astrophysical observations, including gravitational wave detections
and black hole imaging by the Event Horizon Telescope, have provided unprece-

dented opportunities to test these theories.

The demand for such research stems from the need to understand the dark
components of the universe, dark matter and dark energy, which remain unex-
plained within standard GR. Modified gravity theories offer potential solutions,
making this dissertation relevant to contemporary astrophysics and cosmology:.
The work investigates key phenomena like particle acceleration and thermody-
namic properties, which are crucial for probing the nature of gravity in extreme
environments. For instance, the Banados-Silk-West (BSW) mechanism, which sug-
gests black holes can act as particle accelerators, has implications for high-energy
astrophysics and cosmic-ray production.

Furthermore, the dissertation’s focus on observable signatures, such as pho-
ton orbits and ergosphere dynamics, bridges theoretical predictions with real-world
observations. This alignment with current observational capabilities ensures the

practical applicability of the research. By examining black holes in modified grav-
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ity, the work contributes to the broader quest for a unified theory of gravity and

quantum mechanics, making it a timely and valuable addition to the field.

Moreover, the dissertation aligns with the strategic scientific priorities in
Uzbekistan and the broader international community. This dissertation work cor-
responds to the tasks of the following state regulatory documents: Decree of the
President of the Republic of Uzbekistan No. UP-4947 "On the Strategy of Ac-
tions for the Further Development of the Republic of Uzbekistan" dated February
07, 2017, Decree of the President of the Republic of Uzbekistan No. PP-2789
"On Measures for Further Improvement of Academy of Sciences, Organization,

Management, and Financing of Research Activities from 18.02.2017.

Relevance of the research to the priority areas of science and tech-
nology development of the Republic of Uzbekistan. Dissertation research
has been carried out in accordance with the priority areas of science and technology

in the Republic of Uzbekistan: II. “Power, energy and resource-saving”.
Degree of study of the problem

The problem of understanding thermodynamic and energetic processes around
compact objects in modified theories of gravity has been extensively studied, yet
significant gaps remain. Classical works laid the foundation for black hole shadows
and geodesic motion (Bardeen, Luminet , Event Horizon Telescope Collaboration,
Abdujabbarov, Ahmedov, Bambi), while later studies introduced the concept of
black holes as particle accelerators (Banados, Silk, West, Zaslavskii, Wei, Liu,
Atamurotov). Modified gravity theories, such as Einstein-Gauss-Bonnet (EGB)
and scalar-tensor models, have been explored in contexts like horizon structure,
photon spheres, and particle dynamics. However, most existing research focuses
on isolated aspects, such as thermodynamics (Bekenstein, Hawking, Glavan, Lin,

Ghosh, Ahmedov, Jamil), without integrating these phenomena into a cohesive
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framework. Additionally, while the BSW mechanism is well studied in Kerr and
Kerr-Newman spacetimes, its implications in modified gravity, particularly with
additional fields like dark matter or nonlinear electrodynamics, remain underex-

plored.

Recent advancements in observational astronomy, such as the imaging of
MS87* and Sgr A*, have intensified the need for comprehensive models that ac-
count for deviations from GR. Studies on rotating black holes in 4D EGB gravity,
Simpson-Visser metrics, and perfect fluid dark matter (PFDM) environments have
emerged (Simpson, Visser, Kiselev, Abdujabbarov, Atamurotov, Ghosh), yet sys-
tematic comparisons with observational data are still limited. Thermodynamic
properties, including Hawking radiation and phase transitions, have been ana-
lyzed in simplified scenarios, but the effects of thermal fluctuations and higher-
order corrections are not fully understood. The dissertation addresses these gaps
by unifying particle dynamics and thermodynamics in modified gravity, providing
a more holistic understanding of compact objects. By leveraging both analytical
and numerical methods, the work aims to bridge theoretical predictions with ob-
servable phenomena, contributing to the ongoing refinement of alternative gravity

theories.

Connection of the topic of the dissertation with the scientific re-
search of the higher educational /research institutions, where the dis-
sertation was carried out. The dissertation was done in the framework of
the scientific projects funded by the Ministry of Innovative Development: F-FA-
2021-510 "Investigations of nuclear matter of neutron stars in modified gravity"

(2021-2026).

The aim of the research is the comprehensive analysis of astrophysical

processes around rotating black holes in modified theories of gravity:.
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The tasks of the research:

e to analyze the spacetime structure of rotating and charged black holes in mod-
ified gravity theories (Einstein-Gauss-Bonnet, Simpson-Visser, and PFDM
models), including horizon configurations, extremality conditions, and ergo-
sphere properties, and to determine how these features depend on additional

gravitational parameters;

e to derive and investigate the equations of motion for test particles of rotating

black holes in modified gravity, using the effective potential approach;

e to study particle acceleration mechanism near black holes in both extremal

and non-extremal regimes;

e to examine the innermost stable circular orbits (ISCOs) and effective poten-

tials for test particles in modified gravity backgrounds;

e to derive the thermodynamic quantities of rotating black holes in modified
gravity, such as Hawking temperature, entropy, angular velocity, and Gibbs

free energy;

e to examine thermodynamic stability and phase behavior, including the effects

of thermal fluctuations and higher-order entropy corrections;

The objects of the research are rotating black holes in modified gravity,
charged black holes, horizon and ergosphere structures, Observable characteristics
such as distortion, particle dynamics and thermodynamic systems.

The subjects of the research are particle acceleration mechanisms, effec-
tive potentials and stability, thermodynamic properties, dark matter and quintessence

effects.



The methods of the research are methods of computational mathemat-
ics, methods of theoretical astrophysics, modern methods of mathematical physics,
analytical and numerical methods of calculating differential equations for field and
particle motion. The method of metric analysis and analytical calculations has
been used for the derivation of black hole solutions in modified gravity and the
computation of horizon and ergosphere structures via metric component analy-
sis. Method of numerical simulations and computational modeling has been used
to solve nonlinear field equations numerically for charged/dark matter-modified
black holes. Stability analysis have been used for evaluating Hawking temper-
ature, entropy, and Gibbs free energy via surface gravity and Euclidean action
methods.

The scientific novelty of the research is the follows:

e The first unified study of dynamics of particles and thermodynamics allowed
us to combine particle acceleration (BSW effect), and thermodynamic sta-
bility in modified gravity (e.g., 4D EGB, Simpson-Visser) within a single

framework, revealing interdependencies previously studied only in isolation.

e Obtained derivations of observable signatures (e.g. ISCO shifts) for black
holes in PFDM providing testable deviations from General Relativity.

e The theoretical results incorporate thermal fluctuations and higher-order en-
tropy corrections into modified gravity black holes, addressing gaps in under-
standing quantum /statistical effects on Hawking radiation and phase transi-

tions.
Practical results of the investigation are as follows:

e The results on particle acceleration processes quantify energy limits for near-



horizon particle collisions in modified spacetimes, with implications for high-

energy astrophysics (e.g., cosmic rays, AGN jets).

e Analysis of stability criteria for exotic compact objects identify parameter
ranges where black holes in modified gravity remain stable, guiding theoret-

ical models and numerical relativity simulations.

e the results provide a direct, quantitative link between the spin of matter in
an accretion disk and the fundamental parameters of a black hole, offering
a new method to use astrophysical observations to test for the existence of

"hairy" black holes beyond the standard model.

Reliability of the research results provided by applying modern proven
methods of mathematical physics, computational mathematics, and relativistic
astrophysics. The results were obtained strictly within the mathematical appara-
tus of general relativity and theoretical physics. Modern numerical and analytical
methods of calculation are also used, and the results are compared with available
observational data and the results of other authors. The structured conclusions
of the thesis correspond to the basic rules of astrophysics of compact objects.
All derived solutions strictly adhere to the mathematical frameworks of modified
gravity theories (e.g., 4D Einstein Gauss-Bonnet gravity, PFDM). Calculations
are cross-verified using established methods like Hamilton-Jacobi formalism for
geodesics.

The scientific and practical significance of the research results are

follows

e The results of the dissertations integrate particle dynamics, and thermo-

dynamics of compact objects in 4D Einstein-Gauss-Bonnet, Simpson-Visser
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spacetimes into a single self-consistent formalism, revealing previously unex-

plored interconnections between these phenomena.

e The results demonstrate that a black hole’s hair — the fundamental param-
eters describing its deviation from general relativity — directly governs the
dynamics of spinning particles, providing a new theoretical framework to

observationally test and constrain alternative gravity theories.

e The study in the dissertation extends the Banados-Silk-West particle acceler-
ation mechanism to rotating black holes in modified gravity, deriving critical

angular momentum conditions and collision energy limits for spacetimes with

additional fields (scalar and PFDM).

e The analysis of thermodynamics with higher-order quantum corrections de-
velops a comprehensive thermodynamic description incorporating logarith-
mic corrections and thermal fluctuations for modified gravity black holes,
resolving ambiguities in their stability and phase transition behavior beyond

semiclassical approximations.

Application of the research results.

The results of the study of the dynamics of particles around black holes in
modified gravity theories have been applied as follows:

the theoretical research results and methods, published in the scientific pa-
per “G. Rakhimova, F. Atamurotov, F. Javed, A. Abdujabbarov, G. Mustafa,
Thermodynamical analysis of charged rotating black hole surrounded by perfect
fluid dark matter, Nuclear Physics B, V. 996, 116363 (2023),
https://doi.org/10.1016/j.nuclphysb.2023.116363” and presented in the Doctorate
(PhD) thesis of Ms. Gulzoda Rakhimova have been used in the framework of the

programs supported by the Fudan University (Letter from Prof. Cosimo Bambi)
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Approbation of the research results

The dissertation results have been discussed in 4 international conferences.

Publication of the research results

On the theme of the dissertation, 13 scientific works were published, in-
cluding 6 scientific papers in international scientific journals recommended by the
Supreme Attestation Comission of the Republic of Uzbekistan for publishing basic
scientific results of PhD dissertations.

Volume and structure of the dissertation

The dissertation is presented on 108 pages and consists of an introduction,
three chapters, conclusion, and a bibliography.
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Chapter 1

Particle acceleration near a rotating
charged black hole in 4D

Einstein-Gauss-Bonnet gravity

In this chapter we investigate the horizon structure and ergosphere of a
charged rotating black hole within 4D Einstein-Gauss-Bonnet gravity, which in-
troduces additional parameters such as the charge (@) and Gauss-Bonnet param-
eter (), besides the mass (M) and rotation parameter (a). Interestingly, for each
value of the parameter @ (8), there is a critical GB parameter 5 = g (Q = Qp)
that corresponds to an extremal black hole with degenerate horizons. For 8 < g
(Q < Qpg), it describes a non-extremal black hole with two horizons, and for
B > Br (Q > Qg), no black hole exists. The extremal value g (Qg) is also
affected by the GB parameter S and the ergosphere. We also study the collision
of two equal-mass particles near the horizon of this black hole and explicitly show
the effect of the parameter 5 (Q)). The innermost stable circular orbits (ISCO) and
the effective potential, which governs the motion of particles in spacetime, have
been analyzed for different parameter values. The centre-of-mass energy (Ecwm)

depends on the rotation parameter a and the parameters 5 and (). We investi-
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gate the Ecy of two colliding particles near the horizon for both extremal and
non-extremal cases. It is shown that in extremal cases, when one of the colliding
particles has a critical angular momentum, the Ecy can be arbitrarily high, sug-
gesting that the charged rotating black hole in 4D Einstein-Gauss-Bonnet gravity
can function as a particle accelerator. Despite the complexity of the BH solution,
an exact expression for the thermodynamic quantities of black holes, such as the
mass, Hawking temperature, and entropy, is derived in terms of the horizon ra-
dius. These quantities show significant deviations from the Kerr solution because

of the influence of the Gauss-Bonnet parameter and electric charge.

1.1 Introduction

In 2009, Banados, Silk and West (BSW) [1]| showed that a Kerr black hole
could function as a particle accelerator. Specifically, when two particles collide
near the event horizon of an extremal Kerr black hole, the center-of-mass energy
(denoted as E¢ypy) can . It was observed that the Egpy increases even further
for an extremal black hole when one of the colliding particles possesses a critical
angular momentum. The BSW mechanism has not only captured considerable
attention but has also served as a foundation for subsequent research papers [1—
22|. These papers have extended the BSW mechanism to various spacetimes,
providing insights into new physics and its potential applications in astrophysics.
For instance, these studies have proven instrumental in comprehending gamma-
ray bursts and active galactic nuclei (AGNs) in galaxies. One notable contribution
is the work by Jacobson and Sotiriou [2], delving into the practical limitations of
the Kerr black hole in its ability to function as a particle accelerator. A crucial
observation shows that infinite E¢ops for colliding particles is only possible under

specific conditions. The black hole must be precisely extremal, and the collision
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must occur on the black hole’s horizon, and infinite E¢js requires an infinitely long
time. Lake [3| conducted a study on the BSW mechanism near the Cauchy horizon,
revealing that the E¢)s for colliding particles becomes infinite. Moreover, when
extending the BSW mechanism to the case of Kerr-Newman black holes, Wei [4]
found that an unrestricted E¢)s necessitates an additional constraint on the spin
parameter a. It was further argued that a similar effect could be observed in
nonrotating, charged black holes, even in the simplest scenario of radial particle
motion within the Reissner-Nordstrom background. Zaslavskii demonstrated that
the BSW mechanism is a universal property of rotating black holes [5,6]. The BSW
mechanism has been successfully extended to various rotating and non-rotating
black holes, yielding consistent outcomes [7—11,23-29|. Recently, Zaslavskii [30]
investigated the collision of spinning particles within the event horizon of a black
hole, which suggests that even in this scenario, the divergence of the Egjps can
still be observed (see also, [31,32]). Interestingly, it has been discovered that the
4D Gauss-Bonnet black hole can function as a particle accelerator, yielding FEops
of arbitrary magnitude [25]. The Gauss-Bonnet coupling constant 5 introduces
deviations in the results compared to those obtained for the Kerr black hole. The
allowed range of angular momentum and critical angular momentum values are

contingent upon the specific value of 3 [33].

We aim to investigate the collision of particles within the event horizon of an
extremal rotating black hole in 4D Einstein-Gauss-Bonnet gravity [34]. The aim
is to determine whether a divergent Ecjs can still be observed in this scenario.
We aim to explore phenomena similar to the Kerr or Kerr-Newman black hole to
identify a critical angular momentum that results in an infinite Ecys. The Eoyy
of two colliding particles in the horizon’s vicinity has been investigated for both

extremal and non-extremal scenarios. Specifically, the study examines the explicit
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impact of the Gauss-Bonnet coupling constant () and compares them to those
for the Kerr/Kerr-Newman black holes. We also discuss the influence of charge
and the Gauss-Bonnet coupling parameter 5 on the fundamental thermodynamic
quantities. It is also worth to note that in [35] authors argued that the black
hole solution obtained in Ref. [34]| is not consistent with the 4D-Gauss-Bonnet
field equations due to that the Einstein-Gauss-Bonnet theory in four dimension
becomes general relativity. On the other hand black holes (with GB curvature
effects) can be considered in the context of Einstein-scalar-Gauss-Bonnet theory
(see, e.g. [36,37]. In this paper we plan to test the black solution in 4D-Einstein-
Gauss-Bonnet model using thermodynamic properties and particle dynamics in
the background spacetime.

Here we plan to study the particle dynamics, acceleration process, and ther-
modynamic properties of charged BH in 4D Einstein-Gauss-Bonnet gravity. The
chapter is organized as follows: We briefly describe the charged rotating space-
time metric of 4D Einstein-Gauss-Bonnet gravity in Sect. 1.2. The equations of
motion of the test particles have been explored in Sect. 1.3. The acceleration of
test particles near the horizon of rotating 4D Einstein-Gauss-Bonnet BH with its
charge is studied in Sect. 1.4. Finally, we discuss the thermodynamic properties

of the rotating charged BH in Sect. 1.5. We conclude our results in Sect. 1.6.

1.2 Rotating charged black hole

Glavan and Lin [38] proposed a novel approach for dynamics of the Gauss-
Bonnet (GB) term in gravity theory in 4D spacetime by rescaling the GB coupling
parameter as 5 — /(D — 4) and considering the limit D — 4 in the field equa-
tions, they showed that the theory exhibits nontrivial contributions from the GB
term in 4D. It has been demonstrated that this theory only possesses the de-
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Figure 1.1: Plot showing the correspondence of parameters a, () and 3 for extremal BH. For
example, when a = 0.4 and ) = 0.4, it can be seen that the colour of the point whose coordinate
is (0.4,0.4) in the plot corresponds to § = 0.5 (precisely § = 0.5236) in the bar. So, higher
values of 3 for the same a and () correspond to the non-extremal BH. And smaller values of it

for ordinary BH with two horizons.

grees of freedom of a massless graviton, similar to general relativity, thus avoiding
ghosts [38]. As a result, the 4D Einstein-Gauss-Bonnet (EGB) gravity theory has
picked up significant attention and has been extensively investigated including the
spherical black holes [39-47]. Kumar and Ghosh [48] derived the rotating EGB
black hole metric, using the Newman—Janis algorithm modified by Azreg-Ainou’s
non-complexification procedure [49, 50|, which has been successfully applied for
generating imperfect fluid rotating solutions in the Boyer—Lindquist coordinates
from spherically symmetric static solutions obtained by Glavan and Lin [38]. In
4D Einstein-Gauss-Bonnet gravity, the gravitational field of a rotating charged
black hole can be described using Boyer-Lindquist coordinates, resulting in the

following metric [34,48]

sin® 6

02

P

A (adt — (r* +a®)dp)” (1.1)

dr® + p*df* +

A
ds* = —?(dt — asin® 0d¢)? +
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with the metric functions defined as

p? = 1*+a’cos0, (1.2)

rd oM (2

where a, () and 8 can be referred to as spin, charge and Gauss-Bonnet (GB)

coupling parameters of the BH, respectively. In the original paper, the greek
letter «v is used instead of 3, but we changed it into the Greek letter S not to
confuse it with spin parameter a. In addition, this work explored only positive
values of the 8 parameter. If we check the metric to the limiting cases, we will
get the Kerr-Newman solution if 5 approaches zero (5 — 0). The line element

Eq. (1.1) can be written in more convenient form:

ds® = gudt® + grrdr® + gopdd® + gesdd* + 2g:4dtde, (1.4)
where
A — a? sin*0 p?
= — = —, = p°, 1.5
Gt P » 9 A 9oo = P (1.5)
[(7“2 + a2)2 — A a? sin? } sin0
Jop = )
(010 p2
a sin30 [A — (r2 + az)}
Gty = pe :

The metric (1.1), in the limit 8, @@ — 0 or large 7, goes over to the Kerr
black holes [51] and also to the spherically symmetric solution of [38] in the limit
a, Q — 0. The rotating black hole (1.1), like the Kerr/Kerr-Newman black
hole, possesses two linearly independent Killing vectors 775) and 77? o) respectively,
related with the isometries along the time translation and rotational invariance,
and subsequently for definite-ness, we shall call the rotating black hole (1.1) as
rotating black hole in 4D Einstein-Gauss-Bonnet gravity. The charged rotating
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Figure 1.5: Plot showing the variation of the shape of ergosphere for a rotating charged BH in

xz-plane for the different values of a, ) and §. The blue and red lines correspond, respectively,

to the static limit surfaces and horizons.
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Table 1.1: The values of the horizons of a charged rotating BH with the parameter M=1 (§9=
T - ry). ay= 0.852804, 0.736012, 0.622437 and 0.501169, which, respectively, corresponds to
Q=p=0.1, 0.2, 0.3 and 0.4.

a f=0land @=0.1 6=0.2and Q =0.2 5 =0.3and Q =0.3 B=04and Q=0.4
g rh 09 rg ThH 09 Ty i 09 Ty rh 09
0.3 0.2975 1.8915 1.5940 0.3928 1.8117 1.4188 0.4931  1.7079  1.2148 0.6224 1.5657 0.9433
0.4 0.3796 1.8487 1.4691 0.4955 1.7608 1.2652 0.6179  1.6429 1.02498 0.7858 1.4672 0.6814
0.5 0.4685 1.7898 1.3212 0.6105 1.6880 1.0775 0.7694  1.5418 0.7723 1.1174 1.1919 0.0745
0.6 0.5697 1.7098 1.1401 0.7502 1.5816 0.8313 1.0085 1.34436  0.3357
aj, 1.1488 1.1488 0 1.1820 1.1820 0 1.1805  1.1805 0 1.1549 1.1549 0

BH described by the spacetime metric (1.1) need to be investigated to possess the
horizon structure and the ergosphere region, likewise the other rotating BHs. We
aim to examine the properties of the above-revealed features depending on the spin
parameter a, GB coupling parameter § and charge parameter (). Fig. 1.1 shows
the extremal values of a, 8 and () as a density plot. We give a detailed description
of this plot in its caption. Also, for a clearer representation of it, Fig. 1.2 shows
the variation of 8 and () with respect to a for the extremal black hole. The inner
region of these plots corresponds to the black hole region, and similarly, the outer
region to the no black hole region. With the effect of parameters on the horizons,
it is clear from Fig. 1.3 that for the smaller values of GB coupling parameter,
there are two horizons, namely Cauchy and event horizons. With the increase of
this parameter, they come closer to each other, i.e., the former increases and the
latter decreases. Eventually, for the specific beta values (5g) these two horizons
coincide, and BH becomes extremal. There is nothing but naked singularity for
B > Bg. The same analysis applies to BH’s charge parameter (). Table 2.1 gives
a numerical representation of the above-given analysis for both extremal and non-
extremal cases. It is also convenient to emphasize here that in order to find the
radii of horizons by fixing all parameters, we have used the A = 0 equation;

also, to find an extremal value of a parameter by fixing others, we've utilized the
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Figure 1.6: The shows the variation of the innermost stable circular orbits with respect to spin
parameters for the different values of 5 and (). The plot on the left-hand side is for the fixed
) = 0.2 and different 5, namely 8 = 0 (black), 5 = 0.2 (blue) and § = 0.4 (red). Similarly,
the figure on the right-hand side is for the fixed § = 0.2 and different @, i.e. Q@ = 0 (black),
Q) = 0.3 (blue) and @ = 0.6 (red).

following equations:

dA
A=0 and — =0, 1.6
and — (1.6)
Besides, this BH has two static limit surfaces r, and r,, which are the

positive real roots of equation g = 0. In Fig. 1.4, we show solutions of this
equation with different combinations of the parameters of a, 5 and @ for § = 7 /4
only. Plots for other values of 6 are like the § = m/4 case. Observing the outer
event horizon and the stationary limit surface of this BH, it is verified that the
stationary limit surface always lies outside of the event horizon for all values of 3

and (). The region between the outer horizon and the static limit surface is called

+

s 1s called the quantum ergosphere. Its

the ergosphere region, and its boundary r
shape is that of an oblate spheroid bulging at the equator and flattened at the
poles of the rotating BH. In Fig. 1.5, we have studied how the parameters a, 8
and () affect the shape of the ergosphere. The first, second and third rows reveal

the effect of the increase of a, # and () parameters, respectively, for the horizons
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and static limit surfaces. It can be seen from these plots that an increase of all
parameters thickens the ergosphere, and if the parameters are greater than its

extremal values, there is no black hole.

1.3 Equations of motion and effective potential in an equa-

torial plane

Here we consider the motion of a time-like particle with a rest mass mg in
the equatorial plane 6 = 7/2 where the polar velocity 6 becomes zero. The metric
and generalized momenta of the particle in the spacetime of a rotating charged

BH is expressed in the form

P, = gyt + gtq@; (1.7)
Py = gos® + Gio (1.8)

where P, and P, are the constants of motion, corresponding to the particle’s
energy E and the angular momentum L, respectively. For simplicity, we set the
rest-mass of the particle m = 1. The overdot denotes differentiation with respect

to the proper time. We calculated the equations of motion of a massive particle

from Eqgs. (1.7)-(1.8) along with the normalization condition uw,u” = —1, given as
below:
1 [(a®+1?%)
Ut:ﬁ_TT‘f‘a L—aF ||, (1.9)
1[a

\/T2 — A(rQ + (L — aE)Q)

7«’2



where T' = E(a®?+1r?) —aL and + and — signs in Eq. (1.11) refer to the outgoing
and incoming geodesics, respectively. To evaluate the motion of particles, we have
to understand the properties this black hole and its effective potential. An effective
potential for a test particle which is at rest at infinity for charged rotating BHs

can be calculated with the following formulae:

1 ([ E? 2FEL L?
Vig = — ( 9¢¢+2 Gt + gtt). (1.12)
29y, Gis — GttYoo
from Eq. (1.12), one can get an explicit form of effective potential easily.
al — (a*> +r)E A r?2 + (L — aFE)?
‘/eff:_( ( ) ) ( ( ) ) (113)

2r4
The solution to the simultaneous equations 1)7 = 0;2)0,Veg = 0;3)0?Veg =
0 defines the innermost stable circular orbit rigco of the particle. It isn’t easy
to find an analytic solution for rigco here, but in Fig. 1.6, we calculated the
risco numerically for the different values of 8 and (). Furthermore, it is evident
from these figures that an increase in any parameter leads to a decrease in the
radius of the innermost stable circular orbit, assuming the other parameters remain

constant.

1.4 Particle acceleration

Recently, BSW [1]| analyzed the possibility that a Kerr black hole can act
as a particle accelerator by studying the collision of two particles near the event
horizon of the Kerr black hole. They found that the Eqjs of the colliding particles
in the equatorial plane can be arbitrarily high in the limiting case of an extremal
black hole. Thus, the extremal Kerr black hole can be a particle accelerator

at the Planck energy scale. In this section, we aim to study the properties of
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Ecyr as r approaches the event horizon ry of the charged rotating black holes in
4D Einstein-Gauss-Bonnet gravity described by the spacetime metric (1.1). We
carefully examine the E¢ojs resulting from a collision between two particles near

the BH horizon, considering both extremal and non-extremal BH scenarios.

Our focus lies in a specific scenario where two particles initially in a non-
relativistic state are at infinity. These particles gradually fall freely towards the
compact object and eventually experience a high-magnitude collision near the hori-
zon. It is important to note that we make a distinct choice for the collision point
because of the phenomenon known as infinite blue shift. In this phenomenon, par-
ticles approaching from infinity show an infinitely amplified energy at the horizon.
As a result, this scenario presents the potential for generating an arbitrarily large

amount of energy.

1.4.1 Limiting and critical angular momenta of test particles

The magnitude of the particle’s momentum is significant for analyzing its
geodesics in curved spacetime.The motion of a test particle in a stationary and
axisymmetric black hole spacetime can be described in terms of an effective radial

potential Veg (7). So, physically admissible motion requires: Veg(r) > 0.

The limiting values of the angular momentum define the range of
angular momenta for which a particle released from infinity can reach the black
hole horizon without encountering a turning point. These values are determined
by the existence of unstable circular orbits, which act as separatrices between

plunging and non-plunging trajectories.
The limiting angular momenta L,,;, and L,,.., which is depicted in table
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1.2 and 1.3, are obtained by imposing the circular-orbit conditions:

dveﬁ‘(’l“)
dr

Vet () = 0 and = 0. (1.14)

Solutions of these equations correspond to unstable circular motion. The associ-
ated angular momenta define the boundaries of the allowed interval: L,,;, < L <
Loz

For angular momenta outside this interval, the effective potential develops a
turning point outside the horizon, preventing the particle from reaching the black
hole. Therefore, the limiting angular momenta represent a global kinematical
condition ensuring horizon accessibility.

The critical angular momentum is defined by the behavior of the par-
ticle motion in the immediate vicinity of the event horizon. It is obtained from
the condition that the radial velocity vanishes exactly at the horizon, Veg(r,) = 0.
Thus, using Eq. (1.11), one may determine the critical value of the angular mo-
mentum. This means that when r — r& we can get:

(@ + (h))E

L.= (1.15)

This fine-tuned trajectory plays a central role in the Banados—Silk—West
(BSW) mechanism, as it leads to an unbounded center-of-mass energy in particle
collisions occurring arbitrarily close to the horizon.

Although both the limiting and critical angular momenta are obtained from
conditions involving Veg(r) = 0, they have fundamentally different physical mean-
ings. The limiting angular momenta are determined by circular-orbit conditions
at radii outside the horizon and impose a global constraint on particle motion
from infinity. In contrast, the critical angular momentum is determined by a local
horizon condition and does not by itself guarantee that the particle can reach the

horizon.
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For the BSW effect to be physically realizable, the critical angular momen-
tum must lie within the allowed range: L € [Lpin, Linaz]- If Le exceeds the
maximum allowed angular momentum, a particle with L = L., encounters a turn-
ing point outside the horizon and cannot reach it, despite satisfying the horizon
condition. In such cases, the formal divergence of the center-of-mass energy is

kinematically forbidden.

Near horizon collision

Now we analyse the ultrahigh-energy produced by a two-particle collision
near the horizon of charged rotating black holes in 4D Einstein-Gauss-Bonnet
gravity. We consider particles with the same mass m; = ms = mgy and different
four-velocities uy and us. The CM energy E¢js of collision between two particles

at the radial coordinate r is given by the following expression |1, 26]:

Ecy = mo\/§\/1 — guuHuy”. (1.16)

By substituting Eqs. (1.9)-(1.11) into the Eq. (1.16) we can easily obtain:

2m02 N T2A,

(1.17)
where
K=(a"—aLli+7r°) (a®>—aLly+7°) + A (r* = (a— L1) (a — L))  (1.18)

— \/(a2 —aly +mr?)’ — A ((a — L)+ 7’2)

X \/(a2 —aly + m%r2)2 — A ((a — L) + 7“2)
For easier calculations, let’s consider the case of my = 1. We assume these

particles are initially at rest at infinity and are falling towards black holes with
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Figure 1.7: The variation of E¢j; with respect to radial coordinate r for an extremal BH for

different values of § and (). Here M = 1.

different angular momenta, L; and Ls. We observe that Eq.(1.17) diverges as r
approaches rf when we assign numerical values to 8, @, a, and r&. By applying

I'Hospital’s rule twice, Eq.(1.17) can be expressed in the following form:

E2
o2 ;;g (r—rf) =718 = 0.07(Ly + L) — 0.75L1 Lo+
0
L.—L
20 2(0.37L3 + 0.07Ly — 0.81)+
L.— Ly
L.—L
+ ?Li(o.?,m% +0.07L; — 0.81), (1.19)

where we choose 8 = 0.4, Q = 0.4, ap = 0.5011694 and 75 = 1.1549754. Tt

is easy to see from Eq. (1.19) that if one particle has critical angular momentum,
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Figure 1.8: Plot showing the behaviour of the E. , vs. the radial coordinate r for a non-extremal

BH. Here M = 1.

Ecyr becomes infinite. The angular momentum’s limiting values, along with the
BH’s corresponding spin, £, @) and radius of the event horizon for the extremal
case, are presented in Table 1.2. The E¢jys generated as a result of collision near
the horizon of an extremal BH for different values of 5 and () is shown in Fig. 1.7.
Numerical analyses of E¢js show that it is impossible to reach an infinite amount
of Eoyy for all values of § and (). The reason for this is that the critical angu-
lar momentum exceeds the maximum allowed angular momentum determined by
unstable circular orbits. Consequently, particles with critical angular momentum
encounter a turning point outside the horizon and cannot reach it, suppressing the

BSW effect in this spacetime.

Near horizon collision in non-extremal rotating charged BH

We also study the properties of E¢py in the limit » — 7}, of non-extremal
BH. Again after applying I’'Hospital’s rule twice, the expression of E¢)s is propor-

tional to
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2
ECM

2
2mg

(L1 —Ly) | (L2 —L7) 1

3 3 ++ / AN
(L2 - L/c) (Ll - L/c) (Ll - Lc) (L2 - Lc)
The Eq. (1.20) tells us that Egjys can be infinite if Ly or Ly is equal to

(r—rf) ~ (1.20)

L. But the critical value of angular momentum is not in the acceptable range
in non-extremal BH case. And we do not also notice any peculiar cases like in
extremal BH for non-extremal BH. The limiting values of the angular momentum
along with the corresponding spin, charge, GB parameter and the horizons for the
non-extremal are presented in the Table 1.3. From Table 1.3, one can conclude
that a particle with critical angular momentum cannot reach the horizon, and
this means that E¢ ) is finite for non-extremal BH. If we consider a collision in a
non-extremal space-time background, we attain a limited E¢qjs irrespective of the
event’s location (see Fig. 1.8).

A rotating black hole can act as a natural particle accelerator, using the
frame-dragging effect to accelerate particles to high speeds. The total energy of the
system, comprising both kinetic and gravitational potential energy, plays a crucial
role in understanding the dynamics of particles near rotating black holes. The
total energy of a system is the sum of its kinetic energy, potential energy, and any
other forms of energy present. Their total energy comprises several components for
particles orbiting or falling into a rotating black hole. Firstly, there’s the kinetic
energy, which is associated with the particle’s motion as the particle accelerates
due to the gravitational pull and the frame-dragging effect of the black hole, its
kinetic energy increases. Secondly, the gravitational potential energy arises from
the gravitational attraction between the particle and the black hole. As the particle
moves closer to the black hole, its gravitational potential energy decreases, and its
kinetic energy typically increases. Understanding the total energy of particles near

a rotating black hole is crucial for predicting their behaviour, including whether
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Table 1.2: The limiting values of angular momentum for different extremal cases.

g Q ag i Linin Linas Le;

0.1 0.1 0.852804 1.14881 -4.71391 2.35980 2.40035
0.1 0.2 0.838440 1.14423 -4.69208 2.36291 2.40001
0.1 0.3 0.813929 1.13654 -4.65479 2.36996 2.40094
0.3 0.3 0.622437 1.18055 -4.49305 2.83298 2.86155
0.4 0.4 0501169 1.15498 -4.35397 3.00904 3.16288
0.5 0.5 0.358248 1.10509 -4.17220 3.19564 3.76714

they will escape the black hole’s gravitational pull or eventually fall into it.

The energy in the centre-of-mass frame of two colliding particles has con-
tributions from their rest masses, kinetic energies, and potential energies. This
center-of-mass energy diverges when a collision occurs at the horizon of an ex-
tremal black hole. This infinite energy boost, despite energy conservation, which
might seem counter-intutive but has deeper origins.

Firstly, it is consistent with the infinite blue-shift a static observer observes at the
black hole horizon. Furthermore, in the frame of a distant observer, the observed
collision energy would be highly redshifted and bounded. Secondly, for an ex-
tremal black hole, one of the colliding particles’ orbits asymptotically approaches
the extremal horizon. As a result, its four-velocity becomes nearly tangent to the
null direction, leading to an unbounded centre-of-mass energy when colliding with
another particle.

Ecy is the total energy in the CM frame, it is not a part of the total energy.

Hence, other components of the total energy may not be minus infinity.
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Table 1.3: The limiting values of angular momentum for different non-extremal cases.

B Q a g Ty Linin Lo Le;

0.1 0.3 04 1.79992 0.40315 -4.32006 3.45952 8.49932
0.1 04 04 1.75454 0.42731 -4.28909 3.40803 8.09605
0.2 0.3 04 1.72661 0.51472 -4.31206 3.42612 7.85292
0.2 04 04 1.67569 0.54524 -4.28079 3.37120 7.41985
0.3 0.3 04 1.64295 0.61796 -4.30389 3.38812 7.14819
0.3 04 04 1.58352 0.65778 -4.27231 3.32845 6.66883

1.5 Thermodynamics

The study of black hole thermodynamics unveiled a fundamental relationship
between gravitation, thermodynamics, and quantum theory. This insight has been
achieved through classical and semiclassical analysis, significantly enhancing our
understanding of quantum phenomena in strong gravity [52,53]. Advancements
in quantum field theory on curved surfaces have established a direct link between
surface gravity and temperature [54], and between the area of the event horizon

and entropy [55].

Next, we explore the thermodynamic properties of charged rotating black
holes in 4D Einstein-Gauss-Bonnet gravity. To simplify the calculations, we focus
on the equatorial plane. We begin by examining the angular velocity of the event
horizon. Specifically, the angular velocity of a test particle at the event horizon,
with vanishing angular momentum, can be calculated using the formula Qy =
— 16/ 9o for charged rotating black holes in 4D Einstein-Gauss-Bonnet gravity. By
substituting the expression from Eq. (1.5), our equation for the angular momentum

becomes:
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a R <\/1 P& 2ME) _ 1)
15(Q*2MR) \ |
20R? 4 a? [2ﬁ + R? (—1 + \/1 — T)]

The radius of the event horizon is labelled with R = r};. To find the Hawking

Qp =

(1.21)

temperature of this black hole, we use the well-known formula 7" = -, where &

is the surface gravity of rotating BH, and we can calculate it with the following

expression [50]

5= 5000 ()] (1.2
where
A
f(r) = Qz . (1.23)

Eq. (1.21), (1.22) and (1.23) give the following expression for Hawking temperature
of BH

_ 5BMR— RYX — 1) —28Q* — BR*X

D = R (CBBMR+ R(X — 1) + 4307

(1.24)

where

—2M
X = \/1— k) and R=r}. (1.25)

[t can be seen from Eq. (1.24) and (1.25) that if @ = § — 0, expression for

Hawking temperature takes the following form

M -

or :
4w Mr; Amry ((rfy)? + a?)

T = (1.26)
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which is the Hawking temperature formula for the Kerr black hole in GR. Now,
one can calculate the area and entropy of Ker-like BH using the following general

expression [57]

A= /O ) /0 ' Vo (1) 0o (ri7)d6do = ax [® + ()] (1.27)

and by using Bekenstein-Hawking formula we obtain [5§]

S = % = [aQ + (r;;ﬂ . (1.28)

From Eq. (1.28), we can conclude that the entropy of a black hole explicitly de-
pends on the radius of the event horizon ;. We have previously observed that
ri; decreases as all parameters increase. Perhaps this decrease could cause a de-
crease in the system’s entropy (both the black hole and the particles around it),
violating the Second Law of Thermodynamics. However, this is not the case. The
GB parameter is merely a constant value, so considering the growth of the [ pa-
rameter as a violation of this law is illogical. Only the collision of a particle with
a specific spin and charge can increase the spin and charge of a black hole, but it
also increases its mass. The area of the event horizon (and the entropy) of a black

hole increases as the universe’s entropy can never decrease.

1.6 Conclusion

We have investigated the particle motion, BSW mechanism and thermo-
dynamic properties of charged rotating black holes in 4D Einstein-Gauss-Bonnet
gravity are explored, and we highlight several results obtained.

For the smaller values of parameters, this black hole has two horizons, and
with the increase of these parameters, these horizons come closer. Eventually, for

the specific values (these are called extremal values) of these parameters, horizons
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collide, and there will be one horizon and black hole called extremal black hole.
For the greater values than extremal ones, there is no black hole.

BSW demonstrated that the Ecys of two colliding particles can reach arbi-
trarily high levels in the case of extremal Kerr black holes. By extending the BSW
analysis to the charged rotating black hole in 4D Einstein-Gauss-Bonnet gravity,
it is impossible to achieve arbitrary high Ecjps when the collision occurs near the
horizon of an extremal charged rotating black holes in 4D Einstein-Gauss-Bonnet
gravity due to the exceeding the values of the critical angular momenta than maxi-
mum allowed value of angular momentum. Also, it is impossible to achieve infinite
amount of EFqjs in non-extremal BH case.

Hawking temperature of this black hole is derived and limiting cases of it are
discussed. Despite the intricacy of the black hole solution, a precise formulation
for the thermodynamic properties of black holes, including parameters like mass,
Hawking temperature, and entropy, is obtained with the horizon radius. These
quantities exhibit notable deviations from the Kerr solution due to the influence

of GB parameters and electric charge.
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Chapter 11

Particle acceleration and thermodynamics

of the rotating Simpson—Visser black hole

In this chapter, we have considered a time-like geodesics in the background of
rotating Simpson-Visser (SV) black hole (BH) to examine structure of the horizon
and ergosphere. The innermost stable circular orbits (ISCO) and the effective
potential, which controls the particle’s motion in spacetime, have been studied
for different values of parameters in SV BH. Centre-of-mass (CM) energy of two
colliding particles near the horizon has been investigated for both extremal and
non-extremal cases. Furthermore, thermodynamic properties of SV black hole

have been also investigated in detail.

2.1 Introduction

The general relativity (GR) is a part of standard model describing the grav-
itational interaction. GR has been justified via the observation of gravitational
lensing of photons near the Sun detected during the solar eclipse in 1919 [59, 60|
just after its proposal by Einstein in 1915 [61]. Later GR has been several

times well tested in weak (e.g. using solar system tests [62]) and strong field
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regimes (e.g. gravitational wave observation [63] and observation of shadow of
black holes (BHs) [64,65]). At the same time GR meets some fundamental prob-
lems related to, for example, the existence of the singularity at the origin of vac-
uum solutions, etc. There is strong belief that these issues may be resolved by

introducing the modifications or alternatives to the standard theory of gravity.

Any modifications/alternates to standard theories have to be probed using
experimental and observational data. However, the big number of modified and
alternative theories of gravity create additional degeneracy problem: the effects
due to parameters of different models may mimic each other. In order to resolve
one may consider several independent experiments/observations [66,67] or use the

parameterization [68,69].

Authors of Ref. [70] have proposed very interesting approach to generalize
the Kerr BH solution into regular rotating Kerr-like (or rotating SV) one. This new
regular Kerr-like solution contains asymptotically Minkowski core. Optical prop-
erties of this Kerr-like regular spacetime has been studied in [71]. The non-rotating
case of this regular BH solution has been analyzed in [72]. The geodesic proper-
ties of spherical-symmetric regular spacetime containing asymptotically Minkowski
core have been explored in Ref. [73|. Particularly, gravitational lensing effect in
the weak field regime around Schwarzschild-like BH has been studied in Ref. [74]
in the presence of plasma. Here we plan to explore the thermodynamics, energetic

properties and dynamics of rotating SV BH.

One of the most prominent way to test the metric theory of gravity is explo-
ration of particle dynamics [75-80]. Especially, the dynamics of the charged test
particles become very sensitive to external electromagnetic field [81-83]. One may
find interesting works where test particles with nonvanishing electric and/or mag-

netic charges dynamics have been explored in detail [84-98|. Authors of Ref. [75]
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have shown that extreme rotating Kerr BH can play a role of accelerator of par-
ticles. Particularly, for the fine tuned value of the particle’s angular momentum
the center of mass energy diverges at the horizon. The effect of other parameters
of rotating BH in different gravity models have been discussed in Refs. [99-104].
Magnetic field around no-rotating BH may mimic the effect of rotation and accel-

erate the charged particles [105-109].

The study of the BH thermodynamics is directly related to the properties of
the entropy of the BH. The pioneering works on thermodynamic properties of BH
can be found in Refs. [55, 110, 111]. Surely, the simplest BH solution is described
by the Schwarzschild spacetime metric and the entropy and related thermody-
namic properties of this type of BH have been explored in [52,54, 112]. Particle
spectrum and some thermodynamical properties of Reissner-Nordstrom BH have
been studied in [113]. The thermodynamics of a magnetically charged regular BH
obtained using the action of general relativity and nonlinear electromagnetics has
been studied in [114]. The effects of quintessence on thermodynamics of BH have
been analyzed in [115]. The thermodynamic properties of BH in Horava-Lifshitz
gravity have been explored in Refs. [116,117]. Thermodynamic properties and

Joule-Thomson expansion for conical or BTZ-like BH is investigated in [118§].

In this chapter we study the particle dynamics, acceleration process, and
thermodynamic properties of rotating SV BH. The current work is organized as
follows: We start with a short description of the Kerr-like spacetime metric in
Sect. 2.2. The equations of motion of the test particles have been explored in
Sect. 2.3. The acceleration of test particles near the rotating SV BH horizon is
studied in Sect. 2.4. Finally, we discuss the thermodynamic properties of the

rotating SV BH in Sect. 2.5. We conclude our results in Sect. 2.6.
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Table 2.1: The values of the horizos of a rotating SV BH with the parameter M=1 (§9=
rh. - rh). dy= 1, 0.7986107603743899, 0.6950554457736542 and 0.5872962339024399, which,

sls

respectively, corresponds to [=0, 0.2, 0.3 and 0.4.

a =0 =02 =03 =04
TR Th o "R Th o "R Th 5 "R Th 5
0.4 0.0834 1.9165 1.8331 0.2481 1.6804 1.4323 0.3334 1.5428 1.2094 0.4385 1.3813 0.9427
0.5 0.1339 1.8669 1.7321 0.3289 1.6114 1.2824 0.4382 1.4558 1.0175 0.5882 1.2548 0.6666
0.6 0.2 1.8 1.6 0.43487 1.5151 1.0801 0.5875 1.3213 0.7337
0.7 0.2858 1.7141 1.4282 0.5863 1.3712 0.7848
ay 1 1 0 0.9818 0.9818 0 0.9602 0.9602 0 0.9302 0.9302 0

2.2 Rotating Simpson-Visser black hole

The gravitational field of a rotating Simpson-Visser compact object in Boyer—Lindqu

coordinates can be expressed through the following line element |70, 71]

A 9 .y
<dt_asm29d¢)2+p—dr2+p2d92+Sm

ds® = —=
’ p’ A p’

(adt — (r* + a2)d¢)2 (2.1)
with the metric functions defined as

p* = r*+a*cos’ 0, (2.2)

A = r>+ad®>—2Mre '/, (2.3)

where a and [ can be referred as spin and deviation parameters of SV BH, respec-
tively. This metric is derived from regularisation procedure in Kerr metric like did
in Schwardchild metric before where M — M (r) = Me /" modification is done.
Here, [ can be viewed as quantifying the deviation from Kerr. The spacetime
around this black hole behaves as one around typical rotating and the limit [ — 0
corresponds to Kerr BH. Furthermore, matematically there is still a discontinuity
at » = 0 and it maintains asymptotically flatness as r — 4-o0.

The Kerr-like BH described by the spacetime metric (2.1) need to be inves-
tigated to possess the horizon structure and the ergosphere region, likewise the

other rotating BHs. We aim to examine the properties of the above indicated
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Figure 2.1: Plot showing the behavior of the spin parameter a and a deviation parameter [ of
Kerr-like BH. The solid line is the boundary which separates the BH region from the no BH
region. Here M = 1.

1=0.4
/
a=04 /]
L 4 ,/,
Lok ap=0.58729623 oy

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

Figure 2.2: Plot showing the behavior of A with respect to r for different values of I. The case

a = ag corresponds to an extremal BH. Here M = 1.
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Figure 2.3: Plot showing the behavior of A with respect to r for different values of a. Here

M=1.

features depending on the spin parameter a and the deviation parameter [. Fig-
ure 2.1 clearly shows the regions in a — [ plane corresponding to BH and No black
hole cases. The radii of the Cauchy horizon rz and the event horizon r}; are
attained by A = 0 corresponding to the coordinate singularity. The BH turns
out to be an extremal BH when the two horizons coincide for a specific critical
spin parameter (deviation parameter) a = ap (I = lg), whereas a < ag (I < lp)
refers to a non-extremal BH with two distinct horizons. Figures 2.2 and 2.3 show
the behaviour of horizons by varying the spin parameters a and [. These figures
implies that for a < ag or | < [g there exit a set of values of parameters for which
one can get two horizons and when a = ap or [ = [ these horizons collide, i.e.
we have an extremal BH with degenerate horizons (cf. Table 2.1). Particularly,
in Table 2.1 we have presented the numerical values of the radius of horizons and
their difference for different values of [ and a. It can be noticed that with the
rise of these two parameters, horizons come closer to each other. In the case of
a > ap or [ > [g there is no BH because no horizon appears in that particular
case. Moreover, the BH admits two static limit surfaces r;, and 7], which are

the positive real roots of equation ¢g; = 0. In Fig. 2.4, we depict possible solu-
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Figure 2.4: Plot showing the variation of infinite redshift surface with different values of [, a

and 6. Here M = 1.
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Figure 2.5: Plot showing the variation of the shape of ergosphere for a rotating SV BH in
xz-plane for the different values of a and [. The blue and the red lines correspond, respectively,
to the static limit surfaces and horizons. The third row illustrates the merging of two event

horizons. Here M = 1.



a=0.8; 1=0.1 a=0.6, [=0.3

Figure 2.6: Plot shows the behaviour of Vg vs. r for different values of angular momentum,

where M = 1.

tions of this equation with different combinations of the parameters of a and [
and different values of 6 . Observing the outer event horizon and the stationary
limit surface of this BH, it is verified that the stationary limit surface always lies
outside of event horizon for all values of . The region, i.e, rj; < r < rj_ connotes
the ergosphere region and its boundary ), is called the static limit surface. Its
shape is that of an oblate spheroid-bulging at the equator, and flattened at the
poles of the rotating BH. We have studied how the parameters a and [ affect the
shape of the ergosphere. The behaviour of ergospheres for a < ag and a ~ ag are
shown in Fig. 2.5. It can be seen that the ergospere is sensitive to the parameter
[, meaning that with the increase of parameter [, the thickness of ergosphere also

increases. The same is true for spin parameter a, as well.

2.3 Equations of motion and effective potential in an equa-

torial plane

Here we consider motion of a time-like particle with a rest mass my in the

equatorial plane § = 7 /2 where the polar velocity 6 becomes zero. The metric and
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Figure 2.7: The variation of 7 with respect to the radial coordinate for an extremal BH. In the

left panel ag = 0.7986107603 and in the right panel ag = 0.5872962339. Here M = 1.

generalized momenta of the particle in the spacetime of a rotating BH is expressed

in the form,

P = gut + gis0, (2.4)
Py = gosd + grot, (2.5)
where P, and P, are the constants of motion. Basically, the two quantities F;
and P, correspond to the particle’s energy —F and the angular momentum L,

respectively. The overdot denotes differentiation with respect to the proper time.

The equations of motion of a massive particle are calculated from Eqs. (2.4)-(2.5)

along with the normalization condition u,u* = —1, given as below
. 1 (2 2
t:ﬁ_%(E(cﬂ%—rz)—aL) —I—a(L—aE)], (2.6)
. 1fa 5 o

V(L = (@ +12)E)* — A(mr? + (L — aE)?)

r2
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Figure 2.8: The inner most stable circular orbits by varying a and [ for various values of [ and
a. In the left-hand side, for the deviation parameter | = 0 (black), | = 0.2 (blue) and [ = 0.4
(red). In the right-hand side, for the spin parameter a = 0 (black), a = 0.2 (blue) and a = 0.4
(red). Here M = 1.

The + and — signs in Eq. (2.8) refer to the outgoing and incoming geodesics,
respectively. In order to understand the motion of the test particle around SV BH
one needs to evaluate the effective potential, which is straightforwardly worked

out using Eq. (2.8). We can use the following equation to calculate the effective

potential:
1.,
57“ + ‘/eﬁ" = 0, (29)
2
Vi — — (aL — (a* 4+ r?)E)" — A(mir? + (L — aE)?) | (2.10)

2rd

The range of angular momentum for free falling particle which is depicted in Table

2.2 and 2.3 is calculated by following equations:

dVeﬁ(r)

Veg(r) = 0 and o

= 0. (2.11)

In Fig. 2.6 the effective potential is shown by varying the angular momentum

of the incoming test particle for a fixed a and [. It is observed that the potential
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barrier rises for greater values of L which means a boosted particle can easily

begin circling around the BH.

When observing a particle’s geodesics in curved spacetime, the value of the
particle’s momentum is crucial. Thus one may get the critical value of the angular
momentum from Eq. (2.8) by demanding u, = 0 at the horizon. When r — rZ,

the above condition reduces to

E—QuL >0, (2.12)

a
2 2
ry+a

where Qf = is the angular velocity of the black hole at the horizon and it

is derived in Eq. (2.19). The critical angular momentum of the particle is defined

by Lc = E/QH

Fig. 2.7 gives a comprehensible demonstration of the geodesics in this BH.
[t is numerically calculated that for the values of [ < [, (where [, = 0.53948), the
particle with L < L. is always captured by the BH gravity and falls exactly at
the horizon if L = L., however, when L > L. the geodesics never fall into the BH.
But for the cases of [ > [, the particle which is equipped with L. can not reach
to the horizon. Meaning that turning points of this cases do not corresponds to

the event horizon.

The solution to the simultaneous equations 1) = 0;2)9,Veg = 0;3)0*Veg =
0 defines the innermost stable circular orbit rigco of the particle. It is difficult to
find analytical solution of the radius of ISCO, but numerical analysis is given in
Fig. 2.8, i.e. it illustrates the variation of rigco with respect to a and [ for the
different cases. Furthermore, it can be easily noticed from these figures that the
radius of the innermost stable circular orbit is sensible to the value of [ and a. To

be more precise, rigco shows downward trend for both parameters.
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Table 2.2: The limiting values of angular momentum for different extremal cases. Here [, =
0.53948 and M = 1.

I ag i Lonin Lmae  Ler

0 1.0 1.00000  -4.82843 2.00000 2.00000

0.2 0.79861076037439 0.98186  -4.52868 2.00578 2.00578

0.3 0.69505544577365 0.96026 -4.36208 2.02172 2.02172

0.4 0.58729623390243 0.93023 -4.17874 2.06069 2.06069

[, 0.47204473678589 0.871887 -3.97046 2.15248 2.15248

0.6 0.34180530576217 0.83888  -3.71893 2.35355 2.40064

0.7 0.16598902588924 0.76850  -3.35378 2.66542 3.72407

Table 2.3: The limiting values of angular momentum for different non-extremal cases. Here

M=1.

+ —
l a g g Lmzn Lmaax Lcr

0 0.9 143589 0.56411 -4.75680 2.63246 3.19115
0.2 0.6 1.51505 0.43488 -4.36638 2.89374 4.42563
0.3 0.5 1.45583 0.43828 -4.19068 2.89207 4.73888
04 04 138133 0.43857 -3.99933 2.88869 5.17018
0.5 0.3 1.28554 0.44231 -3.78700 2.88276 5.80871
0.6 0.2 1.15506 0.46592 -3.54427 2.87306 6.87081

2.4 Particle acceleration

In this section we do an inclusive analysis to probe the acceleration of par-
ticles in the SV BH described by the spacetime metric (2.1). We accurately con-
sider the center of mass (CM) energy produced due to a two-particle collision
near the horizon considering an extremal and a non-extremal BHs in the Kerr-like
spacetime. We put forth the scenario where two non-relativistic particles initially
located at infinity at rest fall freely towards compact object and ultimately en-
counter a massive collision near the horizon. Here, we do a unique choice for the

collision point because particles falling in from infinity appear with an infinite
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blue-shift at the horizon and hence are considered to produce an arbitrarily large

amount of energy.

2.4.1 Near horizon collision

Now we analyse the ultrahigh energy produced as a result of a two-particle
collision near the horizon of SV BH. We consider particles with the same mass my
and different four-velocities u; and us. CM energy Ecps of collision between two

particles at the radial coordinate r is given by the following expression |75, 102]

Ecy = mo\/i\/l — guuHuy”. (2.13)

By substituting Egs. (2.6)-(2.8) into the Eq. (2.13) we can easily obtain

EZy €K
2mg2  T2A’

(2.14)
where /C is defined in the following form

K =2Mr(a — Ly)(a — Ly) — 2Mr3 4 12!/ (2a* — L1 Ly + 2r7)

— el/r\/(a2 —aly +12)% - (a2 +7 (7’ — 2Me_f~)) ((a — L1)% + m2r?)

X \/(a2 —aly +12)° — (a2 +r <7’ — 2Me_i>> ((a — L2)? + mir?).
(2.15)
In our discussion, the participating particles have the same intrinsic iden-
tities and are mainly distinguished by their angular momenta L; and L,. Here,
for the sake of simplicity, we shall take the conserved energies Ey/my=Fs/my=1.
Obviously as r — r&, Eq. (2.14) has indeterminate form when we choose numeri-

cal values of M, a, [ and rf. After applying ’'Hospital’s rule twice, it can be seen
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that if one of the particles has the critical angular momentum L., Ec)s become
infinite as r — rff. The expression of Eqyy is too lengthy to write it here, but in

general it is proportional to

1
(Ll o LC)3/2 (L2 . LC)3/2'

2
Eén
2
2m0

(r—rg) ~

(2.16)

It is worth to mention that an arbitrarily high amount of energy is ob-
tained when the test particle approaching the black hole has the critical angular
momentum L.. The limiting values of the angular momentum along with the cor-
responding spin of the BH, deviation parameters [ and radius of the event horizon
for the extremal case are presented, in the Table 2.2. The E¢j)s generated as a
result of collision near the horizon of an extremal BH for different values of [ is
shown in Fig. 2.9. From the Table 2.2 and fig. 2.9, we can conclude that for the
smaller values of deviation parameter, the CM energy instantaneously diverges
near the horizon whenever the incoming particle is equipped with the critical pa-
rameters of the motion. And for the larger values of [ (I > [,), particles which
has critical angular momentum cannot reach to the horizon and infinite amount
of CM energy cannot be produced. Additionally the particles admitting L < L.

contribute only a finite Exjs too.

2.4.2 Near horizon collision in non-extremal Simpson-Visser black

hole

We also study the properties of E¢yy in the limit » — 77, of non-extremal
BH. Again after applying I’Hospital’s rule twice, the expression of Eqy; is propor-

tional to
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Figure 2.9: Plot shows dependence of the center-of-mass energy FE. ., to radial coordinate r for
an extremal BH in different values of [. In the top left-hand corner, for the deviation parameter
[=0.2, spin ag=0.798610, angular momentum L;=2.00578 (black), 1.3 (blue), 1 (red) and Ly=-
4.52868. In the top right-hand corner, for the deviation parameter [=0.4, spin ag=0.58729,
angular momentum L;=2.06069 (black), 1.3 (blue), 1 (red) and Ly=-4.17874. In the bottom
left-hand corner, for the deviation parameter [=0.6, spin ag=0.341805, angular momentum
L1=2.40064 (black), 2.35355 (blue), 1 (red) and L,—-4.52868. In the bottom right-hand corner,
for the deviation parameter [=0.7, spin ag=0.165989, angular momentum L;=3.72407 (black
which is stopped before 5 radial coordinate), 2.66542 (blue), 1 (red) and Ly—=-4.17874. Here
M =1.

93



1=0; a=0.9 [=0.3; a=0.5
10 ‘ ‘ ‘ 10 ' ' ' '
o | - L=1.00; L,=—4.75680 o | - Ly=1.00; L,=-4.19067
L L1=2.00; Ly=—4.75680 N L1=2.00; Ly=-4.19067
o L1=2.62; L,=—4.75680 2t L1=2.89; L,=-4.19067
ol 2 _
] ]
Sk S5t \
4f 4 [T ]
14 16 1.8 2.0 22 13 14 15 16 17 18 19 20
7 r
1=0.5; a=0.3 [=0.7; a=0.1
7 ' ' 10
----- L1=1.00; L,=-3.787 of me--= Ly=1.00; L,=-3.25067
| S [ —— L1=2.00; Ly=-3.787 o | L1=2.00; L=—3.25067
L1=2.88; L,=-3.787 L1=2.85; L,=-3.25067
25 =
5§ =~ - N 6F
S 5t
----------------------------------------- 4+
3 3
1.2 1.4 1.6 1.8 2.0 0.8 1.0 1.2 1.4 16 1.8 2.0
7 r

Figure 2.10: Plot showing the behaviour of the center-of-mass energy F., vs.

coordinate 7 for a non-extremal BH. Here M = 1.
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Figure 2.11: Plot shows the variation of enthalpy with respect to horizon radius for different

values ofa and .

1
(Ly = L) (L2 — Li)

2
ECM

2
2mg

(r— 1) ~ (2.17)

The Eq. (2.17) tells us that F¢ys can be infinite if Ly or Lo is equal to L.
But critical value of angular momentum is not in the acceptable range in non-
extremal BH case. For example in the case of [ = 0.2, a = 0.6 and r}; = 1.51505,
the critical value of angular momentum is calculated as L = 4.4256 which is
not in the acceptable range. The limiting values of the angular momentum along
with the corresponding spin, deviation parameters and the horizons for the non-
extremal are presented in the Table 2.3. From the Table 2.3 one can conclude that
angular momentum of free falling particle can never be equal to the critical value
of it for non-extremal BH which means in non-extremal cases the center of mass
energy is finite. Fig. 2.10 shows a visualization of this process. In general, if we
consider a collision in a non-extremal space-time background, we attain a limited

Ecy irrespective of the event’s location (see Fig. 2.10).
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Figure 2.12: Plot shows the variation of Hawking temperature on the horizon radius. Here in

the left panel: | = 0.2; in the right panel:a = 0.2. Here we have taken mass of the bh as a
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Figure 2.13: Plot shows the variation of temperature with horizon radius. Here M = 1.



2.5 Thermodynamics of Simpson-Visser black hole

In this section, we analyze thermodynamics of the Simpson-Visser black

hole. General form of metric can be written as:

ds® = gudt? + gdr® + good0® + goedd” + 2gspdtde. (2.18)

The angular velocity of a test particle at the event horizon, with vanishing
angular momentum, can be calculated using the formula Qg = —gi4/ g4 for the

rotating Kerr-like BH

Oy = —2

= —_— 2.19
r? 4+ a? (2.19)

We will use the expression (2.19) for our further calculations. Now we turn
to calculate thermodynamical quantities of SV BH.

In the standard formulation of black hole thermodynamics for asymptotically
flat spacetimes (A = 0), the black hole’s mass (M) is commonly identified with
its internal energy (U). The corresponding first law of thermodynamics is dM =
TdS + VdP + QdJ + ®d(). However, in the context of asymptotically Anti-de
Sitter (AdS) spacetimes a positive pressure (P) is defined in terms of the negative
cosmological constant:P = —ﬁ. Varying this pressure introduces a new work
term (V' dP) into the first law, where V' is the thermodynamic volume conjugate to
P. The first law in the extended phase space precisely mirrors the differential form
of enthalpy (H = U+ PV) in classical thermodynamics:dM = TdS+VdP+--- =
dH Consequently, the ADM mass (M) of the AdS black hole is identified as the

enthalpy (H) of the spacetime. The BH mass (M, which is equal to enthalpy (H))
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can be derived by making Eq. (2.3) equals to zero. As a result one may obtain:
l

(a2 + fr%) erh

2771

H —

(2.20)

Figure 2.11 demonstrates the enthalpy as a function of r,. One may see

that an increase in the parameters a and [ corresponds to greater mass (enthalpy)

K

for fixed r,. And also using well-known formula T = 7=,

one can get Hawking
temperature for this type of BH, where x is the surface gravity of rotating BH

and we can calculate it with following expression [57,119]

1
=gV (9 ) (Gy)'s (2.21)
where
Gu = —gu — 29t¢QH - gqﬁqu%{, (2-22)

and (¢"")', (Gy)" means derivative of ¢'", Gy with respect to r, respectively.

Eventually the final expression for temperature looks

(rp, — l)r,% — (I +mp) a?
dmr} (a® + 1)

It is easy to see that one can recover temperature formula for Kerr BH by

T =

(2.23)

taking [ = 0, and also can recover temperature formula for Schwarzschild BH
by taking [ = 0, & a = 0. With the help of Eq. (2.23), one can depict this
result visually. Figure 2.12 shows temperature dependency on the radius of event
horizon for different values of [ and a in Kerr-like spacetime. We can notice from
this picture that deviation parameter ’cools down’ BH. Precisely speaking, an
increase of [ causes temperature to decrease like spin parameter a if keep radius
of horizon unchanged. Now one calculate area and entropy of Ker-like BH using

the following general expression [57]
2 pm
A= / / \/9009ped0de = 4Am (a2 — 7“;21) : (2.24)
o Jo
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and obtain [5§]

S = % = (a®+71}). (2.25)

Although area of outer event horizon and entropy doesn’t depend on the
deviation parameter explicitly, radius of event horizon depends on it. It means
that deviation parameter somehow reduces the area, as well as the entropy. We
will use Eqs. (2.23)-(2.20) and (2.25) to define the expression of Gibbs free energy
as 58, 120]

a’ [rh (e’“lh + 2) + 2[} + 7“,% [rh <e”lh — 2) + 2[}

G=M-TS5 =
27“%

(2.26)

From Eq. (2.26) one can observe that Gibbs energy is positive in the vicinity
of r, = 0 i.e. for small black holes are stable but the black holes are unstable at
larger horizon radius. Furthermore, it is clear that both parameters (I an a) cause
Gibbs energy to increase.

The phenomenon characterized by the creation and annihilation of an abun-
dant quantity of particles in immediate proximity to the black hole’s event hori-
zon is denoted as emission energy. Quantum fluctuations transpiring within the
internal regions of black holes constitute the fundamental origin of this energy
manifestation. The main reason for the BH evaporation within a certain period
is due to the positive-energy particles that tunnel out of the BH in the core area
where Hawking radiation occurs. Now we consider the energy emission rate BH
with SV parameter. The absorption cross-section often oscillates around a limiting
constant value oy;,,. The limiting value of cross-section oy;,, is depended to the

the event horizon’s radius as following
Olim R T2 (2.27)
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The expression of the emission energy rate from the BH as

A& 272 0im 3
= = w s
dwdt er — 1

(2.28)

where T is the Hawking temperature. The energy emission rate is represented in
Fig. 2.13 as a function of w for different values of the deviation parameter (right
panel) and the spin parameter (left panel). From this figure, one can see that
there exists a peak of the energy emission rate for the black hole. When these
parameters are increased, the peak decreases and is shifted to a low frequency.
Also, one can notice that the variation of [ has a stronger effect on the emission

of particles around the black hole.

2.6 Conclusion

In this chapter, we constructed an insightful discussion regarding the rotat-
ing BH’s structure, circular orbits, center-of-mass energy, and thermodynamics in
rotating SV spacetime. So, we have obtained the following results:

First, we have obtained the border between BH and no BH using their
parameters in Fig. 2.1.

If the values of the parameters are lower than their extremal values, there
exist Cauchy and event horizon in Fig. 2.2 and 2.3. When these two parameters [
and a of the spacetime reach their extremal values, these two horizons merge, and
also there is no horizon for a > ag and [ > .

The growth of parameters [ and a in SV gravity positively affects the thick-
ness of the ergosphere of the BH, meaning that it becomes thicker.

Within this work the radius of ISCO are also discussed in SV spacetime with
its parameters [ and a. An increase in these parameters makes the ISCO radius

smaller, and it is represented in Fig. 2.8.
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Using masssive particle orbits, we checked energy extraction from BH for
extremal and non-extremal case through the BSW effect. The center of mass
energy can be arbitrarily high for the extremal SV BH, which is not true for the
nonextremal SV BH.

Properties of thermodynamics are studied for different cases: enthalpy,
hawking temperature, entropy, and Gibbs free energy. To be more precise, an
increase of BH’s parameters [ and a also cause Gibbs free energy to increase. An

opposite is true for the temperature of this type of BH.
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Chapter 111

Thermodynamical analysis of charged
rotating black hole surrounded by perfect
fluid dark matter

This chapter is devoted to studying thermodynamics and particle accelera-
tion around charged rotating BHs surrounded by perfect fluid dark matter. We
discuss BH horizons, ergosphere and inner stable circular orbits in the framework
of perfect fluid dark matter. It is observed that perfect fluid dark matter ef-
fects Hawking’s temperature, Gibbs free free energy, and other physical quantities
related to thermodynamics. Some different aspects of thermodynamics are dis-
cussed within the scope of different values of the involved parameters. Further,
we discuss the thermal fluctuations of considered BH solutions, which refer to the
random motion of particles around a BH due to temperature fluctuations. Specif-
ically, thermal fluctuations are affecting the entropy and Hawking radiation of a
BH, which are crucial for understanding the behavior of physical quantities. It is
found that corrected thermodynamical quantities of charged rotating perfect fluid
dark matter BHs are smaller than the charged rotating BH without perfect fluid

dark matter. We emphasize that the assumptions made in the literature and the
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thermodynamics of the previous BH solutions are well consistent with our results.

3.1 Introduction

Several independent experiments and observations have shown that normal
matter is only 4% of the Universe. The best part of the Universe consists of
dark matter (~ 21%) [121] and dark energy (~ 75%) [122]. These new forms
of matter are not observed directly but through gravitational interaction. In the
astrophysical scenario when one considers the processes around compact objects
the effect of dark energy could be neglected. On the other hand, there is strong
observational evidence of the existence of dark matter in the environment of giant
elliptical and spiral galaxies [123]. Thus the theoretical study of the effect of dark
matter on different astrophysical processes around compact gravitating objects
becomes one of the key problems of modern relativistic astrophysics.

The different models of dark matter (light bosons, neutrinos, weakly inter-
acting massive particles, self-interacting dark matter, macroscopic models, modi-
fied theories of gravity, etc) have been suggested by various authors. One of the
most promising models is the quintessence with the property of the perfect fluid.
The static spherically symmetric exact solutions of the Einstein equations for
quintessential matter surrounding a black hole (BH), charged or uncharged [124].
Quasinormal modes of gravitational perturbation around a static BH surrounded
by quintessence have been analyzed in [125]. The derivation of the geometry of
quintessential rotating BHs as a generalization of the Kerr spacetimes has been
presented in [126]. The effect of an external magnetic field on particle acceleration
around BH in the presence of quintessence has been studied in [127]. A discussion
regarding the M87 object was done by using the BH surrounded by quintessence
and identified using the shadow observation in [128]. Some different kind of BHs
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solutions have been calculated by the several authors [129-135] under the effect of
dark matter hols. They investigated shadows and other interesting aspects of BHs
solutions within the scope of different dark matter halos. They also constrained

the involved parameters by using the observational values of dufferent BHs models.

Any modification to standard theory has to be tested/probed using exper-
iments/observations. Metric theories of gravity are usually tested using the dy-
namics of test particles around the BH horizon. The equation of motion and
physical processes connected with the dynamics of test particles (particle orbits,
oscillations, acceleration, etc.) can be used to construct different tests of the grav-
ity theories and their modifications [75-80]. One needs to take into account the
effect of electromagnetic interaction while considering the charged particle motion
around BH in the presence of external electric and magnetic fields [81-83]. The
dynamical configurations of thin-shell in the framework of various charged and un-
charged BH with massless and massive scalar field are explored in Refs. [136-141].
The particle dynamics with nonvanishing electric charge and /or magnetic dipole
momentum around a compact object in the presence of electromagnetic field have

been explored in Refs. [84-98,106].

One of the interesting subjects of BH astrophysics is its thermodynamic
properties. One needs to analyze the entropy of the event horizon of BH in order
to explore the thermodynamics of the latter. Thermal fluctuations, also known
as Hawking radiation, are a proposed phenomenon associated with black holes.
According to Stephen Hawking’s theory of black hole radiation [142], black holes
are not entirely black but instead emit radiation at a temperature that is inversely
proportional to their mass. This radiation is thought to be caused by the quantum
mechanical processes that occur near the event horizon, where virtual particles

are created and annihilated continually. Due to the effects of gravitational fields,
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sometimes these particles can become real and escape the black hole in the form
of radiation, causing the black hole to slowly lose mass. The first attempts to
construct the entropy of the BH event horizon using phenomenological models have
been performed in Refs. [55,110,111]. BH entropy and thermodynamical properties
in Schwarzschild spacetime have been analyzed in [52,54,112]. In Ref. [113| one
may find the analysis of particle spectrum and some thermodynamical properties
of Reissner-Nordstrom BH. The thermodynamic properties of regular BH with
nonlinear magnetic charge have been studied in [114|. The thermodynamics of BH
surrounded by quintessence is considered in [115]. The similar analysis for the BH
described by Hotava-Lifshitz gravity have been performed in Refs. [116,117]. Very
recently, Faisal and his coauthors [143,144| discussed the thermal fluctuations
and other thermal analysis in the background of modified theories of gravity. The
studies of thermodynamic properties of rotating and non-rotating BH can be found
in Refs. [57,58,118-120,145-147|. Recently, thermodynamics and Joule-Thomson
expansion of BH exhibiting metric-affine gravity are explored in Ref. [148]. Also,
the affects of gravitational decouplings on the thermodynamical properties of BH

geometries are discussed in [149].

The chapter is organized as follows: In Sect. 3.2 we review the spacetime
around rotating BH with electric charge and in the presence of perfect fluid dark
matter. We consider the particle acceleration mechanism and explored the cen-
ter of mass energy of colliding article around rotating charged BH surrounded
by PFDM in Sect. 3.3. The thermodynamic properties of rotating charged BH
surrounded by perfect fluid dark matter (PFDM) modeled by quintessence have
been explored in Sect. 3.4. In Sec. 3.5, Thermal fluctuation and phase transition

are considered in PFDM gravity. We have concluded our results in Sect. 3.6.
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3.2 Charged black hole in perfect fluid dark matter

In order to incorporate the gravitational effects of dark matter into the
black hole spacetime, we adopt the phenomenological framework of perfect fluid
dark matter (PFDM). In this approach, dark matter is modeled as a classical
gravitational source described by an effective matter Lagrangian, which captures
the large-scale influence of a surrounding dark matter halo without specifying its
microscopic nature.

The action for the gravity theory minimally coupled with gauge field in
PFDM reads as [150, 151]

1 1
I:/ds[]él\/—g <mR+ZFuyFMV+£DM> . (31)

Here, g = det(gqp) is the determinant of the metric tensor, R is the Ricci scalar, G
is Newton’s gravitational constant, F),,, = 0,4, —0, A, (A, is the gauge potential)
is the Maxwell field strength and Lpjs is the Lagrangian density for PEFDM.

Varying the action with respect to the metric tensor yields the Einstein field
equations,

Gul/ = 87TT,u1/7 (32)

where the energy—momentum tensor of the PFDM is defined as

2 (/=g Lprpm)
T =~ (3.3)

In the PFDM model, the dark matter distribution is described by an effective

anisotropic fluid with energy-momentum tensor of the form

TMI/ - dlag (_pa Pr, Do, p¢) ) (34)

where p(r) is the energy density, while p,, pp, and py represent the radial

and tangential pressures, respectively.
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Following the phenomenological construction of perfect fluid dark matter,

the equation of state is chosen such that

fy 1
— r = — , = = —— , 35
pr)=o—35 P Py Po=Pp= 5P (3.5)

where ~ is the PFDM parameter characterizing the strength of the dark mat-
ter contribution. Physically, it plays the role of an effective dark matter density
parameter and is directly related to the mass contribution of the dark matter
halo.This choice satisfies the conservation equation V,/T7*” = 0 and leads to loga-
rithmic corrections in the metric function of the resulting black hole solution.
The adopted Lagrangian formulation provides an effective description of the
gravitational influence of dark matter halos on black hole spacetimes and allows
one to consistently investigate the impact of dark matter on horizon structure,

particle dynamics, and thermodynamic properties.

Charged rotating BH in PFDM is [150, 151]:

1 2a sin® 6
ds? = — (A — a*sin? 9) a2 — % [ZMr Q2 —r 1n(§)} dtde + p2d6>
99 o a'sin’d 2 r 2 P
+ sin 9{7“ +a +—<2MT—Q —’yrln(—))]dgb + —dr<, (3.6)
p? v A
Here A and p are defined as
A = r?*+a®—2Mr + @Q* +’yr1n(§),
p* = r*+a’cos 0, (3.7)

where M is the mass of the BH, a is the rotational parameter, () is the charge of

the BH.

In the next subsections, we will discuss particle orbits around BH under

PFDM and BH parameters.
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Horizons and ergosphere

Now we want to briefly discuss the horizons of the charged rotating BH
within the scope of perfect fluid dark matter (PFDM). Like all rotating BHs, the
metric by (3.6) has two horizons: the inner horizon r, and the outer horizon ;"
which are the solutions of the condition A = 0. We get an extremal BH for a
certain critical value of the rotational parameter a = ag, where the two radii of
horizons coincide. The extremal values for the spin parameter at different values

of the charge () has been given in the Tab. 3.1.

It is of great interest to look at the ergosphere of the rotating BH in PFDM

and see how the PFDM parameter affects the shape of the ergosphere. Similarly,

Jr
sls®

the condition gy = 0 gives us two static limit surfaces: r_, and r} . The region
between r;, and 7 corresponds to the ergosphere region. With the help of nu-
merical computation of A =0 and gy = 0 we can easily evaluate the horizon and
static limit surfaces of the charged rotating BH in PFDM. The Fig. 3.1) shows
the behavior of the regions of the horizon and ergosphere of the charged rotating
BH in PFDM for non-extremal BH for different values of charge () and spin pa-
rameter a at fixed PFDM parameter v = 0.1. It is clear from the plot that by
increasing the charge () gradually the regions of the ergosphere and horizon are
converging and merging into one region, taking an almost spherical shape. To see
the influence of the presence of perfect fluid dark matter on the regions of horizon

and ergosphere the Fig. (3.2) illustrates the same plot for v = 0.2. Considering

these figures, it is obvious that the PFDM parameter decreases in both regions.
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Figure 3.1: The variation of the shape of ergosphere of the rotating charged non-extremal BH

in PFDM for the fixed PFDM parameter v = 0.1
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Figure 3.2: The variation of the shape of ergosphere of the rotating charged non-extremal BH
in PFDM for the fixed PFDM parameter v = 0.2
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3.3 Particle acceleration near charged rotating black hole

in perfect fluid dark matter

In this section, we want to study the charged rotating BH in PFDM as a
particle accelerator. For this, we are going to consider the collision of two particles
near the horizon and evaluate the exact expression for the center-of-mass energy
produced by the collision for two cases: an extremal and non-extremal BH. To
solve the geodesic equation for a timelike particle around charged rotating BH in

PFDM we use constants of motions, such as P and Py:

P, = gyt + gtq%b =—F
P¢ = g¢¢g.b + gwi =L (38)
Here, ¥ and L are the energy and the angular momentum of the particle,

respectively. Let’s consider the motion at § = /2, which means that 0 = 0. By

utilizing the expressions for the generalized momenta of the particle (3.8) and the

normalization condition w,u” = —m? we get the following equation of motion:
. 1 [(a®+7?
t = 5 %(E(cﬂ +7r%) —al) +a(L — aE)] : (3.9)
r
- 1 [a 5 o
I — (a2 +-12)E)2 — A(m212 + (L — aE)2
R GRSk LA (AR R el

r

The 4+ and — signs in the radial velocity 7 indicate the outgoing and incom-
ing geodesics, respectively. It is useful to derive the expression for the effective

potential in order to acquire more information about the character of the motion
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of the particle. With the help of (3.11) and the following expression:

1.
3 24+ Vepr =0, (3.12)

it is not difficult to find the effective potential in the form:

(aL — (a®> +1*)E)? — A(m2r® + (L — aE)?)
2rt

Verr = — (3.13)

The solutions for V/;(r) = 0 and V[ ;(r) = 0 determine the innermost
stable circular orbit of the particle. The Fig. (3.3) shows the ISCO radius versus
v, @ and a parameters. It is clear from the diagrams that the ISCO radius

decreases with the growth of all parameters (7, @, and a) while making it possible

to go closer to the BH.

——

Risco
w
/

Risco

Figure 3.3: The variation of the innermost stable circular orbits for different parameters such

as charge (), PFDM parameter v and rotating parameter a

Near horizon collision

Now our goal is to determine the ultrahigh-energy produced by the collision
of two particles near the horizon of the rotating charged black hole in PFDM. Here,
for simplicity, we assume that particles have the same mass mg and different four
velocities u; and wus, respectively. The CM energy FE.,, of collision between two

particles at the radial coordinate r is given by the following expression [152]:
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By = mo\/§\/ 1 — guuluy (3.14)

By substituting (3.9-3.11) into the equation (3.14) we get the following ex-

pression:

E? K
am - 3.15
Zm% r2A ( )

where

K=(a"—aLli+7r°) (a®>—aLly+7°) + A(r* — (a— L1) (a — L)) (3.16)

— \/(a2 — aLy +m2r?)° — A <(a — L)’ + 7‘2>

X \/(a2 —aly+ m%rQ)2 — A ((a — L)) + 7“2)
In order to get the ultrahigh-energy we need the particle to approach the
BH with the critical angular momentum L... We can get the critical value of
the angular momentum L., from the condition » = 0, when r — rf . So, the
expression for the critical angular momentum L, is:
(a® + (/)Y E

L, = 1
. (317

The limiting values of the angular momentum along with the corresponding
spin parameters and the horizons for the extremal and nonextremal charged rotat-
ing BH in PEFDM are presented in the Tab. (3.1) and Tab. (3.2), respectively. Fig.
(3.4) illustrates the collision energy for an extremal BH at fixed PFDM parameter
v = 0.2 for different values of charge ). In this case, the CM energy diverges
sharply close to the region of the horizon. On the other hand, in Fig. (3.5) the
collision energy diverges beyond the radius of the event horizon and maybe even

finite at some values for Q).
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Table 3.1: Limiting cases for angular momentum for an extremal BH

Q ag Linin Lo

0.2 | 0.836371 | -3.40392 | 1.53746
0.3 | 0.805926 | -3.36789 | 1.53350
0.4 | 0.761261 | -3.31489 | 1.53152
0.5 | 0.699655 | -3.24148 | 1.53774
0.6 | 0.61605 | -3.14123 | 1.56787
0.7 ] 0.499517 | -3.00021 | 1.67339
0.8 | 0.315463 | -2.77392 | 1.94426

Table 3.2: Limiting cases for angular momentum for a non-extremal BH

Q| a - Ty Linin Linas
0.2 1 0.8 ] 0.537845 | 0.996355 | -3.38472 | 1.82852
0.3 0.7 ] 0.39476 | 1.14429 | -3.31002 | 2.02628
0.4 0.6 | 0.331881 | 1.21029 | -3.22286 | 2.13517
0.5 0.5 | 0.313006 | 1.23025 | -3.12092 | 2.20061
0.6 | 0.4 | 0.331881 | 1.21029 | -3.00059 | 2.23378
0.7 1 0.3 ] 0.39476 | 1.14429 | -2.85571 | 2.23662
0.8 1 0.2 | 0.537845 | 0.996355 | -2.67415 | 2.20285

L4=-3.31489 L»=1.53152

L4=-3.3679 Ly=15335

L4=-3.40392 L»=1.53746;

------- L4=-340392 Lp=1.4 ] =-3.3679 Ly=14 -e---e- 14=-331489 =14

=-3.40392 Lp=1.3 =-3.3679 Lp=1.3 =-3.31489 L=1.3

EE B - <~ Event Horizon R —

<~ Event Horizon

«=Event Horizon

1.4 06 08 1.0 1.2 1.4 06 08 1.0 12 14

r r T
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Figure 3.4: The center-of-mass energy FE.,, dependence of the radial coordinate r for an extremal

BH for v = 0.2 and various @ = 0.2;0.3; 0.4 values respectively, with rZ = 0.765747

3.4 Thermodynamics

In this part of our work, we discuss the thermodynamics of the charged

rotating BH in PFDM. The event horizon of BH for the given metric is obtained
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Figure 3.5: The center-of-mass energy FE., dependence of the radial coordinate r for a non-

extremal BH for v = 0.2 and various ) = 0.2;0.3; 0.4 values respectively.

by condition 7A = 0"

r%—l—az—QMT—FQQ—l-’yThh’lT—h:O- (3.18)
Y

It can be easily noticed that it has two horizons: the inner one r_ and the outer
one ry, which depend on the PFDM parameter 7. Using the condition for the
BH event horizon (3.18) we can derive the BH mass M, which is equivalent to the

enthalpy H:

1 2 2
H=—-[r,+ (Cal) + fyln@]. (3.19)
2 Th v

The graphical analysis of the enthalpy relation (3.19) is given in Fig. (3.6). It is
clear from the plots that enthalpy decreases in the beginning and the rise of v does
not matter for it. However, it starts to increase from r, = 0.5 when ~ parameter
increases. Whereas, when the spin parameter a and charge @) rise the enthalpy
differs close to the BH and goes up becoming indifferent to parameter changes far
away from the BH.

Now, in order to derive the expression for the entropy .S of the BH we need
to find the area of the event horizon A using the metric (3.6) with the following
expression [57]:
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T 154

Figure 3.6: Enthalpy variation with horizon radius for different parameters of v, a and (). Here
in the left panel: a = 0.3, @ = 0.3; in the middle panel: v = 0.2, @ = 0.4 and in the right
panel: a = 0.3,y =0.2

2 T
A = / / \/ggggwdedgb (3.20)
0 0

At the horizon A = 0, therefore ggg and g, are expressed as: ggy = p?,
Gop = sin®Or? + a® + “2%;‘29(2M7" — @Q* —yrln %) Putting these expressions
in the Eq. (3.20) and doing some calculations, we arrive at the following final

expression:
A =47 (ri + a?). (3.21)

Now, it is easy to find the Bekenstein-Hawking entropy S, which has the form
as |58
A
S = 1= m(r? 4 a?) (3.22)

The next step is to calculate the angular velocity of the BH 2 at the horizon of

the BH. For this, we will use the formulae for the angular velocity:

0= 99 (3.23)
o0

Finding g1 and g4 from the metric (3.6) and using the expressions in (3.7), we
find the angular velocity at horizon (A = 0)in the equatorial plane (§ = 7/2) in

the following form:

a
= —. 3.24
r? 4 a? (3.24)
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The quantities: horizon area A, entropy S and angular velocity €2 do not explicitly
depend on M, a,Q,~, where r, = f(M,a,Q,").

Fig. (3.7) represents the radial dependence of the angular velocity for the
alteration of parameters. The angular velocity €2 of the BH does not change much
with the shift in the v and decreases with increasing radius. While we see a decline

in the angular velocity when the rotational parameter a and charge () go up.
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Figure 3.7: The variation of the angular velocity for different parameters. Here, in the left

panel: a = @ = 0.4, in the middle: v = 0.2, @ = 0.4 and in the right panel: v = 0.2,a = 0.4.

It is time to compute Hawking’s temperature 1" for the rotating BH which

is defined as follows:
(3.25)

Here, surface gravity k for the rotating BH has been derived in the work and has

the form [57,119]:
o= Y (3.26)

where Gy = gu+21502— s and ¢ = 1/g,,. Here we have found the expression
for Hawking’s temperature with the mass of the black hole as a function of radius of
horizon M = M (ry,) from the condition for the event horizon (A = 0, see Eq.3.7).
As is seen from the left diagram for different values of the rotational parameter
a the temperature drops when the spin of the black hole a increases. The right

diagram for different v values illustrates the growth of the Hawking’s temperature
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when PFDM parameter increases. So, the presence of the dark matter increases

the surface gravity of the black hole, resulting in the increase of the temperature

of the BH.

0.12F / 0.06F
0.100 0.05F
0.08] 0.04F
= 0.06] =003
0.04] 0.02
0.02; 001}
0.00" ‘ ‘ ‘ ‘ ‘ 000 Ml , , , E
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Figure 3.8: The dependence of Hawking’s Temperature on horizon radius for different values
of rotating parameter a (left panel: v = 0.2, @ = 0.4) and PFDM parameter v (right panel:
a=0.2,Q = 0.4). Note, that we have taken a mass of the BH as a function og radius of horizon

here M = M(rp).

Now, it is time to define the thermodynamic variable - Gibbs free energy of

the BH with the following definition [58,120]:

G=M-TS (3.27)

Here M, T, S stand for the enthalpy, Haking’s temperature, and entropy of the
BH. The variation of the Gibbs free energy for parameters (v, Q,a) is given in
Fig. (3.9). From the Fig. (3.9 (b)), we can see that the presence of the PFDM
parameter leads to significant changes in the Gibbs free energy, namely the rise
of the PFDM parameter results in the increase of the value of Gibbs free energy.
The same situation occurs with the change of charge @ (a). However, the opposite

case takes place with rotational parameter a (c).
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Figure 3.9: The radial dependence of Gibbs free energy for different parameters such as: PFDM

parameter 7y, charge () and rotating parameter a

3.5 Thermal fluctuations

This section examines how simple logarithmic, second-order, and higher
order corrections affect the Helmholtz free energy, internal energy, enthalpy, and
Gibbs free energy of the rotating BH geometry under consideration with PFDM.
As such, we determine the mathematical representation of the system’s corrected

entropy using the partition function, which is defined as [153—-155]

R(E) = / " )(E) exp(~¢E)dE. (3.28)

where p(E) represents the density state with average energy E. Using the inverse
Laplace transformation of the previously established function, we can get the

density state, which is expressed as
1 100+&o 1 1004+&o » )
o) = [ eneBIRE@d =5 [ w329
20T ) isovgy 20T J joore
here the exact corrected expression of entropy is S(€) = BE +1n Z(€) with € > 0.
By considering Taylor series expansion about &, we get
0*5(€) |
852 §=%o
925

The following relations are verified for the equilibrium entropy S, i.e., a7 > 0

3(6) = 5+ (6~ &)’

+0(6 —&)* (3-30)

and 42 = 0. By using Eq.(3.30) in (3.29), we get

E) = 5 exp() [ deewp (506 - @)282(%@)-

3.31
271 ( )

78



0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

< N = =3 o0
T T

[S]

I Fn T

Figure 3.10: Corrected entropy versus 7, for different values of y with x = 0.2, = 0 (first plot),
x = 0,7 = 0.2 (second plot), y = 0.2 = n (third plot) for m = 0.2,Q = 0.2,a = 0.3.

Further, it yields [153-155]

() = mexpw)((azif) )..) (332

N[

which leads to

_o Ly ey
§=5—3(ST) + . (3.33)

With the exception of the component %, which heightens the impact of correction
terms on the entropy of BH, we are free to make use of a more inclusive parameter
denoted by x without losing generality. The respective expression of corrected
entropy can be written as [155]

S =238 —xIn(ST?) + % (3.34)

By considering alternative correction parameter values x and 7, we obtain un-
corrected entropy if n, x — 0, simple logarithmic corrections if n — 0, y — 1,
second order correction terms if n — 1, y — 0, higher orders correction terms if
n, x — L.

Fig. (3.10) explains the graphical behavior of corrected entropy of rotating
BH with PFDM for SLCs, SOCs, HOCs with suitable values of physical parame-
ters. These plots express that the rate of fluctuation of the BH entropy increases

as the PFDM parameter (7) increases. It is also noted that there is no fluctuation
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for the choice of rotating charged BH (v = 0). In this figure, the first plot rep-
resents the behavior of corrected entropy for second-order correction terms, the
second plot expresses the effects of simple logarithmic corrections and higher-order
correction terms are discussed in the third plot. The corrected entropy shows the
maximums fluctuations behavior for the choice of second-order correction terms.
It should be pointed out that in all circumstances, the entropy of the system is
seen to be steadily growing across the entirety of the domain under consideration
for larger BHs. It should be noted that the graph of the charged rotating BH
corrected entropy is rising steadily (the red curves), but the results of the charged
rotating BH with PFDM corrected expression fluctuate for lower BHs and rise
steadily for larger ones.

Now, check the other thermodynamic parameters under the influence of
thermal fluctuations using the expression for the corrected entropy. The modified
law of BH thermodynamics can be written as follows when there are fluctuations

in temperature: [155, 156]
dM = TdS + QdJ + ®dQ, (3.35)

where 7, €2 and ® are denoted the corrected Hawking temperature, angular mo-
mentum the conjugate quantity where () is a new thermodynamic variable. The

relations can be used to derive these potential functions:

0 9, 0
T= (a_]\g)cg’ = ((‘3_]\J4>Q ¢ = (%)T'

The modification of the first law of BH thermodynamics is verified when
the preceding expressions are substituted in Eq. (3.35), which suggests that the
presence of thermal fluctuations strengthens the dependability of the first law
of BH thermodynamics. In Figs. (3.11)-(3.14), we analyze the effects of second-

order, simple logarithmic, and higher-order correction terms on the Helmholtz free
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Figure 3.11: Corrected Helmholtz free energy versus 7, for different values of v with x = 0.2, =
0 (first plot), x = 0,7 = 0.2 (second plot), x = 0.2 = n (third plot) for m = 0.2,Q = 0.2,a = 0.3.

T 0.0F T T T T = 0.0F T T T T =

1.5F e y=0 + y=01 * y=02 * y=03 y=04 o y=0 ¢ y=00 e+ y=02 - y=03 y=04
-0.5F \ 1 -0.5F \ 1
1.0r - 1.0} 1 -1.0f ]
U os 1 U -15} 1 0 -1s) :
-2.0p 1 -2.0r 1

0.0
-2.5¢ 1 -2.5¢ 1
_05 7\ L T L L L L L L L L L L L L L L
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
T T Th

Figure 3.12: Corrected internal energy versus r;, for different values of v with xy = 0.2,7 =0

(first plot), x = 0,7 = 0.2 (second plot), x = 0.2 = n (third plot) for m =0.2,Q = 0.2,a = 0.3.
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Figure 3.13: Corrected enthalpy versus r;, for different values of v with xy = 0.2,7 = 0 (first
plot), x = 0,n7 = 0.2 (second plot), x = 0.2 = n (third plot) for m = 0.2,Q = 0.2,a = 0.3.

gF
6F |
\ b b
o 2 2
20 0 0
¢ ¢ S — S —
0 -2 1 —2of 2
—2F —4f —4f
—4F =0 =01 y=02 4=03 y=04 y=0 = y=01 ¢ y=02 ° y=03 y=04 =0+ y=01 e+ y=02 * y=03 y=04
| -6} ] —6f ]
—6F, . . . . . . . . . . . . . . . .
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Tn Tn

Figure 3.14: Corrected Gibbs free free energy rj, for different values of v with x = 0.2,7 =0
(first plot), x = 0,7 = 0.2 (second plot), x = 0.2 = n (third plot) for m = 0.2,Q = 0.2,a = 0.3.
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energy, internal energy, enthalpy, and Gibbs free energy of the charged rotating
BH considered with and without PFDM.
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e Fig. (3.11) is used to explain the graphical behavior of corrected form of

Helmholtz free energy for different choices of y and n with suitable physical
parameters. It is found that for smaller BHs Helmholtz free energy increases
and then decreases after the fluctuations. Without the PFDM parameter, it
shows positive behavior for the case of second-order correction terms while
it represents negative behavior as v increases positively (first plot of Fig.
(3.11)). For simple logarithmic (second plot of Fig. (3.11)) and higher-order
correction terms (third plot of Fig. (3.11)), it represents the completely

negative behavior after the fluctuations.

Fig. (3.12) indicates the effects of the corrections terms on the internal energy
of the BHs considered. It is found that the internal energy is maximum for
the smaller BHs while it decreases for larger BHs. As the PFDM parameter
increases, the internal energy of the system also decreases. Shows negative

behavior for logarithmic and higher-order corrections terms.

Fig. (3.13) represents that the corrected form of enthalpy fluctuates for the
smaller BHs while for the larger BHs it shows a smooth increasing behavior.
It also represents that the charged rotating BH enthalpy is maximum as

compared to charged rotating PFDM BH.

Fig. (3.14) explains the effects of the correction terms on the Gibbs free
energy of the BH geometry considered. It is found that the Gibbs free energy
fluctuates for the smaller BHs and represents the maximum behavior for
the charged rotating BH without PFDM. For second-order and higher-order

correction terms, the Gibbs free energy represents the negative behavior for



larger BHs.

It is found that the corrected thermodynamical quantities of the charged-
rotating PFDM BH are smaller than those of the charged-rotating BH without
PFDM.

Phase transition

Another method of determining the thermodynamical stability of BH locally
is to study the sign of specific heat Cg = %. It is noted that BH is locally unstable
for Cg < 0 and the point of the phase transition can be found at Cg = 0 and BH
is locally stable if Cg > 0. The mathematical expression of specific heat is given
as [155,157]

2 (m (a4 77) (3rn (207 + 77) + Ag) + iy (a + Q% — (v + 7))

(CS — o2 )
m(a?+ ;)" (3a® + 3Q? — (27 +7p))

Cs = 7« (—ri (a2 + 2@2) — 3a? (a2 + Qz) + ma’r; + WTZ) —
—mr? (a2 + 7“,%) (a2 + Q% — 7“,%) :

The stability of the system under thermodynamic fluctuations is now dis-
cussed using three different cases of correction terms with different values of () and
v through the graphical behavior of specific heat (Fig. (3.15)). It is worth noting
that the specific heat indicates a stable structure for BHs of a certain size, but an
unstable design for BHs that are significantly larger. For every value of charge, the
graphical behavior of the specific heat of the charged rotating BH without PFDM
shows maximum stable configurations. The stability of the charged rotating BH
decreases as the PFDM parameter increases. By increasing the charge of the ge-
ometry, the specific heat of the system also increases. The cases of correction

terms considered show a similar behavior for every value of y, n.
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Figure 3.15: Corrected specific heat versus ry, for different values of v with @ = 0.2 (first plot),
@) = 0.3 (second plot), @ = 0.4 (third plot) for m =0.2,Q =0.2,a =0.3,x = 0.2,7 = 0.2.

3.6 Conclusion

There are several observational parameters to study properties of BH but
there is no exact data in which only charge or rotational parameters of BHs are
discussed. Here, we have tried to theoretically analyze the charged rotating BH
in the presence of PFDM and investigated the following:

First, we have discussed the borders for horizons and ergosphere region of
this BH. It is necessary to mention that we have calculated an extremal BH for a
certain critical value of the rotational parameter a = ag, where the two radii of
the horizons have coincided. The ergosphere region of the present BH is provided
graphically in Fig. (3.1) and Fig. (3.2) for the different choices of the parameters
involved.

We have studied the influence of PFDM parameters on horizons and er-
gosphere region for two cases: an extremal and non-extremal BH. We take the
behavior of the shape of these regions graphically. We find that the PFDM pa-
rameter 7 shortens the border for both the horizon and ergosphere regions, almost
merging into one region.

Fig. (3.3) has described the ISCO radius versus 7, ) and a involved model
parameters. The ISCO radius has been observed to decrease within the scope of

all parameters (v, @ and a).
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We have studied the thermodynamic characteristics of this BH in PFDM
and have discovered that the increase in 7 results in an increase in the enthalpy
H and the Gibbs free energy GG. In contrast, the temperature of the BH decreases
with growth ~.

The effect of the PFDM parameter v on the ISCO radius has also been
discussed in the work, namely, with increasing v the ISCO radius decreases.

We have studied the collision of two identical massive particles near the
horizon of the BH and studied the behavior of the CM energy for an extremal and
nonextremal case.

The effect of second-order, simple logarithmic, and higher-order correction
terms on the Helmholtz free energy, internal energy, enthalpy, and Gibbs free
energy of the charged rotating BH with and without PFDM have been observed,
which can be checked from Figs. (3.11)-(3.14).

It is worth noting that the specific heat indicates a stable structure for BHs
of a certain size but an unstable design for BHs that are significantly larger, which

has also been confirmed from Fig. (3.15).
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Conclusion

The following conclusions were presented based on research carried out on

the topic of "Thermodynamic and Energetic Processes Around Compact Objects

in Modified Theories of Gravity’ for the Doctor of Philosophy (PhD) dissertation:
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1. For the first time, it has been demonstrated that the horizon structure, er-

gosphere geometry, and extremality conditions in modified gravity space-
times (4D Einstein-Gauss—Bonnet, Simpson—Visser, and perfect fluid dark
matter models) depend systematically on additional gravitational parame-
ters—revealing a direct link between “black hole hair” and observable space-

time features.

. For the first time, it has been shown that the innermost stable circular orbit

(ISCO) undergoes parameter-dependent shifts in these frameworks, providing
a new diagnostic tool to test modified gravity using accretion disk observa-

tions.

. For the first time, it has been derived that the Banados—Silk—West (BSW)

particle acceleration mechanism can be significantly enhanced in modified
gravity, with explicit critical angular momentum conditions obtained for black

holes surrounded by dark matter or nonlinear electromagnetic fields.

. For the first time, it has been found that logarithmic and higher-order quan-

tum corrections to black hole entropy lead to new thermodynamic phase



transitions and modified stability criteria, especially in the presence of per-

fect fluid dark matter.

. For the first time, it has been established that modified gravity parameters
govern not only spacetime geometry but also the dynamics of spinning parti-
cles and thermodynamic behavior—creating a unified, observationally testable

framework to constrain alternative theories of gravity.
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