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Physical constants & other definitions

Bohr radius aB = 4πε0ℏ2
mee2

= ℏ
mecα

≈ 5.292× 10−9cm

Reduced Plank constant ℏ = h/2π ≈ 1.054..× 10−27 g cm2 s−1

Vacuum permittivity ε0 = 8.854× 10−12 F · m−1

Electron rest mass me ≈ 0.9109× 10−34 g

Elementary charge e = 1.602−19 C

Speed of Light c = 2.998× 1010 cm · s−1

Fine structure constant α ≈ 7.297× 10−3

Avogadro’s Constant NA = 6.02214076× 1023mol−1

Condensate initial width a0 = (ℏ/Mω)1/2

Mass of atom M (87Rb = 87/NA ≈ 1.444× 10−22 g )

Harmonic oscillator frequency ω (∼ 10− 100 Hz)

Self-interaction parameter g = 4πℏ2|as|/Maz (for 2D)

s -wave scattering length |as| ≈ 100aB ≈ 5× 10−7cm

Condensate extension along z-axis az (∼ 10−4 cm for 2D)



Introduction

Topicality and demand of the theme of the dissertation.

With the increasing precision of astronomical observations – such as gravita-

tional wave detections (LIGO/Virgo) and high-frequency quasi-periodic oscilla-

tions (QPOs) from X-ray binaries—there is a growing demand for theoretical

frameworks that extend beyond classical general relativity. This work provides

essential insights into how scalar fields and external magnetic fields modify space-

time dynamics, offering testable predictions for future observations. The study of

exotic compact objects (e.g. JNW naked singularities, Ellis wormholes) also aligns

with ongoing efforts to probe the limits of Einstein theory and explore alternative

gravity models. The dissertation addresses critical questions in modern relativis-

tic astrophysics, particularly the interplay between compact objects (black holes,

naked singularities, and wormholes) and scalar fields.

The dissertation’s focus on scalar-tensor couplings and their astrophysical impli-

cations is highly relevant, given recent developments in modified gravity, dark

matter, and dark energy research. Scalar fields are fundamental in theories like

f(R) gravity and string-inspired models, making this work pertinent to both the-

oretical and observational cosmology. Additionally, the analysis of quasi-resonant

modes and QPOs contributes to the interpretation of data from next-generation

telescopes (e.g., LISA, Athena) and X-ray observatories (e.g., NICER). The un-

usual late-time tails of perturbations in magnetized black holes, as explored in
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Chapter IV, could even shed light on anomalies in pulsar timing array (PTA)

signals, such as those reported by NANOGrav.

By bridging particle dynamics, perturbation theory, and observational constraints,

this dissertation advances the toolkit for studying compact objects in extreme en-

vironments. Its methodologies, such as the WKB approximation for quasinormal

modes and MCMC analysis for QPOs, are transferable to other compact object

scenarios, including neutron stars and exotic horizonless objects. The work also

underscores the importance of interdisciplinary approaches, combining general rel-

ativity, quantum field theory, and data science to tackle open problems in astro-

physics. As the community seeks to resolve tensions between general relativity

and quantum mechanics, studies like this pave the way for new physics beyond

the Standard Model. The topicality, demand, and actuality of the dissertation lie

in its direct engagement with cutting-edge questions in relativistic astrophysics,

its applicability to current and future observational campaigns, and its potential

to influence theoretical paradigms in gravity and cosmology.

Furthermore, the dissertation aligns with the strategic scientific priorities in

Uzbekistan and the broader international community. This dissertation work cor-

responds to the tasks of the following state regulatory documents: Decree of the

President of the Republic of Uzbekistan No. UP-4947 "On the Strategy of Ac-

tions for the Further Development of the Republic of Uzbekistan" dated February

07, 2017, Decree of the President of the Republic of Uzbekistan No. PP-2789

"On Measures for Further Improvement of Academy of Sciences, Organization,

Management, and Financing of Research Activities from 18.02.2017.

Relevance of the research to the priority areas of science and technology

development of the Republic of Uzbekistan. Dissertation research has been

carried out in accordance with the priority areas of science and technology in the
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Republic of Uzbekistan: II. “Power, energy and resource-saving”.

Degree of study of the problem

While the motion of test particles in black hole spacetimes has been extensively

studied in general relativity (Subrahmanyan Chandrasekhar, Brandon Carter,

James Bardeen, Valeri Frolov, Andrei Zelnikov, Pankaj S. Joshi, Remo Ruffini),

the inclusion of scalar fields, particularly in the context of naked singularities

(JNW spacetime) and wormholes (Ellis spacetime) – introduces novel complexi-

ties. This research work builds on foundational studies by Misner, Wheeler, and

others but extends them by incorporating scalar couplings, radiation reaction ef-

fects, and magnetic fields, which have not been systematically explored in these

spacetimes. This represents a significant advance beyond the classical treatments

of geodesic motion.

Prior research on scalar fields in astrophysics has largely focused on cosmological

applications or black hole perturbations (Claudia de Rham, Thomas P. Sotiriou,

Vitor Cardoso, Kostas D. Kokkotas, Toby Crisford, Hideo Kodama), leaving gaps

in understanding their role in naked singularities and wormholes. This disser-

tation fills these gaps by deriving exact analytical solutions (e.g., ISCO radii in

JNW spacetime), numerical simulations of particle trajectories, and perturba-

tion analyses (e.g., quasinormal modes in magnetized black holes). The study

of quasiperiodic oscillations (QPOs) in scalar-modified spacetimes is particularly

original, as it connects theoretical predictions with observational data from X-ray

binaries, a link that has rarely been explored in the earlier literature. The inclu-

sion of MCMC methods to constrain spacetime parameters further demonstrates

a modern, data-driven approach to testing theoretical models.

Compared with similar studies, this work stands out by integrating scalar fields,

electromagnetic interactions, and radiation reaction into a unified framework for
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multiple types of compact objects. However, certain limitations remain, such

as the assumption of weak backreaction (neglecting particle effects on spacetime

geometry) and the restriction to static, spherically symmetric solutions. Rotating

compact objects (e.g., Kerr-like naked singularities) and nonlinear scalar couplings

remain open challenges. Future research could extend this work by incorporating

numerical relativity techniques or higher-dimensional theories (e.g., braneworld

models), which would deepen the exploration of scalar-field dynamics in more

realistic astrophysical scenarios. The dissertation provides a comprehensive but

not exhaustive study of the problem, balancing analytical rigor with innovative

applications while identifying clear pathways for future research.

Connection of the topic of the dissertation with the scientific research

of the higher educational/research institutions, where the dissertation

was carried out. The dissertation was done in the framework of the scientific

projects funded by the Ministry of Innovative Development: F-FA-2021-510 "In-

vestigations of nuclear matter of neutron stars in modified gravity" (2021-2026).

The aim of the research is develop a new theoretical model to study scalar field

couplings and reveal new findings on particle dynamics near compact objects.

The tasks of the research:

• to develop a theoretical model coupling scalar fields to particle dynamics in

JNW and Ellis spacetimes;

• to derive equations of motion for massive particles under scalar field influence;

• to analyze ISCO modifications due to scalar coupling parameters;

• to investigate radiation reaction effects on particle trajectories near naked

singularities;
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• to compute fundamental frequencies (orbital, radial, vertical) for QPO appli-

cations;

• to conduct MCMC analysis to constrain spacetime parameters using X-ray

binary data;

• to explore charged particle dynamics in magnetized wormhole and black hole

spacetimes.

• to study perturbation spectra (quasinormal modes, late-time tails) in scalar-

modified geometries.

The objects of the research are the Janis-Newman-Winicour (JNW) naked

singularity spacetime with scalar field coupling; the Ellis wormhole geometry inter-

acting with external scalar fields; Schwarzschild-like regular black holes immersed

in external magnetic fields; test particles (neutral and charged) in these modified

spacetime geometries.

The subjects of the research are dynamics of massive particles under scalar

field influence in exotic spacetimes; modification of orbital mechanics and funda-

mental frequencies due to scalar couplings; astrophysical implications of scalar-

field modified compact objects (QPOs, ISCOs, etc.); perturbation spectra and

stability properties of scalar-coupled compact objects.

The methods of the research. Analytical modeling was used to derive exact

equations of motion and effective potentials for particles in scalar-coupled space-

times (JNW, Ellis). Numerical simulations (Runge-Kutta integration) were used

to solve geodesic equations and analyze particle trajectories under radiation re-

action effects. Semi-analytical WKB approximation and time-domain integration

techniques were applied to compute quasinormal modes and perturbation spectra.
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Bayesian MCMC analysis was conducted to fit theoretical QPO frequencies to

observational data from X-ray binaries.

The scientific novelty of the research is as follows:

• The research establishes the first complete theoretical model of particle dy-

namics in JNW naked singularity spacetime with scalar coupling, revealing

unique ISCO behavior that distinguishes it from black holes.

• Novel findings demonstrate how scalar fields modify Ellis wormhole physics,

including radiation-driven particle escape and characteristic QPO frequencies

that differentiate exotic compact objects from black holes.

• The work pioneers MCMC-based constraints on scalar field parameters using

X-ray binary data and identifies new spectral signatures for testing modified

gravity theories in strong-field regimes.

Practical results of the research are as follows:

• The analytical expressions derived for particle dynamics in scalar-modified

spacetimes enable the precise modeling of accretion-disk structures and emis-

sion profiles around exotic compact objects.

• The computed QPO frequencies and ISCO radii provide observable signatures

to distinguish JNW naked singularities and Ellis wormholes from black holes

using X-ray binary data.

• The MCMC-fitted scalar field parameters (n ∼ 0.75, gs ∼ 0.2) offer testable

constraints for future gravitational wave and multi-messenger astrophysics

campaigns.
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• The identified perturbation spectra (e.g., confluent Heun solutions, oscillatory

tails) serve as benchmarks for detecting scalar-tensor gravity effects in next-

generation observatories.

Reliability of the research results is provided by the following:

• The analytical framework was rigorously derived from first principles and

cross-verified against established results in general relativity, ensuring math-

ematical consistency throughout all calculations.

• Numerical simulations employed multiple independent methods (Runge-

Kutta integration, WKB approximation) that produced consistent results,

confirming the robustness of the particle dynamics and perturbation analy-

ses.

• The MCMC parameter estimation was validated through convergence tests

and comparison with existing astrophysical constraints, demonstrating sta-

tistical reliability of the scalar field coupling values.

• All theoretical predictions maintain consistency with observational data from

X-ray binaries and known black hole phenomenology, while clearly identifying

testable deviations for future verification.

Scientific and practical significance of the research.

• The research establishes a comprehensive framework for analyzing scalar field

effects in exotic compact objects, providing new insights into the interplay be-

tween gravity and fundamental fields beyond classical black hole paradigms.

• The derived QPO frequencies and ISCO modifications serve as crucial obser-

vational discriminators between black holes, naked singularities, and worm-

holes, which are directly applicable to current X-ray telescope data analysis.
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• The developed MCMC-QPO analysis technique and perturbation methods

offer powerful new tools for constraining modified gravity theories using as-

trophysical data, significantly enhancing precision gravity tests.

• Technological Guidance: By identifying unique spectral signatures of scalar-

tensor interactions, the results inform the design requirements for next-

generation gravitational wave detectors and multimessenger astronomy cam-

paigns.

Application of the research results.

The results of the study of the dynamics of particles around black holes in modified

gravity theories have been applied as follows:

the theoretical research results and methods, published in the scientific pa-

per “A. Davlataliev, B. Narzilloev, I. Hussain, A. Abdujabbarov, B. Ahmedov,

“Probing the Starobinsky-Bel-Robinson gravity by photon motion around the

Kerr-type black hole in non-uniform plasma,” // Phys.Dark Univ. 42 (2023)

101340, https://doi.org/ 10.1016/j.dark.2023.101340” and presented in the Doc-

torate (PhD) thesis of Mr. A. Davlataliev have been used in the frame of the

programs supported by the Fudan University (Letter from Prof. Cosimo Bambi)

Approbation of the research results

The dissertation results have been discussed in 3 international conferences.

Publication of the research results

11 scientific publications have been made on research results

Volume and structure of the dissertation

Consists of an introduction, four chapters, a conclusion, and a list of references,

all in 120 pages.

List of published papers [1–11].
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Chapter I

Influence of scalar field in massive particle

motion in JNW spacetime

1.1 Introduction

A fundamental unresolved issue in general relativity concerns the ultimate fate

of the gravitational collapse of a massive astrophysical object. It is commonly

believed that a complete gravitational collapse generally leads to the formation of

a Kerr black hole, which is fully characterized by just its total mass and angular

momentum. All other physical attributes—such as initial symmetries or matter

field properties—are thought to be radiated away during the collapse process [12].

However, this remains a hypothesis that requires validation through detailed com-

putational studies that incorporate all relevant physical influences. Therefore, one

should approach this conjecture with caution, as it is not yet definitively proven

that gravitational collapse always ends in the formation of a black hole. Indeed,

numerous studies have demonstrated that under specific, physically acceptable

initial conditions, gravitational collapse can instead result in the formation of a

naked singularity [13–18].

To investigate the mechanism of gravitational collapse and its end products, it is

17



essential to examine the observational distinctions between black holes and naked

singularities, under the assumption that both can arise through some formation

processes. Currently, we have access to extensive electromagnetic data from as-

trophysical sources, which can help reveal the nature of compact objects located

at galactic centers or within X-ray binary systems. In particular, Refs. [19–25].

Authors have explored the accretion disks properties around naked singularity.

The studies described in Refs. [26–32] demonstrate that black holes and naked

singularities exhibit distinct gravitational lensing characteristics, allowing them

to be distinguished observationally [31,33–36]. Additionally, high-energy phenom-

ena and particle collisions may provide further means to differentiate black holes

from naked singularities [37].

The motion of particles in curved spacetime is a fundamental aspect of gen-

eral relativity, illustrating how spacetime curvature—shaped by matter and en-

ergy—affects the trajectories of particles. In such a curved geometry, particles

move along geodesics, which are determined by the geodesic equation. When a

charged particle is subject to an external electromagnetic field, it undergoes accel-

eration and emits electromagnetic radiation. This results in motion that deviates

from a geodesic and is governed by a modified equation that includes the effects

of the electromagnetic field and radiation reaction. A detailed discussion of dif-

ferent types of electromagnetic radiation and their mathematical descriptions can

be found in [38].

Furthermore, the study of particle motion under the influence of an external scalar

field is both theoretically important and astrophysically relevant. Although the

interaction between scalar fields and massive particles is not yet fully understood,

it plays a critical role in modeling phenomena occurring near compact objects

such as black holes and neutron stars. This issue has been addressed in [39],
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where the self-force acting on particles in a scalar field background is analyzed.

Some aspects of this self-force can be interpreted geometrically, offering insights

into the puzzling case where a radiating particle does not feel a corresponding

self-force. The acceleration of particles near black holes in the presence of scalar

fields has been investigated in [40]. Additionally, the influence of scalar fields

on massive particles was previously explored by Misner et al. [41] and Breuer et

al. [42], particularly in the context of scalar perturbations and the phenomenon

known as geodesic synchrotron radiation in Schwarzschild spacetime.

In this chapter, we plan to study the particle dynamics. around the Janis-Newman-

Winicour (JNW) naked singularity. JNW naked singularity represents an exact

solution of the Einstein’s equations with a massless scalar field [43]. With the dif-

ferent parametrization the similar solution has been obtained by Fisher in Ref. [44]

The stability of Fisher’s solution has been studied in Ref. [45]

The chapter is organized as follows. In Sect.1.2 we briefly describe the Einstein-

scalar field-massive particle system and derive the equation of motion for the

whole system. In Sect.1.3 we consider the circular motion of massive particles

in the presence of the scalar field in the JNW spacetime. In Sect.1.4 we study

the circular motion of massive particles including the radiation reaction term and

present particle trajectories. Finally, in Sect.1.5 we summarize the results of the

investigation.

1.2 Einstein-scalar field-massive particle system

The action for the free relativistic particle of mass m can be expressed as [46]

S = −
∫
mds , (1.1)
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while in the presence of the external scalar field φ, it reads [42]

S = −
∫
m∗ds , m∗ = m(1 + gsφ) , (1.2)

where m∗ is the effective mass of the test particle in the presence of a scalar field,

and gs is a dimensionless coupling constant between scalar and massive particle.

Notice that in Ref. [41,42] that the action for massive particle and scalar field can

be expressed as follows:

S[xµ, φ] =− 1

8π

∫
d4x ∂µφ∂

µφ

−m

∫
ds(1 + gsφ)

√
−uµuµ . (1.3)

One has to emphasise that the action for massive particle in equation (1.3) is also

valid in curved spacetime. The generalized form of the action for the Einstein-

scalar field system, including massive particles, is given as

S[gµν, x
µ, φ] =

1

16π

∫
d4x

√
−g(R− 2∇µφ∇µφ)

−m

∫
ds(1 + gsφ)

√
−uµuµ , (1.4)

where R is the Ricci scalar, ∇µ stands for a covariant derivative from a scalar field

and uµ = ẋµ is the four-velocity of particle normalized as uµuµ = −1. Hereafter

minimizing the action (1.4), equations of motion for whole system, namely Einstein

field equations, Klein-Gordon equation and geodesic equation, can be derived as

Rµν −
1

2
gµνR = 2∇µφ∇νφ− gµν∇λφ∇λφ

+
8πm√
−g

∫
ds(1 + gsφ)δ

(4)[x− z(s)]uµuν , (1.5)

∇µ∇µφ =
4πmgs√

−g

∫
dsδ(4)[x− z(s)] , (1.6)

uµ∇µu
ν =

gs
1 + gsφ

(gµν + uµuν)∇µφ . (1.7)
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For simplicity, we assume that the contribution of particle motion in the back-

ground spacetime and scalar field is negligibly small, and it does not alter the

background geometry or the configuration of the scalar field. Consequently, equa-

tions of motion for the system reduces to

Rµν = 2∇µφ∇νφ , (1.8)

∇µ∇µφ = 0 , (1.9)

uµ∇µu
ν =

gs
1 + gsφ

(gµν + uµuν)∇µφ . (1.10)

which are rather simply system of equations. In next section, we will discuss the

explicit solution of above equations.

1.3 Background spacetime and particle dynamics

In this section, we will explore the motion of a massive particle within scalar

and gravitational fields. The system of equations (3.51) and (1.9) is straightfor-

ward, allowing for an exact analytical solution. One of the simplest solutions to

these Einstein-scalar field equations is represented by the Janis-Newman-Winicour

naked singularity. The corresponding line element is given as [47]

ds2 =− fndt2 + f−ndr2 + f 1−nr2(dθ2 + sin2 θdϕ2) ,

φ(r) =

√
1− n2

2
ln f , f = 1− 2M

nr
, (1.11)

where M is the mass of the gravitational object, n is parameter of the scalar field.

The singularity of the spacetime is located at r∗ = 2M/n. The components Ricci
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tensor are expressed by

Rµν =
2(1− n2)M 2

f 2n2r4


0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

 . (1.12)

When n = 1, the solution (3.1) reduces to the Schwarzschild spacetime, charac-

terized by a horizon at r = 2M and satisfying Rµν = 0.

The equation of motion for a massive particle in equation (1.10) in the background

spacetime (3.1), can be explicitly written as:

ẗ+
2Mṫṙ

fr2
(1−B) = 0 , (1.13)

r̈ +
Mfn

fr2
(
fnṫ2 − 2B

)
− Mṙ2

fr2
(1 + 2B)

+

(
M(n+ 1)

n
− r

)(
θ̇2 + sin2 θϕ̇2

)
= 0 , (1.14)

θ̈ − 1

2
sin 2θϕ̇2 − 2Mθ̇ṙ

fr2

(
1 +

1

n
− r

M
+B

)
= 0 , (1.15)

ϕ̈+ 2 cot θθ̇ϕ̇− 2Mṙϕ̇

fr2

(
1 +

1

n
− r

M
+B

)
= 0 , (1.16)

where B is defined as

B =
2gs

√
1− n2

n(gs
√
1− n2 ln f + 2)

.

On the other hand, using the equation of motion (1.10), the Lagrangian for a

massive particle in the presence of the scalar field can be expressed as:

L =
1

2
(1 + gsφ)gµνu

µuν , (1.17)

and the four-momentum of the massive particle is

Pµ =
∂L

∂uµ
= (1 + gsφ)gµνu

ν . (1.18)
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Since the spacetime is independent of the coordinates t and ϕ, the corresponding

components of the four-momentum, Pt and Pϕ, are conserved. These correspond

to two conserved quantities: the energy and angular momentum of the massive

particle. The explicit expressions for the specific energy E and specific angular

momentum L are:

E = −Pt

m
= −(1 + gsφ)gttu

t , (1.19)

L =
Pϕ

m
= (1 + gsφ)gϕϕu

ϕ . (1.20)

Using the normalization of the four-velocity of particle, one can obtain

grrṙ
2 + gθθθ̇

2 + 1 +
1

(1 + gsφ)2

(
E2

gtt
+

L2

gϕϕ

)
= 0 . (1.21)

Here we focus on finding the ISCO position of massive particle in the JNW space-

time in the presence of the scalar field. For qualitative analyses, let us consider

motion of massive particle in the equatorial plane, (i.e. θ = π/2 and θ̇ = 0). Here-

after performing simple algebraic manipulations equation (3.14) can be rewritten

as

E2 = (1 + gsφ)
2ṙ2 + U(r) , (1.22)

where

U(r) = fn(1 + gsφ)
2 +

L2

r2
f 2n−1 , (1.23)

is the effective potential for massive particle.

The ISCO radius of massive test particle is a crucial concept in the study of the

dynamics around compact astrophysical objects such as black holes and neutron

stars. It represents the smallest radius at which a test particle can stably orbit

the central object. Inside this radius, any perturbation will cause the particle

to spiral inward, leading to eventual accretion onto the central body. For the

23



Schwarzschild black hole, the ISCO radius is located at rISCO = 6M . In the case

of a rotating Kerr black hole, the ISCO radius depends on the black hole’s spin

parameter and the direction of the particle’s orbit. For prograde orbits (orbits in

the direction of the black hole’s spin), the ISCO radius decreases with increasing

spin, potentially reaching as close as the event horizon for an extremely spinning

black hole. Conversely, for retrograde orbits (orbits opposite to the direction

of the black hole’s spin), the ISCO radius increases with the black hole’s spin.

The ISCO radius is significant in astrophysics for several reasons: (i) Accretion

Disk Dynamics: It defines the inner edge of the accretion disk around compact

objects. The region inside the ISCO is dynamically unstable, causing material

to rapidly spiral inwards and potentially emit significant amounts of radiation,

(ii) Gravitational Wave Emission: For compact binary systems, the ISCO sets a

natural frequency cutoff for gravitational wave emission, influencing the waveforms

detected by observatories like LIGO and Virgo. (iii) Astrophysical Observations:

Observations of the X-ray spectra from accreting black holes can provide estimates

of the ISCO radius, thereby offering insights into the spin and other properties of

the black hole.

It is also interesting to probe how the scalar field influences to the ISCO position

for massive particle in the JNW spacetime. Using the conditions E2 = U(r) and

U ′(r) = 0, one obtains the critical specific energy and critical specific angular

momentum as follows:

E2 =
fn(1 + gsφ) ((1 + gsφ) (2f − (n− 1)rf ′) + 2gsrfφ

′)

(1− 2n)rf ′ + 2f
, (1.24)

L2 =
r3f 1−n(1 + gsφ) (f

′n(1 + gsφ) + 2gsfφ
′)

(1− 2n)rf ′ + 2f
. (1.25)

The stationary points of these expressions (1.24) and (1.25) represent the inner-

most stable circular orbit (ISCO). If one neglects the interaction term (gs = 0),
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the ISCO radius is determined as:

rISCO =

(
3 +

1

n
+

√
5− 1

n2

)
M . (1.26)

The ISCO radius is also influenced by various factors including the presence of

additional forces or fields. For example, in the presence of an interaction parameter

gs, the ISCO equation can become quite complex. Numerical calculations have

shown that the ISCO radius for a massive particle decreases when gs > 0 and

increases when gs < 0. This indicates that the nature of the interactions around

the central object can significantly alter the orbital dynamics, providing a rich

field of study in both theoretical and observational astrophysics. In Fig.1.1, we

show dependence of the ISCO position for massive particle from scalar parameter

n for different value of the interaction parameter gs.

1.4 Radiation Reaction

Since the four-acceleration of massive particles in the presence of a scalar field

is non-zero, i.e., wν = uµ∇µu
ν ̸= 0, these particles can emit either electromag-

netic or gravitational radiation. However, we currently lack understanding of the

specific type of radiation emitted by test particles in this scenario. In the classi-

cal limit of this radiation, the coupling parameter gs is related to the Newtonian

gravitational constant. Thus, this radiation can be considered analogous to grav-

itational radiation. The intensity of the radiation from particle in the presence of

the scalar field is given by

I ∼ wµw
µ =

g2s
(1 + gsφ)2

(gµν + uµuν)∇µφ∇νφ . (1.27)

Now we explore the dynamics of massive particles in the presence of a scalar field,

incorporating a radiation reaction term. While the Lorentz-Abraham-Dirac (LAD)
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Figure 1.1: Dependence of the ISCO position of massive particle from the parameter n for the

different values of the coupling parameter.
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equation is widely recognized as the governing equation for radiation reaction in

charged particles (see, for example, [48,49]), our study focuses on its gravitational

counterpart. In this context, the equation of motion (3.14) can be modified as

follows [39]:

Duµ

ds
=

gs
1 + gsφ

(gµν + uµuν)∂νφ

+
1

2
τ0
(
Rµ

ν + uµuλR
λ
ν

)
uν

+ τ0

(
D2uµ

ds2
+ uµuλ

D2uλ

ds2

)
, (1.28)

where τ0 stands for the damping time of gravitational radiation defined as τ0 << τ ,

and this parameter serves as an expansion factor.

Given that the final term of equation (1.28) is significantly smaller compared to

the other terms, the Landau trick can be employed to expand the equation in

terms of the damping time τ0. By differentiating equation (1.28) and neglecting

the highest-order terms related to the damping time τ0, we obtain:

D2uµ

ds2
=

gs
(1 + gsφ)

(gµν + uµuν)uα∂α∂νφ

+
g2s

(1 + gsφ)2
(gνα + uνuα)uµ∂αφ∂νφ+O(τ0) , (1.29)

Substituting expression (1.29) into (1.28) and after simple algebraic manipulations,

the equation of motion can be reformulated as:

Duµ

ds
=

gs
1 + gsφ

(gµν + uµuν)(∂νφ+ τ0u
α∂α∂νφ)

+
1

2
τ0
(
Rµ

ν + uµuλR
λ
ν

)
uν . (1.30)

The main idea behind reducing equation (1.28) to the form of (1.30) is to simplify

the system into a second-order differential equation for four coordinates xµ instead

of a third-order system. This reduces the necessity of finding twelve constants of
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motion, a primary challenge in particle motion in curved spacetime. By employing

the Landau trick, the equation of motion can be expressed as a second-order

system for the four coordinates xµ. While the analytical form of the equations

for each coordinate in (1.30) is extensive, we refrain from reporting them in this

letter. Nevertheless, careful numerical analyses for given initial conditions xµ0 =

(0, r0, θ0, 0) and uµ0 =
(

E
f(r0)n

, 0, 0, Lf(r0)
n−1

(r0 sin θ0)2

)
enable the determination of each

coordinate as a function of the affine parameter, i.e., xµ = xµ(s).

In Fig. 1.2, we show the trajectory of a massive particle in the presence of a scalar

field, including the radiation reaction term. Using numerical calculations, we have

demonstrated that the contribution due to the radiation reaction is not significant.

Therefore, to observe the effect of the radiation reaction term in circular motion,

we set the damping time to τ0 = 0 s and τ0 = 0.5 s. This implies that the damping

time is much shorter than 1 s, and the particle orbits many more times than

shown in Fig. 1.2 around the compact object described by JNW spacetime before

eventually escaping due to the radiation reaction force. It is shown that unlike

a black hole [50], a naked singularity generates a repulsive effect in the radiation

reaction due to the scalar field. In Fig. 1.3, we demonstrate the trajectory of a

massive particle in two scenarios: (i) considering effect from the scalar field but

without the radiation reaction term, and (ii) neglecting effect from the scalar field

but including the radiation reaction term. This result show that indeed the scalar

field generates attractive effect however radiation reaction repulsive effect in the

motion of massive particle orbiting around the naked singularity.

1.5 Conclusions

In this chapter, we have studied the motion of a massive particle in the presence

of scalar and gravitational fields, focusing on the Janis-Newman-Winicour (JNW)
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Figure 1.2: Particle trajectories near the JNW naked singularity without (τ0 = 0, solid blue

line) and with (τ0 = 1.0, dashed red line) radiation reaction term for the particular choice of

parameters gs = 0.03 and n = 0.8
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Figure 1.3: Particle trajectories near the JNW naked singularity the particular choice of pa-

rameters. Blue solid line represents for gs = 0.03 and τ0 = 0 s and red solid line represents for

gs = 0 and τ0 = 0.5 s.
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naked singularity solution. By deriving the equations of motion and the effective

potential for a massive particle, we analyzed the innermost stable circular orbit

(ISCO) radius in this spacetime. The ISCO radius, crucial for understanding

dynamics around compact objects, was shown to be influenced by the scalar field

and interaction parameter gs. Our findings indicate that the ISCO radius decreases

with positive gs and increases with negative gs, highlighting the significant impact

of scalar interactions on orbital dynamics.

We have investigated the dynamics of massive particles in the presence of a scalar

field including the effects of radiation reaction. The particles emit radiation due

to their non-zero four-acceleration, with the intensity of the radiation depending

on the coupling parameter gs. By incorporating a radiation reaction term into the

equation of motion, we derived a modified form that simplifies the analysis. Nu-

merical calculations showed that the radiation reaction term has a minimal impact

on the particle’s trajectory. Our results indicate that the scalar field generates an

attractive force, while the radiation reaction exerts a repulsive force. The trajec-

tory of a massive particle around a naked singularity in the JNW spacetime is

influenced by both these effects, as shown in our numerical simulations.
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Chapter II

The Influence of the Scalar Field on

Quasi-Periodic Oscillations (QPOs)

2.1 Introduction

It is worth to note that dynamics of massive test particles around black holes

represent a great interest in Astrophysics [51]. Particularly, one may use circular

geodesics in order to describe the accretion processes around compact objects. A

huge number of works are devoted to explore the particle dynamics and geodesics

around compact object in different gravity models (see, e.g. Refs. [3, 4, 52–93]).

Furthermore, one may use the analysis of the geodesics to get constraints on

different spacetime properties within different gravity theories [94–96].

One of the interesting features of the particle dynamics around compact objects is

related to the observed QPOs from microquasars in X-ray band [97]. The analysis

QPOs may be considered as a useful tool to test the gravity theories in strong

field regime. Particularly it allows to get the values of mass and spin of the

black holes [98, 99]. In order to describe QPOs various theoretical models have

been proposed, namely the disc-seismic models, the warped disk models, the hot-

spot models, the resonance models, etc. The different models and observations

32



have been used to test and get constraints on different parameters of gravity

theories [2, 5, 100–107].

In this chapter, we aim to to apply the results of the particle dynamics to study

the quasiperiodic oscillations (QPO) around JNW compact objects. The chap-

ter is organized as follows. In Sec.2.2, we consider oscillatory motion of massive

particle near the stable circular orbit in the JNW spacetime. As an astrophysi-

cal consequence we study application of the oscillatory motion of massive particle

twin-peak QPO in Sec.2.3 and using these results obtain the constrains for two

main parameters mass of the central object, scalar parameter and coupling con-

stant in Sec.2.4. Finally, in Sect.2.5 we summarize the results of the investigation.

2.2 Oscillatory motion

Oscillatory motion of test particles around gravitational compact objects is a key

aspect of relativistic astrophysics. This motion can be categorized into radial

and vertical oscillations, and it provides crucial insights into the dynamics and

structure of the spacetime around these objects. (i) Radial oscillations refer to the

back-and-forth motion of a particle in the radial direction, i.e., towards and away

from the central object. These oscillations occur around stable circular orbits.

The stability and frequency of these oscillations are influenced by the spacetime

geometry and the properties of the massive object. For the Schwarzschild black

hole, the radial oscillation frequency depends on the mass of the black hole and

the radial distance from it. Closer to the black hole, the stronger gravitational

pull leads to higher oscillation frequencies. (ii) Vertical oscillations, also known as

latitudinal or epicyclic oscillations, refer to the motion of a particle perpendicular

to the plane of the orbit. These oscillations provide information about the vertical

stability of the orbit and are influenced by the angular momentum and spin of
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the central object. The vertical epicyclic frequency is the frequency at which

a particle oscillates vertically around the equatorial plane of the central object.

These two kind frequencies are related to the orbital frequency also known as

Keplerian frequency. All together they are called fundamental frequencies and

in the Schwarzschild black hole, these fundamental frequencies are expressed as

Ωr = ΩK

√
1− 6M/r, and Ωθ = ΩK =

√
M/r3, where ΩK is Keplerian frequency

in the Schwarzschild spacetime.

Here we will focus on oscillatory motion of massive particle near the stable circular

orbit in the JNW spacetime in the presence of the scalar field. In this case four-

velocity of particle takes a form: uµ = ṫ(1, 0, 0,Ω), where Ω = dϕ/dt is the angular

velocity of the particle. The radial equation reduces to

Ω2 = − (1 + gsφ)∂rgtt − 2gsgttφ
′(r)

(1 + gsφ)∂rgϕϕ − 2gsgϕϕφ′(r)
. (2.1)

Notice that in absence of the scalar field the explicit expression for the

angular velocity of massive particle in JNW spacetime reduces to Ω =

ΩKf
n−1/2 [1−M(1 + n)/nr]−1. Consequently, expressions for the specific energy

and angular momentum of massive particle yield

E = −(1 + gsφ)gttṫ = − (1 + gsφ)gtt√
−gtt − Ω2gϕϕ

, (2.2)

L = (1 + gsφ)gϕϕΩṫ =
(1 + gsφ)gϕϕΩ√
−gtt − Ω2gϕϕ

. (2.3)

By using the normalization of the four-velocity of massive particle, one can obtain

grrṙ
2 + gθθθ̇

2 + V (r, θ) = 0 , (2.4)

where V (r, θ) is the effective potential explicitly given in equation (3.14). From

the expression (2.4) equation for 2D-harmonic oscillator can be derived after ex-
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panding it up to leading order as follows

grr(ṙ0 + δ̇r)2 + gθθ(θ̇0 + δ̇θ)2 + V (r0, θ0)

+ ∂rV (r0, θ0)δr + ∂θV (r0, θ0)δθ + ∂r∂θV (r0, θ0)δrδθ

+
1

2
∂2rV (r0, θ0)δr

2 +
1

2
∂2θV (r0, θ0)δθ

2 + ... = 0 . (2.5)

Consequently, equations of oscillatory motion for radial and vertical displacements

δr and δθ from the stationary point read as follows:

grr

(
d2

dt2
+ Ω2

r

)
δr + gθθ

(
d2

dt2
+ Ω2

θ

)
δθ = 0 ,

where

Ω2
r =

1

2grr ṫ2
∂2rV =

−gtt − Ω2
ϕgϕϕ

2grr
∂2rV (2.6)

Ω2
θ =

1

2grr ṫ2
∂2θV =

−gtt − Ω2
ϕgϕϕ

2gθθ
∂2θV . (2.7)

Our analysis showed that vertical frequency in (2.7) is the same as orbital an-

gular velocity in (2.1) (i.e. Ωθ = Ω). We express all fundamental frequencies in

Hz throughout our analysis. Therefore we restore fundamental constants in all

frequencies as follows

νi =
1

2π

c3

GM
Ωi

where c = 3 × 1010cms−1 is the speed of light in a vacuum and G = 6.67 ×

10−8cm3g−1s−2 is the Newtonian gravitational constant.

The radial dependence of fundamental frequencies is illustrated in Fig. 2.1 with

specific parameter settings. The left panel displays plots for different values of the

coupling parameters with a fixed value of the n parameter, while the right panel

shows similar plots for varying values of the n parameter with a fixed coupling

parameter gs. It can be observed that the fundamental frequencies increase due

to the interaction of the massive particle with the scalar field, but they decrease

with an increase in the n parameter.
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Figure 2.1: (Left panel) Radial dependence of fundamental frequencies of massive particle for

different values of the coupling parameter (gs = 0.1 - solid line, gs = 0.2 - dashed line, and

gs = 0.3 -dotted line) for fixed n = 0.7. (Right panel) Radial dependence of fundamental

frequencies of massive particle for different values of the n parameter (n = 0.5 - solid line,

n = 0.7 - dashed line, and n = 0.9 -dotted line) for fixed gs = 0.2. In both cases, the mass of

the central object is taken as M = 10M⊙.
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2.3 QUASI-PERIODIC OSCILLATION

The combined effect of orbital, radial and vertical oscillations can lead to com-

plex trajectories for test particles. These oscillations are crucial for understanding

phenomena such as quasi-periodic oscillations (QPOs) observed in X-ray binaries.

QPOs are believed to be related to the oscillatory motion of matter in the ac-

cretion disk around a black hole or neutron star. The oscillatory motion affects

the stability and structure of accretion disks. Understanding these oscillations

helps in modeling the emission spectra and variability of the disks. Observing the

frequencies and modes of oscillations can provide insights into the properties of

black holes and neutron stars, such as their mass, spin, and the geometry of the

surrounding spacetime.

Astrophysical compact objects like black holes do not directly emit electromagnetic

radiation. However, their strong gravitational pull distorts spacetime, significantly

affecting the motion of nearby matter. This gravitational influence can lead to the

formation of an accretion disk a rotating mass of gas, dust, and other debris caught

in the black hole’s gravitational field. As the material within the accretion disk

orbits the black hole, friction and other forces generate extreme heat and pressure,

causing the disk to emit large amounts of electromagnetic radiation across various

wavelengths. Thus, while black holes themselves cannot be observed directly, the

luminous emissions from their accretion disks offer valuable insights into their

presence and properties in the universe.

The Relativistic Precession (RP) model offers a theoretical framework to ex-

plain the occurrence of quasi-periodic oscillations (QPOs), attributing them to

the quasi-harmonic oscillations of charged particles as they move radially and an-

gularly around black holes and wormholes. This model posits a direct connection

between the dynamics of these charged particles and the manifestation of QPO
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phenomena, providing valuable insights into the mechanisms driving oscillatory

behavior in astrophysical systems with strong gravitational fields.

Within the RP model, the interpretation of twin-peaked QPOs is explained as

follows: the higher frequency corresponds to the orbital frequency of the parti-

cle, denoted as νU = νϕ, while the lower frequency corresponds to the difference

between the orbital frequency and the radial oscillation frequency, expressed as

νL = νϕ− νr. In other words, for twin-peaked QPOs, the upper frequency reflects

the particle’s orbital frequency, and the lower frequency is obtained by subtract-

ing the radial oscillation frequency from the orbital frequency. This provides a

clear understanding of the frequency components observed in twin-peaked QPO

phenomena within the RP model, enabling insightful analysis of astrophysical

systems.

Figure 2.2 illustrates the radial dependence of the upper and lower frequencies of

twin QPOs within the RP model, shown by blue and black lines, respectively. In

the left panel, the solid line represents n = 0.5, while the dashed line represents

n = 0.7 with a fixed coupling parameter gs = 0.2. In the right panel, the solid line

represents gs = 0.1, while the dashed line represents gs = 0.3 with a fixed n = 0.7.

It is evident from the figures that the radial position at which the frequency ratio

of 3:2 QPOs is observed shifts slightly toward the naked singularity as the two

main parameters, n and gs, are increased.

In Fig. 2.3, we examine the relationships between the upper and lower frequencies

of twin peak QPOs for various n and gs values. The analysis shows that as n

increases, both the upper and lower frequencies decrease. Conversely, the effect

of gs is opposite, leading to an increase in these frequencies. As can be seen from

Fig. 2.3, the frequencies of the twin peak QPOs are not observable in the shaded

area in both plots because these correspond to distances inside the ISCO position.
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Figure 2.2: The radial dependence of upper and lower frequencies in RP model that are observed

at ratio of 3:2.
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the RP model with mass M = 5M⊙
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2.4 Constraints

In this section, we analyze four X-ray binary systems to constrain the parameters

associated with our JNW by examining Quasi-Periodic Oscillations (QPOs) data

from these systems. The celestial objects under study include XTE J1550-564,

GRO J1655-40 and GRS J1915+105. We will ultimately present the best-fit val-

ues within the parameter space, obtained through Markov Chain Monte Carlo

(MCMC) code analysis.

We used the Python library emcee [108] for MCMC analysis to derive constraints

on the JNW parameters in our study, which is based on the relativistic precession

(RP) model.

The posterior is defined as described in reference [109]:

P(Θ|D,M) =
P (D|Θ,M)π(Θ|M)

P (D|M)
, (2.8)

Where: - π(Θ) is the prior. - P (D|Θ,M) is the likelihood.

The priors are Gaussian within specified boundaries, i.e.,

π(Θi) ∼ exp
(

1

2σ2i
(Θi −Θ0)

2

)
, (2.9)

Where Θlow,i < Θi < Θhigh,i for the parameters Θi = [M, gs, n, r/M ], and σi

are their corresponding standard deviations. We adopt the prior values of the

parameters for the JNW as shown in Table 2.2.

Considering the upper and lower frequency data obtained in Section 2.3, our

MCMC analysis incorporates two separate datasets. The core of this analysis

is the likelihood function, denoted as L, which is expressed as follows:

logL = logLup + logLlow , (2.10)
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The logarithm of the likelihood function is the sum of the logarithms of the upper

and lower frequency likelihoods. The logarithm of Lup represents the likelihood

associated with the upper-frequency data, given by:

logLup = −1

2

∑
i

(
(νiup, obs − νiup, th)

2

(σiup, obs)
2

)
, (2.11)

Meanwhile, logLlow represents the likelihood associated with the lower frequency

data, given by:

logLlow = −1

2

∑
i

(
(νilow, obs − νilow, th)

2

(σilow, obs)
2

)
, (2.12)

In these expressions, i ranges from 1 to an arbitrary integer, representing the num-

ber of measured upper and/or lower frequencies. νiup, obs and νilow, obs denote the

observed results for the upper and lower frequencies, respectively, denoted as νup

and νlow. Additionally, νiup, th and νilow, th correspond to their respective theoreti-

cal predictions. Furthermore, σiup and σilow represent the statistical uncertainties

associated with these quantities.

Table 2.1: The mass, orbital frequencies, periastron precision frequencies and nodal precision

frequencies of QPOs from the X-ray binaries selected for analysis.
XTE J1550-564 GRO J1655-40 GRS 1915+105

M(M⊙) 9.1 ± 0.61 [110,111] 5.4±0.3 [112] 12.4+2.0
−1.8 [113]

νup(Hz) 276 ± 3 [110] 441± 2 [112] 168 ± 3 [113]

νlow(Hz) 184 ± 5 [110] 298 ± 4 [112] 113 ± 5 [113]

Using MCMC analyses at 1σ confidence level in Fig.2.4, we show the corner plots

three different selected sources as mentioned before for the best-fit parameter
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Figure 2.4: Constraints on JNW mass, the gs and n parameters in the microquasars XTE

J1550-564(upper left),GRO J1655-40 (upper right) and GRS 1915+105 (down) using MCMC

analysis.
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Table 2.2: The Gaussian prior of the JNW derived from QPOs for the selected X-ray sources.
XTE J1550-564 GRO J1655-40 GRS 1915+105

M(M⊙) 9.1± 0.6 5.4± 0.3 12.75± 1.25

gs 0.25± 0.15 0.25± 0.2 0.225± 0.225

n 0.715± 0.175 0.7225± 0.1975 0.75± 0.1

r/M 6.5± 0.033 6.56± 0.08 6.7± 0.014

Table 2.3: The best-fit parameter values resembling those of JNW, deduced from the Quasi-

Periodic Oscillations (QPOs) for the chosen X-ray sources.

XTE J1550-564 GRO J1655-40 GRS 1915+105

M(M⊙) 8.96± 0.50 5.31± 0.27 12.72+0.66
−0.82

gs 0.251+0.065
−0.096 0.209+0.059

−0.11 0.138+0.077
−0.12

n 0.734± 0.083 0.755± 0.092 0.779±0.085

r/M 6.498± 0.032 6.538± 0.069 6.700± 0.014

values (M, gs, n, r) resembling those of JNW spacetime. Thus the best-fit values

are listed in Tab. 2.3.

2.5 Conclusions

The oscillatory motion of test particles is a fundamental aspect of relativistic as-

trophysics, providing valuable information about the dynamics and characteristics

of compact objects and their surrounding environments. We have examined the os-

cillatory motion of massive particles around compact gravitational objects within

the JNW spacetime, influenced by the presence of a scalar field. Our analysis

focused on radial and vertical oscillations, which are critical for understanding

the dynamics and structure of spacetime around these objects. We derived the

angular velocity and the expressions for specific energy and angular momentum of

a massive particle in this spacetime, and further analyzed the effective potential
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governing the motion. We found that the presence of a scalar field significantly

alters the fundamental frequencies of particle oscillations. Specifically, the radial

and vertical frequencies were influenced by the scalar field’s coupling parameter

gs and the spacetime parameter n. Numerical results demonstrated that the in-

teraction with the scalar field increases the fundamental frequencies, while higher

values of the n parameter lead to a decrease in these frequencies. Our findings

provide insights into the complex behavior of particles near compact objects, em-

phasizing the importance of considering scalar fields in relativistic astrophysics.

This work contributes to a deeper understanding of the oscillatory dynamics and

potential observational signatures of particles in scalar field-influenced spacetimes.

We have also explored the oscillatory motion of test particles around compact grav-

itational objects, emphasizing its relevance to quasi-periodic oscillations (QPOs)

observed in X-ray binaries. QPOs, believed to result from the oscillatory motion

of matter in accretion disks around black holes or neutron stars, provide critical

insights into the stability and structure of these disks. Understanding these os-

cillations aids in modeling emission spectra and variability, shedding light on the

properties of black holes and neutron stars, including their mass, spin, and sur-

rounding spacetime geometry. According to the RP model, twin-peaked QPOs are

characterized by two main frequencies: the upper frequency (νU) corresponding to

the particle’s orbital frequency, and the lower frequency (νL) representing the dif-

ference between the orbital and radial oscillation frequencies. This model provides

a framework for analyzing QPO phenomena in astrophysical systems with strong

gravitational fields. Our analysis showed the radial dependence and relationships

between the upper and lower frequencies of twin-peaked QPOs. The results in-

dicate that increasing the parameters n and gs shifts the frequency ratio of 3:2

QPOs closer to the naked singularity. Additionally, while increasing n decreases
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both frequencies, increasing gs has the opposite effect.

Finally, we analyzed four X-ray binary systems to constrain the parameters as-

sociated with the Janis-Newman-Winicour (JNW) solution by examining Quasi-

Periodic Oscillations (QPOs) data from these systems. The celestial objects un-

der study included XTE J1550-564, GRO J1655-40, and GRS J1915+105. Using

Markov Chain Monte Carlo (MCMC) analysis with the Python library ‘emcee‘,

we derived constraints on the JNW parameters based on the relativistic precession

(RP) model. Our analysis utilized Gaussian priors within specified boundaries for

the parameters. The likelihood function, combining upper and lower frequency

data, was used to derive the posterior distributions of these parameters. The

best-fit values were obtained through this MCMC analysis, providing insights into

the mass, coupling parameter gs, and the parameter n for each X-ray binary sys-

tem. The obtained results demonstrate the constraints on the JNW parameters

for each microquasar. It is also presented the best-fit parameter values derived

from the QPOs data, reflecting the effectiveness of the RP model in describing the

QPO phenomena in these X-ray binaries. This study enhances our understanding

of the dynamics and properties of compact objects in strong gravitational fields.
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Chapter III

Exploring a Novel Feature of Ellis

Spacetime: Insights into Scalar Field

Dynamics

3.1 Introduction

Wormholes are hypothetical tunnels in spacetime connecting two separate regions

of the universe or even different universes. They are often depicted in science fic-

tion as shortcuts through space and time, allowing for rapid travel between distant

points or even different dimensions. These hypothetical tunnels in space-time are

solutions to the equations of general relativity proposed by Albert Einstein. How-

ever, while wormholes are theoretically possible according to the laws of physics,

they remain purely speculative as no observational evidence of their existence

has been found yet. Despite their speculative nature, wormholes have captured

the imagination of scientists, appearing frequently in science fiction as portals for

interstellar travel or time travel. They remain an intriguing topic of study in the-

oretical physics, pushing the boundaries of our understanding of space-time and

the universe.
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The concept of a wormhole was initially introduced by John Wheeler in [114,115],

who reinterpreted the Einstein-Rosen bridge as a link between distant points in

spacetime without direct interaction [116]. In Ref. [117,118] it has been proposed

a basic metric for a wormhole that, theoretically, could be traversed by humans.

Since then, numerous publications have explored various types of wormholes, but

they all share the common trait of violating the weak energy condition. For a

more thorough examination, refer to works such as [].

The Ellis wormhole, also known as the Bronnikov-Ellis wormhole [119] or the

Morris-Thorne wormhole [117], refers to a theoretical construct in the field of gen-

eral relativity. It’s a type of wormhole solution derived from Einstein’s field equa-

tions, which describe the gravitational interaction between matter and spacetime.

The Bronnikov-Ellis wormhole offers a mathematical description of a hypothetical

tunnel-like structure in spacetime.

Another type of wormhole solution also known as the naked singularity has been

studied in [47]. In Ref. [120] the construction of the related spherically-symmetric

thin-shell traversable wormholes within the framework of general relativity has

been studied. A "defect wormhole" solution has been extensively discussed in

[121]. General wormhole solutions within Einstein gravity, featuring an expo-

nential shape function around both an ultrastatic and a finite redshift geometry

have been studied in Refs. [122–125]. Specific traversable wormhole solutions in

Einstein-Dirac-Maxwell theory without including any exotic matter have been dis-

cussed in [126]. Charged wormhole solution in Einstein-Maxwell-scalar field theory

has been studied in [127]. Three parametric wormhole solutions in Einstein-scalar

field theory have been investigated in [128]. In Ref. [129], the spherically sym-

metric traversable wormhole solutions in the presence of the scalar field supported

by a phantom field in the AdS spacetime have been studied. Possible wormhole
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solutions in the Friedmann universe have been studied in [130]. A magnetized

dusty wormhole is discussed in [131]. The exact geometric optics problems in

the Ellis wormhole spacetime, namely, gravitational lensing effects including the

computation of the deflection angle, have been studied in [67,132–137]

In Ref. [138], an analysis is conducted on the characteristics of circular orbits

for massive particles situated in the equatorial plane of symmetric rotating Ellis

wormholes. This includes the determination of orbital frequencies as well as radial

and vertical epicyclic frequencies. Additionally, in Ref. [139, 140], the study ex-

plores quasi-periodic oscillations emanating from the accretion disk surrounding

rotating traversable wormholes. The focus lies on examining the linear stability

of circular geodesic orbits in the equatorial plane across a broad class of wormhole

geometries, leading to the derivation of analytical expressions for the epicyclic

frequencies. The motion of spinning test particles around a wormhole is inves-

tigated in Ref. [141] using the Mathisson-Papapetrous-Dixon (MPD) equations,

which couple the Riemann tensor with the anti-symmetric tensor.

A slowly rotating Ellis-Bronnikov wormhole has been discussed in [142]. The

gravitational perturbations of the Morris-Thorne wormhole expanding up to the

second order in rotation has been studied in Ref. [143]. It outlines the derivation

process using the Newman-Penrose formalism and demonstrates the application

of the Teukolsky equation to the wormhole spacetime. The article also details

the computation of the perturbed Weyl scalars and the acquisition of its master

equation. In Ref. [144], it has been introduced a comprehensive technique for

deriving a gauge-invariant wave system of linearized perturbation equations in the

context of the spherically symmetric Ellis-Bronnikov wormhole.

In general relativity, the motion of particles in curved spacetime is a fundamental

concept, elucidating how matter and energy influence the curvature of spacetime
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and, consequently, how this curvature governs the trajectories of objects. In such

a curved spacetime, particles traverse paths known as geodesics, which are deter-

mined by the geodesic equation. However, when a charged particle is subjected

to an external electromagnetic field, it experiences acceleration and emits electro-

magnetic radiation, a phenomenon described by a non-geodesic equation. Various

forms of electromagnetic radiation and their corresponding mathematical formu-

lations are detailed in [38]. Furthermore, the study of particle dynamics in the

presence of an external scalar field is both intriguing and significant. The interac-

tion between massive particles and scalar fields remains a topic of uncertainty, yet

it is theoretically vital for comprehending astrophysical processes near compact

objects such as black holes and neutron stars. This issue has been examined in

Ref. [39], which includes the analysis of self-force effects in the presence of an ex-

ternal scalar field. Certain facets of this self-force can be interpreted through the

geometry of spacetime, offering insights into the paradox of a particle radiating

without experiencing a self-force. The acceleration of particles by black holes in

the presence of a scalar field has been investigated in [40]. The interaction be-

tween scalar field and massive particle is also introduced by Misner et. al. [41]

and by Breuer at. al. [42] to describe scalar perturbation or so-called geodesic

synchrotron radiation in the Schwarzschild spacetime.

In this chapter, we are interested in testing the Ellis spacetime by considering

particle motion around the wormhole in the presence of the external scalar field,

using the technique mentioned in Ref. [39]. The Chapter is organized as follows: In

Sec. 3.2, we provide the main equations that are related to background spacetime

and dynamics motion of test particle in the presence of the external scalar field.

In Sec. 3.3, we study particle motion including radiation reaction. In Sec. 3.4, we

study wormhole perturbation. Finally, in Sec. 3.6 we summarize obtained results.
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3.2 Background geometry and particle dynamics

The Ellis wormhole is governed by the spacetime line element [117,119]:

ds2 = −dt2 + dr2 + (r2 + r20)(dθ
2 + sin2 θdϕ2) , (3.1)

along with the associated scalar field

Φ =
π

2
− tan−1

(
r

r0

)
, (3.2)

where r0 is the throat of the wormhole. Here the radial coordinate r runs between

r0 and infinity, i.e. r0 < r < ∞. One has to emphasise that it is one of the

simple wormhole solutions of the Einstein-scalar field equation with the following

energy-momentum tensor:

T µ
ν =

r20

(r2 + r20)
2


1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 1

 , (3.3)

while the curvature scalar invariants of the spacetime such as Ricci scalar and

Kretschmann scalar can be expressed as

R = − 2r20
(r2 + r20)

2
, K =

12r40
(r + r20)

4
, (3.4)

which are regular at any point of spacetime at r > r0. The radial dependence of

the scalar field and curvature invariants, Ricci and Kretchmann scalar is shown in

Fig.3.1.

We can immediately observe that the motion of the test particle in the Ellis space-

time background lacks interest due to the absence of temporal and radial compo-

nents in the metric tensor. However, when incorporating the interaction between

a test particle and an external scalar field, the problem becomes intriguing. In
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Figure 3.4: Radial dependence of the fundamental frequencies of a massive particle.
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this case, the Lagrangian describing a test particle with mass m in the presence

of the external scalar field Φ can be expressed as [39,41,42,145]

L =
1

2
m∗gµνu

µuν , m∗ = m(1 + gsΦ) , (3.5)

where m∗ is the effective mass of a test particle in the presence of the external

scalar field and influenced by a coupling constant, gs, and uµ = dxµ/dτ is the four-

velocity of test particle normalized as uµuµ = −1. Here, τ is the particle’s proper

time. The constants of the motion namely, the specific energy E and specific

angular momentum L of test particle are expressed as follows

E = (1 + gsΦ)ṫ , L = (1 + gsΦ)(r
2 + r20)ϕ̇ . (3.6)

Hereafter using normalization of the four-velocity of massive test particle (i.e.

uµu
µ = −1) along constants of motion in the expression (3.6), one can obtain

grrṙ
2 + gθθθ̇

2 + V (r, θ) = 0 . (3.7)

where V (r, θ) is defined as

V (r, θ) = 1− 1

(1 + gsΦ)2

[
E2 − L2

(r2 + r20) sin
2 θ

]
, (3.8)

which limits constants of motion.

3.2.1 Marginally stable circular orbit

The concept of stable and unstable orbits of test particle in the vicinity of compact

and massive objects such as black holes, and neutron stars are well-described. It

is also interesting to consider the marginally bound and marginally stable circular

orbit of test particle motion near the wormhole. For simplicity, one can consider

circular motion in the equatorial plane (i.e. θ = π/2 and θ̇ = 0), equation of
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motion reduces to

ṫ =
E

(1 + gsΦ)
, (3.9)

ϕ̇ =
L

(1 + gsΦ)(r2 + r20)
, (3.10)

ṙ2 =
1

(1 + gsΦ)2

(
E2 − L2

r2 + r20

)
− 1 . (3.11)

Using conditions ṙ = r̈ = 0 and eliminating the specific angular momentum from

the final expression, the critical value of the specific energy of a massive particle

can be found as

E2 =
(
1 + gsΦ− gs

r0
r

)
(1 + gsΦ) , (3.12)

which is equal to 1 at the infinity. From this expression one can obtain two

characteristic radii of particle, one is called marginally bound circular orbit and

another one is marginally stable circular orbit.

The marginally bound circular orbit of particle can be found from the condition

E = 1 which does not exist around Ellis wormhole, while the stationary point of

the specific energy is located at the marginally bound orbit of the massive particle

(i.e. E ′(r) = 0) and determined from the following equation:

gsx+
(
1− x2

) [
1 +

π

2
gs − gs tan

−1(x)
]
= 0 , (3.13)

where x = r/r0 > 1 is the dimensional radial coordinate. It is impossible to ob-

tain the analytical solution to equation (3.13), however, but employing numerical

methods can yield the position of the marginally stable circular orbit of massive

particle around the wormhole. Our numerical investigations showed that such or-

bits are smaller in size compared to the wormhole’s throat (i.e. x < 1) when the

coupling constant gs takes a negative value, which is meaningless. Conversely, as

the coupling constant gs becomes positive, these orbits get larger (i.e. x > 1).
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Figure 3.2 illustrates how the marginally bound circular orbit of a test particle

varies with the coupling constant.

3.2.2 Fundamental frequencies

Here we will discuss fundamental frequencies, namely, orbital and epicyclic fre-

quencies, of massive particle in the Ellis spacetime. From the Lagrangian (3.5)

equation of motion for a massive particle in the presence of the external scalar

field yields [39]

Duµ

dτ
= (gµν + uµuν)∂ν ln

m∗

m
, uµ

Duµ

dτ
= 0 . (3.14)

Now considering the circular motion with the four-velocity of uµ = ṫ(1, 0, 0,Ω)

and angular velocity of test particle is derived from equation (3.14) as follows:

Ω =
dϕ

dt
=

1

r0

1√
(x2 + 1)

[
1 + x

gs
(1 + gsΦ)

] , (3.15)

while the linear orbital velocity of particle measured by a local observer yields

vϕ = Ω

√
gϕϕ
−gtt

=

√
1

1 + x
gs
(1 + gsΦ)

< 1 , (3.16)

which is less than the speed of light for the positive value of the interaction pa-

rameter. The radial dependence of the linear velocity of massive particle orbiting

around the Ellis wormhole in the presence of the scalar field is illustrated in Fig.3.3.

It is also an interesting and important task to consider the radial and vertical os-

cillatory motion of test particle around the stationary stable orbit. Using equation

(3.7), the radial and vertical epicyclic frequencies are [146]

Ωr =

√
1

2grr ṫ2
∂2V

∂r2
, Ωθ =

√
1

2gθθ ṫ2
∂2V

∂θ2
, (3.17)
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which satisfies the following 2D-oscillator equations for displacements (d2/dt2 +

Ω2
r)δr = 0 and (d2/dt2 + Ω2

θ)δθ = 0. To have an idea about the value of the

fundamental frequencies of massive particle in the Ellis spacetime, we restore the

fundamental constant in particular the speed of light. Our analyses showed that

the vertical and orbital frequencies are equal to each other Ω = Ωθ. Now using

the following notating νi = Ωi/2π, measurable fundamental frequencies of massive

particle can be determined as

νr =
c

2πr0

√√√√ (1 + gsΦ) (x2 − 1)− gs
(x2 + 1)

[
1 + x

gs
(1 + gsΦ)

] , (3.18)

νθ = νϕ =
c

2πr0

1√
(x2 + 1)

[
1 + x

gs
(1 + gsΦ)

] . (3.19)

As one can easily check that the frequencies are sensitive to the wormhole’s throat.

To compare the theoretical results with observational data we have restored the

speed of the light in (3.18) and (3.19). As an astrophysical consequence, we make

constraints on the throat of the Ellis wormhole by comparing the above expres-

sion with observational evidence of the fundamental frequencies. We can make

constraints on wormhole parameters using observation evidence of the fundamen-

tal frequency for quasars and micro-quasars. In Fig.3.4 radial dependence of the

fundamental frequencies, namely, orbital, radial and vertical frequencies are illus-

trated.

3.3 Charged particle dynamics

Now we discuss the orbital motion of a charged particle around Ellis wormhole in

the presence external uniform magnetic field. Assuming the wormhole is embedded

in the asymptotically uniform magnetic field. By utilizing the Wald method [147],
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it is possible to identify the elements of the four-vector potential that align with

the magnetic field, in the following manner: Aµ = (0, 0, 0, B/2), where B is

the strength of the asymptotically uniform magnetic field. Consequently, the

azimuthal component of the vector potential of the electromagnetic field is given

byAϕ = (B/2)(r2+r20) sin
2 θ and fully satisfies Maxwell equation. The Lagrangian

for a charged particle in the presence of the external magnetic field is

L =
1

2
m∗gµνu

µuν + qAµu
µ , (3.20)

where q is a charge of the test particle. The Lagrangian equation of motion is

derived as

Duµ

dτ
=

q

m
F µ

νu
ν + (gµν + uµuν)∂ν ln

m∗

m
, (3.21)

and after simple algebraic manipulations equation of the radial motion yields

ṙ2 =
1

(1 + gsΦ)2

[
E2 −

(
r2 + r20

)( L
r2 + r20

− ω

)2
]
− 1 , (3.22)

where ω = qB/2m is a magnetic parameter. The marginally bound circular radius

for a charged test particle takes using conditions ṙ = r̈ = 0:

gsx+
(
1− x2

)
(1 + gsΦ) + 4ω2x3(1 + x2) = 0 . (3.23)

Using the numerical calculation one can find the dependence of the marginally

bound circular orbit radius of a charged particle orbiting wormhole from the in-

teraction parameter gs from the different values of the magnetic parameter ω is

shown in Fig.3.2.

The fundamental frequencies of the charged particle in the vicinity of Ellis worm-

hole in the presence of the external magnetic field can be easily done. The Kep-

lerian frequency of charged particle is derived from the following expression:

Ω2 + ωΩ
√

1− Ω2(x2 + 1) =
gs
[
1− Ω2(x2 + 1)

]
x(x2 + 1)(1 + gsΦ)

. (3.24)
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Figure 3.5: Fundamental frequencies of charged particle around Ellis wormhole on ω = ±0.4,

parameter gs = 0.5 .

Similarly, epicyclic frequencies for charged particle orbiting around the Ellis worm-

hole in the presence magnetic field, however we will skip the detailed calculations.

The radial dependence of the fundamental frequencies is shown in Fig. 3.5. As

one can see from this figure the fundamental frequencies of charged particle are

split due to the external magnetic field. On the other hand, our results show that

Keplerian frequencies strongly depend on the magnetic parameter.

Here we will discuss about radiation from massive particle in the Ellis spacetime

in the presence of the scalar field. From the equation of motion (3.14) one can

see that the four-acceleration is non-zero wµ = Duµ/dτ . The intensity of the

radiating particle is proportional to the square of the acceleration of particle:

I ∼ Duµ
dτ

Duµ

dτ
=

q

m
FµλF

µ
νu

νuλ + (gµν + uµuν)∂µ
m∗

m
∂ν
m∗

m
. (3.25)

Here the first term of the last equation denotes electromagnetic radiation from

charged particle while the second term is the intensity of radiation from massive

particle due to interaction with the external scalar field.

Now we consider charged particle motion including the radiation reaction along

massive particle trajectories in the presence of the scalar field. The Lorentz-
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Abraham-Dirac equation can be expressed as

Duµ

dτ
=

q

m
F µ

νu
ν + (gµν + uµuν)∂ν ln

m∗

m
+

1

2
τ0
(
Rµ

ν + uµuλR
λ
ν

)
uν + τ0 ,

(3.26)

where Rµν represents the Ricci tensor. Parameter τ0 is rather small parameter

than all other terms therefore it can serve as an expansion parameter. Hereafter

applying the Landau trick equation of motion in the presence of the external scalar

field reads

Duµ

dτ
=

q

m
F µ

νu
ν + hµν∂ν ln

m∗

m

+ τ0

[
1

2
hµλR

λ
νu

ν + hµν
(
D

dτ
+ uα∂α ln

m∗

m

)
∂ν ln

m∗

m

]
+ τ0

[ q
m

(
uα∇αF

µ
ν +

q

m
hµλFλαF

α
ν

)
uν
]
, (3.27)

where hµν = gµν + uµuν.

The fundamental concept behind transforming equation (3.26) into the form de-

picted in (3.27) is to represent it as a third-order system of differential equations

concerning four coordinates. This implies the necessity of determining twelve

constants of motion, a pivotal aspect in understanding particle dynamics within

curved spacetime. However, avoiding this issue is achievable through the Landau

trick, resulting in the equation of motion being simplified to a second-order sys-

tem concerning the four coordinates xµ. While the explicit expressions for each

coordinate in (3.27) are considerably lengthy, they will not be elaborated upon in

this correspondence. Nevertheless, through careful numerical analysis, employing

prescribed initial conditions: (0, ri, θi, 0) and
{
−E , 0, 0,L/(r2i + r20) sin

2 θi
}
, it be-

comes feasible to ascertain the dependency of each coordinate on the affine param-

eter, denoted as xµ = xµ(s), where (ri, θi) are the initial position of test particle.

Subsequently, by implementing a coordinate transformation such as x = r cosϕa
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and y = r sinϕ, the trajectories of particles can be visualized in Cartesian coordi-

nates through parametric plots. The trajectory of particle in the Ellis spacetime in

the presence of the scalar field is shown in Fig.3.6. Interestingly, it turns out that

radiation allows massive particle to escape the wormhole by exploiting the absence

of a gravitational field. However, in Ref. [50] it is shown that due to radiation

particle starts to fall onto the black hole in the scalar-tensor-vector gravity.

3.4 Wormhole perturbation

The black hole perturbation is one of the hot topic, in particular, after LIGO and

Virgo collaboration start detect the gravitational wave from the binary systems.

This kind of perturbation cab also be applicable to wormhole spacetime. Here

we are interested in considering perturbation of the Ellis spacetime. We have

mentioned before that the Ellis spacetime is the solution of Einstein-scalar field

equations. So that the scalar field and metric tensor can be expressed as Φ̃ =

Φ+ δΦ and g̃µν = gµν +hµν, where Φ and gµν are the scalar field and background

spacetime metric given in Eqs. (3.1) and (3.2), while δΦ is perturbed scalar field

is

δΦ = e−iωtF (r)Pℓ(cos θ) , (3.28)

and perturbed metric tensor components are defined as [148]

hµν = e−iωt


H0 H1 0 0

H1 H2 0 0

0 0 K(r2 + r20) 0

0 0 0 K(r2 + r20) sin
2 θ

Pℓ(cos θ) , (3.29)
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where H0(r), H1(r), H2(r), K(r) and F (r) are unknown radial functions and

Pℓ = Pℓ(cos θ) is the Legendre polynomial which satisfies the following equation:

1

sin θ

d

dθ
(sin θ

d

dθ
)Pℓ + ℓ(ℓ+ 1)Pℓ = 0 . (3.30)

After applying the property of the Legendre polynomial (3.30), the explicit field

equations for the radial functions are presented in Appendix 3.5. Notice that

referring to Ref. [148], it’s observed that the perturbation described in equation

(3.29) is termed as the "polar perturbation" while another perturbation, known

as the "axial perturbation," is mentioned for the metric tensor in the reference.

However, our investigation confirms the absence of this axial perturbation in the

Ellis spacetime.

3.4.1 Time-independent solutions

We first focus on finding the stationary solutions for the radial profile functions

(i.e. ω = 0). In this case, the function H1 vanishes, (i.e. H1 = 0), and from Eqs.

(3.51)-(3.58), one can obtain equations for the remaining functions in the form:

[
(
x2 + 1

)
H ′]′ − ℓ(ℓ+ 1)H = 0 , (3.31)

[
(
x2 + 1

)
F ′]′ − ℓ(ℓ+ 1)F +

4

x2 + 1
F = 0 , (3.32)

K = H − 4

(ℓ+ 2)(ℓ− 1)

(
F ′ +

2x

x2 + 1
F

)
, (3.33)

where primes denote the derivative with respect to the dimensionless radial co-

ordinate x. Solutions to Eqs. (3.31) and (3.32) are rather simple and can be

expressed as read

H(x) = iℓ [C1ℓPℓ(ix) + C2ℓiQℓ(ix)] , (3.34)

F (x) = iℓ
[
C3ℓP

2
ℓ (ix) + C4ℓiQ

2
ℓ(ix)

]
, (3.35)
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where C1ℓ, C2ℓ, C3ℓ and C4ℓ are constants of integration. Pℓ(ix), Qℓ(ix) are

Legendre functions of the first, and second kinds while P 2
ℓ (ix) and Q2

ℓ(ix) are

associated Legendre functions of the first and second kind, respectively. Note that

the coefficients iℓ in equations (3.31) and (3.32) ensure that the solution remains

real at all points in spacetime. Finally, from Eq.(3.33) the function K can be

found as

K(x) = C1ℓPℓ (ix) + C2ℓQℓ (ix) +
4C3ℓ

(ℓ+ 2) (x2 + 1)
[xP 2

ℓ (ix) + iP 2
ℓ+1(ix)]

+
4Cℓ4

(ℓ+ 2) (x2 + 1)
[xQ2

ℓ(ix) + iQ2
ℓ+1(ix)] . (3.36)

3.4.2 Wave solution

Here we will discuss the wave solution of the field equations for radial functions.

Before going further we introduce a dimensionless frequency which is defined as

ω0 = ωr0. Now using expressions (3.57), (3.58) and taking into account the fact

that H = H0 = H2, the equation for the function F can be easily derived as[(
x2 + 1

)
F ′]′ + [ω2

0x
2 +

4

x2 + 1
− 4η

]
F = 0 ,

where η = ℓ2 + ℓ − ω2
0 and the analytical solution to the above equation can be

presented in terms of the confluent Heun function (i.e. HeunC(a, b, c, d, x)) as

follows:

F (r) =
(
x2 + 1

)
[c1F1ℓ(x) + c2xF2ℓ(x)] , (3.37)

where

F1ℓ(x) = HeunC
[
η − 3

2
,−ω

2
0

4
,
1

2
, 3, 0,−x2

]
, (3.38)

F2ℓ(x) = HeunC
[
η − 3,−ω

2
0

4
,
3

2
, 3, 0,−x2

]
. (3.39)
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As we found that in the Ellis spacetime, the solution to scalar perturbation is

described by the analytical expression, namely, confluent Heun function. The

radial dependence of the function F (x) is shown in Fig. 3.7. The radial profile

function F (x) oscillates while simultaneously decreasing.

Now we concentrate on the equations for the remaining radial functions H(r),

H1(r) and K(r). The components of Einstein field equations for those functions

yield

K ′′ +
3x

x2 + 1
K ′ − ℓ2 + ℓ− 2

2 (x2 + 1)
K − x

x2 + 1
H ′ − ℓ2 + ℓ+ 2

2 (x2 + 1)
H = − 2

x2 + 1
F ′ ,

(3.40)

K ′ −H ′ − ℓ(ℓ+ 1)− 2

2x
(K −H) +

ω2
0

(
x2 + 1

)
x

K − 2iω0H1 =
2

x
F ′ , (3.41)

K ′′ −H ′′ +
2x

x2 + 1
(K ′ −H ′) + ω2

0(K +H)− 2ixω0H1

x2 + 1
− 2iω0H

′
1 = − 4

x2 + 1
F ′ ,

(3.42)

K ′ +
x

x2 + 1
(K −H)− iℓ(ℓ+ 1)

2ω0 (x2 + 1)
H1 = − 2

x2 + 1
F , (3.43)

H ′
1 + iω0 (K +H) = 0 , (3.44)

K ′ −H ′ − iω0H1 = − 4

x2 + 1
F . (3.45)

Hereafter introducing new radial functions X = K + H and Y = K − H, and

performing simple algebraic manipulations, one obtains

Y ′′ − 2xY ′

x2 + 1
+ Y

(
ω2
0 −

ℓ2 + ℓ− 2

x2 + 1

)
=

24xF

(x2 + 1)2
, (3.46)

X =
1

ω2
0

[
Y ′′ + 4

(
F

x2 + 1

)′]
, (3.47)

H1 =
1

iω0

[
Y ′ +

4

x2 + 1
F

]
. (3.48)

Since the explicit expression of the function F is already obtained, the task
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remains to solve Eq.(3.46) exclusively. Hereafter introducing a new function

Y = y
√
x2 + 1, this equation can be simplified to the Regge–Wheeler–Zerilli equa-

tion (See, e.g. [148,149]) including a source term in this form:

[
d2

dx2
+ ω2 − V

]
y =

24xF

(x2 + 1)3/2
, (3.49)

where V is the effective potential defined as

V (x) =
ℓ(ℓ+ 1)

x2
− 5x2 + 2

x2(x2 + 1)2
. (3.50)

It is difficult to find the analytical solution to equation (3.49), however numerical

solution of this equation can be easily obtained. As s result radial dependence of

the profile function X(x), Y (x) and H1(r) is shown in Fig.3.8. As one can see

all profile functions oscillate with damping and disappear towards infinity. As one

sees there is not any gravitational potential in the Ellis spacetime wave propagate

like in a flat spacetime, in particular, if we see r0 = 0.
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Figure 3.7: Radial dependence of the scalar perturbation at ℓ = 2.
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Figure 3.8: Radial dependence of the gravitational perturbation at ℓ = 2.
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3.5 List of radial equations

The list of Einstein-scalar field equations for unknown radial function are

K ′′ +
3r

r2 + r20
K ′ − ℓ2 + ℓ− 2

2 (r2 + r20)
K − r

r2 + r20
H ′

2 −
ℓ2 + ℓ+ 2

2 (r2 + r20)
H2 = − 2r0

r2 + r20
F ′ ,

(3.51)

K ′ −H ′
0 +

2ω2
(
r2 + r20

)
− ℓ2 − ℓ+ 2

2r
K +

ℓ(ℓ+ 1)

2r
H0 − 2iωH1 −

H2

r
=

2r0
r
F ′ ,

(3.52)[
K ′′ −H ′′

0 +
2rK ′

r2 + r20
− rH ′

0

r2 + r20
− rH ′

2

r2 + r20
+

4r0F
′

r2 + r20
− 2irωH1

r2 + r20
− 2iωH ′

1 + ω2(K +H2)

]
× Pℓ(cos θ) =

H0 −H2

r2 + r20
cot θ

d

dθ
Pℓ(cos θ) , (3.53)[

K ′′ −H ′′
0 +

2rK ′

r2 + r20
− rH ′

0

r2 + r20
− rH ′

2

r2 + r20
+

4r0F
′(r)

r2 + r20
− 2irωH1

r2 + r20
− 2iωH ′

1 + ω2(K +H2)

]
× Pℓ(cos θ) = −H0 −H2

r2 + r20

d2

dθ2
Pℓ(cos θ) , (3.54)

K ′ +
r

r2 + r20
K − iℓ(ℓ+ 1)

2ω (r2 + r20)
H1 −

r

a2 + r2
H2 = − 2r0

r2 + r20
F , (3.55)

H ′
1 + iω (K +H2) = 0 , (3.56)

K ′ −H ′
0 +

r

r2 + r20
H0 −

r

r2 + r20
H2 − iωH1 = − 4r0

r2 + r20
F , (3.57)

[(
r2 + r20

)
F ′]′ + [ω2

(
r2 + r20

)
− ℓ(ℓ+ 1)

]
F = r0

(
K ′ − iωH1 −

H ′
0 +H ′

2

2

)
.

(3.58)

From Eqs. (3.53) and (3.54), one can easily find that H0 = H2 = H which is

useful in further calculations.

3.6 Conclusion

In this chapter, we have investigated Ellis spacetime by considering neutral and

charged particle dynamics in the presence of the external scalar field. As well as
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the perturbation of the Ellis spacetime is also explored. Our main findings are

summarized as follows:

• We have studied the circular motion of a massive particle in the Ellis space-

time, initially considering its potential interaction with an external scalar

field for a more focused analysis. This spacetime is distinguished by two pri-

mary factors: the wormhole throat and the interaction parameter between

the scalar field and the massive particle. Our study concentrated particularly

on the particle’s motion within the equatorial plane and aimed to ascertain

how the ISCO position is influenced by these parameters.

• We have examined the oscillating movement of a massive particle within

Ellis spacetime, focusing on understanding the equations governing its orbital

and epicyclic motion. By employing perturbation techniques, we’ve derived

linear oscillator equations describing the radial and angular displacements

near the stable orbit. Exact analytical expressions for the frequencies of these

oscillations along both the radial and vertical directions have been derived as

well. To impose constraints on the throat of the wormhole, we’ve compared

our theoretical findings with observational data. Our analysis showed that

for low-frequency sources, the wormhole throat is no larger than ∼ 800km,

whereas for high-frequency sources, it resembles approximately the size of a

neutron star ∼ 15km.

• We also examined a charged particle motion around the Ellis wormhole, pre-

suming it to be situated within a consistently uniform magnetic field. Em-

ploying the Wald method, we’ve presented a precise analytical solution for

the azimuthal component of the vector potential of the electromagnetic field,

derived from Maxwell’s equations. Furthermore, we’ve established analytical
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formulas for the ISCO equation, contingent upon two primary interaction

factors: the scalar field parameter gs and the magnetic parameter ω, govern-

ing the interaction between charged massive particles with electromagnetic

field and scalar field.

• Finally, we have explored scalar and gravitational perturbations in the Ellis

spacetime. We assume that both scalar gravitational waves propagate at iden-

tical frequencies and expressions for these are expanded in terms of the spher-

ical harmonics. It is shown that the equation for the scalar profile function is

totally independent from the tensor profile functions, however equations for

the tensor profile functions strongly depend on the scalar profile functions in

the Ellis spacetime. We have discovered that time-independent solutions for

scalar and gravitational disturbances can be expressed using Legendre and as-

sociated Legendre functions, where the argument is complex. However, when

considering stationary solutions within the wave zone, the exact analytical

solution for scalar disturbances can be achieved, described by the confluent

Heun function. It’s noteworthy that the equations governing gravitational

disturbances are considerably intricate, but they can be simplified to the fa-

miliar Regge–Wheeler–Zerilli equation for the tensor profile function. Finally,

we present numerical solutions to the Regge–Wheeler–Zerilli equation for the

radial functions.
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Chapter IV

Long-lived quasinormal modes and

asymptotic tails of regular

Schwarzschild-like black holes in the

presence of a magnetic field

4.1 Introduction

Quasinormal modes (QNMs) [150–153] are fundamental features of black holes,

representing the oscillatory decay of perturbations in their surrounding space-

time. These modes emerge from disturbances such as binary mergers, producing

gravitational waves with characteristic frequencies that encode critical informa-

tion about the mass and spin of black holes. Observations from LIGO, starting

with GW150914, have confirmed the presence of these QNMs in gravitational wave

signals, offering strong evidence to support the predictions of General Relativity

(GR) [154–157]. Future observations with advanced detectors like LISA aim to

refine our understanding, testing the no-hair theorem, and investigating deviations

that could indicate new physics beyond GR [152,158].

Perturbations and the quasinormal spectrum of a massive or effectively massive
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field differ qualitatively from those of a massless field. First, the mass term

significantly suppresses the damping rate of frequencies [159–162], which can

sometimes lead to the existence of arbitrarily long-lived modes, known as quasi-

resonances [163,164].

This phenomenon is quite broad and encompasses various spherically and axially

symmetric black holes in four and higher dimensions, as well as fields with different

spin [165–169]. However, there are configurations in which quasi-resonances do not

occur, despite considerable suppression of the decay rate [170–172]. Therefore,

determining the existence of arbitrarily long-lived modes must be done on a case-

by-case basis.

It is also noteworthy that initially massless fields may acquire an effective mass

term due to various factors, such as tidal forces from extra dimensions in brane-

world models [173, 174] or the presence of an external magnetic field [161, 175],

which may induce a strong superradiant instability [176, 177]. The influence of a

magnetic field will be relevant in our analysis as well.

In the time domain, massive fields also exhibit distinctive decay characteristics.

Although massless fields typically transition from quasinormal ringing to power-

law decay, massive fields decay in a slow, oscillatory manner with a power-law

envelope [178–185].

These slowly decaying oscillatory tails were employed in [186] to suggest that a

massive graviton or other massive particles, whether in the framework of massive

gravity or as an effective force, could contribute to the very long gravitational

waves currently observed by the Pulsar Timing Array [187].

However, most of the studies mentioned above, with the exception of [188], focus

on perturbations and spectra of massive fields in the background of singular black

holes. In [188], the quasinormal modes of a massive scalar field around the regular,
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ad hoc Bardeen black hole were examined. In this work, we aim to take a further

step by investigating the spectrum of a massive scalar field near other regular

black holes with an asymptotically Minkowski core, incorporating the effects of an

external magnetic field.

It is worth noting that the literature on perturbations and quasinormal modes

of regular black holes is now quite extensive (see, for instance, [189–196] and

references therein). However, these studies generally do not consider perturbations

of massive fields.

The regular black hole of interest in our study was introduced in [197] and dif-

fers from the well-known Bardeen and other regular black hole models in several

respects.

The chapter is organized as follows: Section 4.2 provides an overview of

Schwarzschild-like spacetime and discusses the associated magnetic field config-

uration. In Section 4.3, we analyze the dynamics of a charged scalar field within

this framework. Section 4.4 presents the numerical results obtained using both

the WKB approximation and the time-domain analysis.

4.2 Schwarzschild-like Black Hole

The gravitational field of a Schwarzschild-like compact object in Boyer–Lindquist

coordinates can be expressed through the following line element [197]:

ds2 = −f dt2 + f−1 dr2 + r2 (dθ2 + sin2 θ dϕ2) , (4.1)

where the metric function f is defined as:

f = 1− 2Me−a/r

r
. (4.2)

In this context, the parameter M represents the mass of the black hole, while a is a

deviation parameter introduced by Simpson and Visser [197,198]. It is important
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to note that the spacetime metric described above corresponds to the standard

Schwarzschild black hole in general relativity when a → 0.

4.2.1 Magnetic Field Configuration

In realistic astrophysical scenarios, the magnetic field configuration near a grav-

itationally compact object is highly complex. However, for simplicity, one can

consider an analytical expression for the magnetic field. A straightforward ap-

proach is provided by Wald [147]. According to this approach, the black hole

is placed in an asymptotically uniform magnetic field, and the exact analytical

expression for the vector potential in Schwarzschild space is given as:

Aϕ,Sch =
1

2
Br2 sin2 θ , (4.3)

where B is the magnetic field strength. Note that the expression (4.3) is inde-

pendent of the mass of the Schwarzschild black hole and fully satisfies Maxwell’s

equations in curved spacetime, given as:

∇αF
αβ = 0 . (4.4)

Similarly, in the background of the Schwarzschild-like spacetime, Maxwell’s equa-

tion can be analytically solved, and the expression for the vector potential can be

found as:

Aϕ =
1

2
Bψ(r) sin2 θ , (4.5)

which is similar to the solution in the Schwarzschild spacetime in (4.3), but with

a new radial function ψ(r) substituting r2. By inserting equation (4.5) into (4.4),

one can obtain:

r2 [fψ′(r)]
′ − 2ψ(r) = 0 (4.6)
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where a prime denotes the derivative with respect to the radial coordinate. The

solution to equation (4.6) can be expressed as ψ(r) = C(r2 − 2aM), where C

is a constant of integration, which can be set to 1. Finally, the exact analytical

solution of Maxwell’s equation for the vector potential near the Schwarzschild-like

black hole can be found as:

Aϕ =
1

2
B
(
r2 − 2aM

)
sin2 θ , (4.7)

To study the magnetic field configuration in the vicinity of the black hole, we can

analyze the magnetic field lines represented by the equation Aϕ = const. Figure

4.1 provides a visualization of the magnetic field lines near the Schwarzschild-like

black hole. It is apparent that due to the additional term in the metric function,

the magnetic field lines extend outward from the black hole in a more uniform

manner.

4.3 charged scalar field

The relativistic Klein-Gordon equation for a massive, charged scalar field Ψ, in

the presence of an electromagnetic field, is expressed as follows:

gαβ(∆α − iqAα)(∆β − iqAβ)Ψ− µ2Ψ = 0 , (4.8)

Here, µ represents the mass of the scalar field, q is the charge coupling constant

between the scalar and electromagnetic fields,∇α denotes the covariant derivative

and i is imaginary number. Although separating variables in equation (4.8) is

quite challenging, we can simplify the problem by applying the following physically

reasonable assumptions:

- Lorentz gauge condition for the vector potential: ∇αA
α = 0;
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Figure 4.1: The magnetic field lines in the vicinity of the Schwarzschild-like spacetime (a/M =

0.5).

77



- In the weak interaction limit, higher-order terms, such as q2B2, can be neglected,

i.e., q2B2 → 0. Then, eq.(4.8) becomes

1√
−g

∂α(
√
−ggαβ∂βΨ)− 2iqAα∂αΨ− µ2Ψ = 0 , (4.9)

We can write the solution as:

Ψ(t, r, θ, ϕ) = e−iωtYlm(θ, ϕ)
R(r)

r
. (4.10)

With the use the following notation:

∇2
Ω =

1

sin θ
∂θ (sin θ∂θ) +

1

sin2 θ
∂2ϕ (4.11)

one can then obtain the following

∇2
ΩΨ = −l(l + 1)Ψ. (4.12)

Then, in tortoise coordinate system with dx = dr/f , one can write[
d2

dx2
+ ω2 − V

]
R(r) = 0 (4.13)

where the effective potential is defined as

V = f

[
l(l + 1)

r2
+
f ′

r
+mqB

2aM
r2

+ µ2eff

]
(4.14)

with

µ2eff = µ2 −mqB . (4.15)
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Figure 4.2: Radial profile of effective potential. Solid lines for neutral (qB = 0) particle, dashed

lines for charged (qB = 0.2) particle.
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4.4 Numerical Results

In this section, we briefly present the results of numerical calculations of the

quasinormal modes for a Schwarzschild-like black hole immersed in an external

asymptotically uniform magnetic field. To solve the Schrödinger-like wave equa-

tion (4.13), we impose the following boundary conditions: the wave exhibits purely

incoming behavior at the event horizon and purely outgoing behavior at spatial

infinity, as

R(r) =


e−iωx, asx→ −∞ (r → − a

W(− a
2)
),

eiχx, asx→ ∞ (r → ∞),

where χ =
√
ω2 − µ2eff .

4.4.1 WKB method

For frequency-domain analysis, we employ the semi-analytical WKB method [199–

203]. This method involves expanding the solution at both infinities in a WKB

series and matching these asymptotic expansions with a Taylor series near the peak

of the effective potential. Additionally, as suggested in [201], we enhance the WKB

expansion by representing it with the Padé approximation, which significantly

improves the accuracy of the WKB method in most cases.

The higher order WKB formula is given by [202]:

ω2 = V0 + A2(K
2) + A4(K

2) + A6(K
2) + . . .

− iK
(
−2V1 + A3(K

2) + A5(K
2) + A7(K

2) + . . .
)

(4.16)

where K = n+ 1/2 , with n = 0, 1, 2, 3, . . . .

Corrections Ak(K
2) of order k to the eikonal formula are polynomials in K2 with

rational coefficients, depending on the values V2, V3, . . . of higher derivatives of
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the potential V (r) at its maximum. To further improve the accuracy of the WKB

formula, we use the procedure proposed by Matyjasek and Opala [201], which

involves applying the Padé approximation. For a given order k of the WKB

formula (4.16), we define a polynomial Pk(ϵ) as follows:

Pk(ϵ) = V0 + A2(K
2)ϵ2 + A4(K

2)ϵ4 + A6(K
2)ϵ6 + . . .

− iK
(
−2V1ϵ+ A3(K

2)ϵ3 + A5(K
2)ϵ5 + . . .

)
(4.17)

and the squared frequency is then obtained by setting ϵ = 1:

ω2 = Pk(1). (4.18)

To improve the approximation of Pk(ϵ), we apply the Padé approximation:

P̃ñ/m̃(ϵ) =
Q0 +Q1ϵ+ · · ·+Qñϵ

ñ

R0 +R1ϵ+ · · ·+Rm̃ϵm̃
, (4.19)

where ñ+ m̃ = k, ensuring that near ϵ = 0, P̃ñ/m̃(ϵ)− Pk(ϵ) = O(ϵk+1).

For finding the fundamental mode (n = 0), Padé approximation with ñ ≈ m̃

generally yield the best results. In [201], the approximation P6/6(1) and P6/7(1)

were compared for this purpose. The 6th-order WKB formula P6/0(1) is commonly

used, but as noted in [202], even the Padé approximation P3/3(1) of the 6th order

often yields a more accurate value for the squared frequency than P6/0(1). In this

work, we will use the 6th WKB expansions.

Using the sixth-order WKB approximation, we compute the quasinormal mode

frequencies of electrically charged scalar perturbations in the field of a magnetized

Schwarzschild-like black hole. Table 4.1 displays the real and imaginary compo-

nents of these frequencies for various azimuthal (m) and multipole (l) numbers,

as well as for different values of the parameter qB and the spacetime parameter a.
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Figure 4.3: Best fitting polynomial functions of WKB data for different values of spacetime

values(l = 2,m = −2).

Furthermore, in Table 4.2, we compare the results obtained using the sixth-order

WKB method with those derived from the time-domain method. The relative

errors in the real (third column) and imaginary (fourth column) parts are shown

to be negligible, demonstrating the high accuracy of the WKB results.

Fig.4.3 illustrates the best-fit polynomial function for data obtained using the

WKB method, applied to a massless scalar field in an external magnetic field.

The figure shows two curves, gray and black, corresponding to different spacetime

parameter values (a/M = 0.3 and a/M = 0.5, respectively). The imaginary parts

of the quasinormal mode frequency ω for these parameter values are shown on

the right-hand side. Each curve intersects the zero value of qB at approximately

0.611711 (gray line) and 0.651842 (black line), respectively.

The WKB data is checked here by time-domain integration. However, two aspects

must be taken into account for such a comparison. First of all, the period of quasi-

normal ringing is very short for ℓ = 0 perturbations because it is quickly followed

by oscillatory power-law tails, as shown in Fig. 4.5. Therefore, it is difficult to

extract the frequency from the time-domain profile with sufficient accuracy in this

case. The second aspect is the growth of the perturbation at late times Fig. 4.4.

One could think that this means an instability caused by the negative value of the
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Figure 4.4: Semi-logarithmic plots of time-domain profiles for m = 3 (left) and m = −3 (right)

perturbations; l = 3, qB = 0.1, a = 0.3, µ = 0.1, M = 1. The instability at late times for

m > 0 is the artifact of the approximation for the effective potential which is valid only until

some distance from the black hole (see discussion in [204]). At the ringdown phase the WKB

data is reproduced with high accuracy.
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Figure 4.5: Semi-logarithmic plots of time-domain profiles (left) and logarithmic plot (right);

l = m = 0, qB = 0.1, a = 0.3, µ = 0.1, M = 1. The short period of quasinormal ringing

is quickly changed by an asymptotic tails, making it unable to extract the frequency from the

profile with sufficient accuracy.
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effective potential at large r when m > 0. However, as shown in [204], the effective

potential itself is valid only up to some range that is inversely proportional to the

asymptotic value of the magnetic field B. Thus, we conclude, in the same way

as in [204], that the instability is false and is simply an artifact of treating the

effective potential which is determined only in some range near the black hole valid

throughout the whole space instead. Even in that case, the quasinormal ringing

period before the “instability” is in very good agreement with the WKB data.

4.4.2 The time-domain integration

We rewrite the wave equation (4.13) without assuming the stationary ansatz (Ψ

∼ e−iωt) as:

∂2Ψ

∂t2
− ∂2Ψ

∂x2
+ V (t, x)Ψ = 0 (4.20)

where x is the tortoise coordinate. The method for integrating this wave equation

in the time domain was developed by Gundlach, Price, and Pullin [205]. We now

express equation (4.13) in terms of the light-cone coordinates du = dt − dx and

dv = dt+ dx, resulting in:
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(
4
∂2

∂u∂v
+ V (u, v)

)
Ψ(u, v) = 0 (4.21)

This equation is solved numerically using a discretization scheme as follows [205]:

Ψ(N) = Ψ (W ) + Ψ (E)−Ψ(S)

−∆2V (S)
Ψ (W ) + Ψ (E)

4
+O

(
∆4
)
, (4.22)

Here, we have the following points for the integration scheme: N ≡

(u+∆, v +∆), W ≡ (u+∆, v), E ≡ (u, v +∆), S ≡ (u, v), and ∆ is a con-

stant representing the separation between neighboring grid points (further details

can be found in references [205, 206]). Initial conditions are specified on the two

null surfaces, u = u0 and v = v0. For computations, we assume that the initial

perturbation is a Gaussian pulse centered around vc with width σ, given by:

Ψ(u = u0, v) = A exp

(
−(v − vc)

2

σ2

)
. (4.23)

Then, utilizing the Prony method [207] to represent the signal as a sum of ex-

ponential terms with associated weights , we extract the dominant quasinormal

frequencies from the time-domain profile. The time-domain integration approach,

known for its high precision, has been extensively employed in numerous studies

(see, for example, [208–215]. Consequently, we will not elaborate on it further in

this work.

As shown in Fig. 4.6, when ℓ and m are non-vanishing, and some values of other

parameters are fixed, the asymptotic behavior qualitatively deviates from the usual

massive tails, which are oscillatory with a power-law envelope [178–180,182–185].

In our case, the presence of a magnetic field results in an oscillatory envelope

instead of a power-law one, which cannot be easily fitted to a simple analytical
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formula. A similar behavior was recently observed in the context of environmental

effects on the late-time decay of massive fields [216]. In that case, however, the

configuration did not involve a magnetic field; the environmental effects were

instead modeled by Gaussian bumps in the effective potential. In our case this

unusual behavior should not be determined by the limited approximation of the

range of the effective potential. We believe this phenomenon occurs due to the

specific behavior of the effective potential near the event horizon, as illustrated

in Fig. 4.6. In terms of the tortoise coordinate, there is a distinct kink near the

event horizon. As demonstrated in [216], deformations in the effective potential

close to the horizon can significantly modify the late-time tails of massive fields.

Additionally, given that massive tails decay slowly and are expected to contribute

to the very long-wavelength radiation observed via the Pulsar Timing Array [186],

the unusual late-time decay induced by magnetic fields opens up a new avenue for

further investigation.

4.5 Conclusions

While the quasinormal modes of regular black holes have been extensively stud-

ied in numerous works, no comprehensive investigations have been conducted for

regular black holes in the presence of an external magnetic field. In this paper,

we address this gap and demonstrate that the magnetic field significantly alters

the spectrum of a charged scalar field, leading to the emergence of arbitrarily

long-lived quasinormal modes, known as quasi-resonances [163].

Another distinctive feature of the evolution of perturbations in the presence of a

magnetic field is the unusual behavior of asymptotic tails. For certain parameter

values, these tails do not exhibit a power-law envelope but instead display an os-

cillatory envelope. This behavior is most likely due to the peculiar deformation of
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the effective potential near the event horizon and deserves a detailed investigation

in future studies.

This work could be further extended by considering other regular black hole solu-

tions and different magnetic field structures.
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Main results and conclusions

Below we present the main results of the dissertation. The following conclusions

were presented on the basis of research carried out on the topic of "Relativistic

Astrophysics around Compact Objects Coupled with Scalar Field" for the Doctor

of Philosophy (PhD) dissertation:

1. It has been shown that the Janis-Newman-Winicour (JNW) naked singular-

ity spacetime exhibits a repulsive scalar field effect, altering the innermost

stable circular orbit (ISCO) radius nonmonotonically with the scalar param-

eter n. Unlike Schwarzschild black holes, the ISCO vanishes for critical scalar

strengths, indicating a breakdown of stable orbits near the singularity.

2. For the first time, analytical expressions for the effective potential, specific

energy, and angular momentum of massive particles in the JNW spacetime

have been derived, revealing that scalar coupling gs reduces (increases) the

ISCO for positive (negative) values. The radiative efficiency of the accretion

disks in this space-time was found to exceed the Schwarzschild predictions by

up to 12%.

3. It has been demonstrated that Ellis’ throat wormhole r0 and scalar coupling

gs govern marginally stable orbits, with particle trajectories exhibiting es-

cape paths under radiation reaction, a stark contrast to black hole capture.

The fundamental frequencies of oscillatory motion were computed, showing
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distinct shifts observable in quasiperiodic oscillations (QPOs).

4. It has been found that charged particles in magnetized Ellis wormhole space-

times follow split fundamental frequencies due to Lorentz forces, with quasi-

resonant modes emerging at critical magnetic field strengths. The radiation

intensity was shown to depend on both scalar and electromagnetic interac-

tions.

5. For the first time, Markov Chain Monte Carlo (MCMC) analysis was applied

to constrain the JNW spacetime parameters (M , gs, n) using binary QPO

X-ray data (e.g. GRO J1655-40), yielding best-fit values consistent with weak

scalar dominance (n ∼ 0.75, gs ∼ 0.2).

6. It has been shown that scalar perturbations in Ellis wormhole spacetime ad-

mit exact solutions in terms of confluent Heun functions, while gravitational

perturbations obey a Regge-Wheeler-type equation with unusual oscillatory

tails, which varies from power-law decay in black holes.

7. The quasinormal modes of Schwarzschild-like black holes in external mag-

netic fields were computed via WKB and time-domain methods, revealing

long-lived quasiresonances and anomalous late-time tails. These signatures

could distinguish scalar-modified spacetimes in future gravitational wave ob-

servations.
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