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Physical constants & other definitions

Speed of Light c = 2.998× 1010 cm s−1

Gravitational constant G = 6.672× 10−8 cm3 g−1 s−2

Mass of the Sun M⊙ = 1.989× 1033 g

Mass of Sgr A* M∗ = 4.14× 106M⊙ = 8.23× 1039 g

Schwarzschild radius of the Sun rS = 2GM⊙/c
2 = 2.95× 105 cm

Schwarzschild radius of Sgr A* RS = 2GM∗/c
2 = 1.22× 1012 cm

1 parsec = 1 pc = 3.26 ly = 3.08× 1018 cm

1 eV = 1.6× 10−19J = 1.6× 10−12 erg

1 Gauss = 1 G = 10−4 T



Introduction

Relevance and necessity of the topic. As gravitational wave astron-

omy and Event Horizon Telescope observations continue to provide unprecedented

views of black holes and their surroundings, the role of quantum effects in black

hole dynamics may become increasingly important. These modern observations

are crucial for finding new generalized solutions in extended theories of gravity

and for investigating issues related to the singularity problem and the quantum

nature of spacetime. Additionally, while Einstein’s theory of general relativity

is a significant and main theory, it does not fully address the unique singularity

and dark matter problems of black holes. Therefore, the development of promis-

ing alternative theories of gravity, such as loop quantum gravity models, offers

promising pathways to better understand these issues that were once thought to

be the domain of general relativity alone, as well as to obtain precise constraints on

model parameters through astrophysical tests. With this in view, it is increasingly

important to explore whether the quantum parameters can leave any observational

signatures for the current/or forthcoming observations, so the quantum effects on

the black hole spacetime can be directly tested or constrained by observations.

It is important to note that in recent years, our country has been increasingly

focused on advancing both fundamental and applied research areas. The ad-

vancement of theoretical astrophysical research, a promising field, is particularly

important today. The primary areas of fundamental research and development,
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as well as their practical applications are detailed in the Strategy for the Further

Development of the Republic of Uzbekistan for 2022–2026 1. The study of the

energetics of astrophysical objects remains one of the important issues in the field

of fundamental research.

This research aligns with the objectives outlined in the following state regu-

latory documents: Presidential Decree No. DP-4947 of February 7, 2017, on the

Strategy for the Further Development of the Republic of Uzbekistan, and the

"Roadmap of Key Structural Reform Directions in Uzbekistan for 2019–2021,"

issued by the Government of Uzbekistan on November 29, 2018.

Conformity of the research to the main priorities of science and tech-

nology development of the Republic. The research has been conducted in line

with the priority areas of science and technology in the Republic of Uzbekistan,

specifically under the category II: "Power, Energy, and Resource-Saving."

Connection of the topic of the research topic to the scientific works

of higher education and research institutions, where the dissertation

is carried out. The dissertation was done within the framework of scientific

project funded by the Ministry of Innovative Development: FL-7923051796 “Mod-

eling of Scalar Field Dynamics and Quantum Emitters in Spherically Symmetric

Gravitational Fields”.

The aim of the research is to develop a theoretical framework for con-

straining black hole parameters in extended gravity theories using astrophysical

processes and high-precision observations.

The tasks of the research:

To investigate the particle motion around parametrized KRZ black hole and

determine how its deformation parameters modify innermost stable circular orbit
1Decree No. PF-60 of the President of the Republic of Uzbekistan dated January 1, 2022 “On the Development

Strategy of New Uzbekistan for 2022-2026”
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parameters.

To study how the KRZ deformation parameters affect energy extraction via the

MPP.

To estimate the energy of protons escaping through the MPP in a KRZ space-

time and provide an analysis associated with constraints on the BH mass and the

strength of the magnetic field.

To analyse how the quantum-correction parameter modifies the horizon, ergo-

sphere, particle dynamics, and MPP efficiency when the LQBH is located in an

asymptotically uniform magnetic field.

To estimate the particle-acceleration capability of the LQBH by computing the

energy of escaping protons accelerated via the MPP

To constrain the quantum-correction parameter of QCBHs using high-frequency

QPOs from X-ray binaries together with the perihelion shifts of Mercury and the

S2 star.

The object of the research are astrophysical compact objects, energy extrac-

tion mechanisms from astrophysical compact objects, the perihelion shift, QPOs.

The subject of the research are the QCBH, the energetics of LQBH and

KRZ black hole, properties of quantum corrections, particle dynamics around

astrophysical compact objects, analytical and numerical methods for solving dif-

ferential equations of the motion of particles.

The methods of the research are the approaches involve theoretical physics

and astrophysics, modern methods of theoretical astrophysics and mathematical

physics, as well as analytical and numerical techniques for solving differential

equations associated with field and particle dynamics.

The scientific novelty of the research is the following:

For the first time, the quantum correction parameter ξ of QCBHs has been
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constrained as ξ ≤ 0.01869 from Solar System tests, ξ ≤ 0.73528 from the orbit

of the S2 star around Sgr A*, and ξ ≤ 2.086 from QPOs observations of X-ray

binaries.

For the first time, it has been shown that the efficiency of the MPP for the

LQBH is 19.3% (compared to 20.7% for the Kerr case). It was also found that

the efficiency of the MPP can exceed 100%, as in the Kerr black hole, and can

even surpass 140% for the quantum correction parameter value of ϵ = 0.2.

For the first time, it has been shown that for the quantum correction param-

eter ϵ of the LQBH, ϵ = 0.2, the energy of an escaping proton from M87* can

reach EM87
p = 1.89× 1018 eV, corresponding to the ankle region of the cosmic-ray

spectrum (1018 − 1019 eV).

For the first time, it has been found that the energy efficiency of the MPP for

the KRZ black hole approaches η ∼ 23.3%, which is greater than in the Kerr case.

For the first time, it has been shown that for the deformation parameter of

the KRZ black hole, δ2 = 0.2, the energy of an escaping proton from Sgr A* can

reach ESgrA*
p = 6.27× 1015 eV, corresponding to the knee region of the cosmic-ray

spectrum (1015 − 1016 eV).

The practical results of the research are the following:

The upper bounds on the quantum correction parameter ξ of QCBHs have been

determined as ξ ≤ 0.01869 for Solar System tests, ξ ≤ 0.73528 for Sgr A*, and

ξ ≤ 2.086 in strong gravitational fields.

It has been shown that with an increase in the LQG parameter ϵ, the horizon

and the static limit surface shrink, unstable orbits shift inward, and the stable

orbit shifts outward. The efficiency of the MPP has been found to be 19.3% (not

20.7% as in the Kerr case) when ϵ = 0.3 and the spin parameter α = aextremal.

The energy of protons accelerated around the KRZ black hole has been found to
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strongly depend on the external magnetic field B and the deformation parameter

δ2. For δ2 = 0.2, the proton energy for Sgr A* reaches ESgrA*
p = 6.27 × 1015 eV.

This corresponds to the knee energy region of the cosmic-ray spectrum: 1015 −

1016 eV.

The reliability of the research results is supported by the use of standard

mathematical and theoretical physics methods in the dissertation, including mod-

ern methods of relativistic astrophysics, highly effective numerical methods and

software. The results were derived strictly within the mathematical framework of

general relativity and theoretical physics. Modern numerical and analytical calcu-

lation methods are also applied, with results compared to existing observational

data and findings from other researchers. The structured conclusions of the disser-

tation align with the fundamental principles of astrophysics concerning compact

objects.

The scientific and practical significance of the research results.

The scientific significance of the research results is that the development of

promising alternative theories (e.g., loop quantum gravity) offers a fundamental

understanding of unique singularity problems and quantum aspects of spacetime

at microscopic scales.

The practical significance of the research results is that our proposed model in

the dissertation may provide new insights into the role of the quantum correction

parameter in quantum corrected black holes and advance our understanding of

quantum gravitational phenomena.

Implementation of the research results.

The findings presented in this dissertation—particularly those concerning the

energetics of compact astrophysical objects—have attracted attention from inter-

national researchers and have been cited in peer-reviewed journals with high im-
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pact factors: Physics Letters B, Volume 864, article id. 139398 Web-Sc, IF: 4.3,

The European Physical Journal C, Volume 85, article number 26, (2025), Web-Sc,

IF: 4.2, The European Physical Journal C, Volume 85, article number 725, (2025),

Web-Sc, IF: 4.2, The European Physical Journal C, Volume 85, № 726, (2025),

Web-Sc, IF: 4.2.

These scientific results were used within the framework of programs supported

by the Vellore Institute of Technology (based on an official letter provided by Dr.

Pankaj Sheoran).

Volume and structure of the dissertation.

The dissertation consists of an introduction, three chapters, conclusion and a

bibliography. The size of the dissertation is 106 pages.

Approbation of the research results

The dissertation results have been discussed in 2 international and 2 local

conferences.

List of published papers [1–5].
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Chapter I

Probing black holes in loop quantum

gravity

1.1 Introduction

Albert Einstein’s theory of GR revolutionized our understanding of space and

time by showing that gravity arises from the curvature of spacetime [6]. This

framework provides a robust foundation for describing the macroscopic structure

of BHs, successfully explaining phenomena such as the event horizon, gravita-

tional waves [7, 8], and the imaging of the supermassive BHs at the center of the

M87⋆ [9,10] and SgrA⋆ [11,12] galaxy. The direct detection of gravitational waves,

along with the observation and analysis of the supermassive BH image through

these instruments, provides explanations for astrophysical phenomena in a strong

gravitational field regime. Furthermore, GR explains effects that Newtonian me-

chanics cannot, including the bending of light by massive objects, the perihelion

precession of Mercury, and gravitational redshift. However, despite its success in

explaining large-scale gravity, GR cannot describe the quantum nature of space-

time at microscopic scales. This limitation leaves fundamental questions unan-

swered. Although GR is a significant and main theory, it does not fully address
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singularity problems and quantum aspects of spacetime at microscopic scales [13].

Therefore, testing is required for the development of promising alternative theories

that offer a fundamental understanding of these issues.

One of the main open problems is the existence of spacetime singularities

[14, 15], which pose a fundamental challenge to classical . A promising way to

address this issue involves modifying BH solutions to include quantum effects.

A particularly notable framework for such modifications is the Hamiltonian con-

straints approach [16, 17], which has played a significant role in the canonical

quantization of GR. Using the Hamiltonian formulation, two BH models were in-

troduced in [18] to address an issue related to general covariance in spherically

symmetric gravity, which arises when canonical quantum gravity is applied to

develop a semiclassical BH model. These two models differ in their choice of a

quantum parameter.

While the above considerations focus on quantum-corrected BH models derived

from the Hamiltonian constraints approach, it is equally important to examine

other approaches that aim to incorporate quantum effects into BH spacetimes.

Another prominent framework for quantum gravity is LQG. As one of the

leading approaches in the field, LQG postulates that spacetime is discrete at the

Planck scale, consisting of quantized loops of gravitational fields. LQG modifies

the classical description of BHs by introducing quantum corrections to their inter-

nal structure [19–21]. These corrections affect the geometry near the event horizon

and the singularity, offering the possibility of a regularized BH [22–24] that avoids

the classical singularity problem.

One such effective quantum BH, which is derived from the mini-superspace

approach in quantizing the Schwarzschild BH spacetime using the polymerization

procedure in LQG, was explored in Ref. [25]. This LQBH has no curvature sin-
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gularity and its regularity is determined by two parameters arising from LQG:

the polymeric parameter (δ) and the Barbero-Immirzi parameter γ [26, 27]. This

LQBH is also known as a self-dual BH since it exhibits a T-duality symmetry (for

details see, e.g., Refs. [26,27]). The introduction of parameters such as the Immirzi

parameter (γ) and the polymeric parameter (δ) within LQG [28,29] offers a novel

framework for understanding the dynamical behavior of BHs, including their mass,

spin, and magnetic properties. The corresponding rotating LQBH was obtained in

Ref. [30] using the modified Newman-Janis procedure. It is interesting to explore

the quantum effects of LQBH in a wide range of astrophysical environments, see

Refs. [27, 30–40] and references therein.

The detection of gravitational waves and the imaging of the supermassive BHs

at the centers of M87⋆ and SgrA⋆ are pivotal. Therefore, these observations are

crucial not only for discovering new solutions in alternative theories of gravity

but also for rigorously testing GR in the strong field regime and exploring various

gravity theories through precise measurements of spacetime geometry parameters.

High-frequency QPOs in X-ray flux from BHs and neutron stars in X-ray binaries

offer another promising avenue for testing gravity near BHs. Detected as narrow

peaks in power density spectra, these QPOs originate within a few gravitational

radii of the central object, depending solely on spacetime geometry and orbital ra-

dius. Analyzing QPOs in X-ray data from BH accretion disks [41] can thus reveal

valuable insights into spacetime geometry within different gravity theories [42–44].

QPOs provide a powerful probe of astrophysical BH candidates in strong gravi-

tational fields, offering valuable insights into the innermost regions of accretion

disks and the masses, radii, and spin periods of white dwarfs, neutron stars, and

BHs.

It is important to explore whether the quantum parameters can leave any obser-
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vational signatures for the current/or forthcoming observations, so the quantum

effect on the BH spacetime can be directly tested or constrained by observations.

With this motivation, several observational or phenomenological implications of

the QCBH spacetime have already been investigated [45, 45–55]. In particular,

the light ring and BH shadow are useful for estimating BH parameters, including

mass, spin, the surrounding external field, and other physical properties. By an-

alyzing the shadows of M87⋆ and SgrA⋆, constraints on the quantum correction

parameter ξ have been established [45,46]. In addition, the quasinormal modes of

the QCBH have also been explored in [45,47].

Throughout this dissertation, we use a spacetime metric signature (−,+,+,+)

and adopt geometric units with G = c = 1.

1.2 Exploring quantum corrected black hole through astro-

physical tests

1.2.1 The Spacetime metric and timelike geodesics

In the Hamiltonian formulation of GR, the dynamics are governed by two sets

of constraints: the diffeomorphism constraint and the Hamiltonian constraint.

The diffeomorphism constraint generates spatial coordinate transformations on

each hypersurface, thereby preserving spatial diffeomorphism invariance, while the

Hamiltonian constraint governs the evolution of spatial geometry in “time” and en-

sures the preservation of general covariance. Recently, the problem of maintaining

general covariance in spherically symmetric gravity was examined in Ref. [18],

particularly in the construction of semiclassical black hole models from canonical

quantum gravity. The analysis preserves the kinematical structure of spherically

symmetric GR. The study assumes that the classical diffeomorphism constraint
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remains unchanged, while introducing an effective Hamiltonian constraint, Heff ,

along with an arbitrary function that defines the effective metric. The effective

Hamiltonian is defined as follows [18]

Heff = − E2

2
√
E1

− K1E
1

2ξ
sin

(
2ξK2√
E1

)
− 3

√
E1E2

2ξ2
sin2

(
ξK2√
E1

)
+

K2E
2

2ξ
sin

(
2ξK2√
E1

)
+

(∂xE
1)2

8
√
E1E2

e
2iξK2√

E1 +

√
E1

2
∂x

(
∂xE

1

E2

)
e
2iξK2√

E1

+
iξE2

4

(
∂xE

1

E2

)2(
K1

E2
− K2

E1

)
e
2iξK2√

E1 ,

(1.1)

where E1 and E2 are the densitized triad components encoding the spatial ge-

ometry, while K1 and K2 are their conjugate extrinsic-curvature variables. The

parameter ξ is the quantum correction parameter. The effective Hamiltonian

constraint deviates from the classical form due to quantum gravity effects.The

constraint algebra is assumed to remain the same as in the classical case, but

with an additional correction factor µ that represents quantum gravity effects.

As in the classical case, the existence of a Dirac observable associated with the

black hole mass is assumed. Based on these assumptions, the authors set up con-

ditions for this observable and derive the corresponding equations that maintain

spacetime covariance. The conditions connect the effective Hamiltonian, the Dirac

observable for the black hole mass, and the free function. The solution of these

equations produces two families of effective Hamiltonian constraints, each char-

acterized by a distinct quantum parameter. In the limit where these parameters

vanish, the classical constraints are recovered. Thus, the effective Hamiltonian

constraints generate two distinct black hole configurations, each characterized by

its own quantum correction parameter.

The spacetime metric describing one of the QCBHs is given by [18]

ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdϕ2), (1.2)
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where

f(r) =

(
1− 2M

r

)[
1 +

ξ2

r2

(
1− 2M

r

)]
, (1.3)

and M and ξ are the mass of the BH and the quantum correction parameter,

respectively. For further analysis, we shall for simplicity normalize the quantum

correction parameter ξ → ξ/M . The quantum correction parameter ξ encodes

quantum-gravity effects in spacetime, and its normalized form can be written

as ξ = γ
√
A/M , where γ and A are the Barbero–Immirzi parameter of loop

quantum gravity (LQG) and the minimal area gap A associated with holonomy

quantization. The area gap, given by A = 4
√
3πγℓ2p, corresponds to the smallest

non-zero eigenvalue of the area operator in LQG, where ℓp denotes the Planck

length [56]. The parameter ξ indicates the scale at which quantum-gravity effects

become more apparent. In the limit ξ → 0, the quantum corrections vanish and

the Schwarzschild solution is recovered. Because the Barbero–Immirzi parameter

γ is not fixed from fundamental principles in LQG [57, 58], ξ is regarded as

a free parameter in our analysis. This allows us to explore possible quantum

modifications to black-hole spacetimes arising from LQG.

The Hamiltonian of a neutral particle moving around the QCBH is expressed

as follows [59]

H =
1

2
gαβpαpβ , (1.4)

where pα is the four-momentum of the neutral particle. In the spherical coordinate

system, α and β denote the indices of the (t, r, θ, ϕ) coordinates. The relationship

between four-momentum and four-velocity is expressed by the equation pα = muα,

where m represents the mass of the neutral particle, uα = dxα/dτ is the four-

velocity. Furthermore, τ defines the proper time. Since the spacetime metric (1.2)

does not explicitly depend on the t and ϕ coordinates, the following conserved
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quantities can be written [59]

pt
m

= gtt
dt

dτ
= −E ,

pϕ
m

= gϕϕ
dϕ

dτ
= L , (1.5)

where E and L are the specific energy and the specific angular momentum of the

particle. Knowing that the Hamiltonian for a massive particle is H = −m2/2 and

for a photon is H = 0, we can write the following equation using Eq. (1.5)

1

2

(
grrp2r + gθθp2θ

)
+

m2

2

(
gttE2 + gϕϕL2

)
= −m2

2
. (1.6)

After defining H as:

H =
1

2

(
gttE2 + gϕϕL2 + 1

)
, (1.7)

and using

pr = grrp
r = grrm

dr

dτ
,

pθ = gθθp
θ = gθθm

dθ

dτ
,

we rewrite Eq. (1.6) as:

grr

(
dr

dτ

)2

+ gθθ

(
dθ

dτ

)2

= −2H . (1.8)

We consider the motion of a particle confined to the equatorial plane, where

θ = π/2 = const. Under this assumption, the second term in Eq. (1.8) vanishes,

and the equation simplifies to the following form:

grr

(
dr

dτ

)2

= −2H . (1.9)

Using the conservation of angular momentum Eq. (1.5) and Eq. (1.9), we can

derive the following equation of motion:(
dr

dϕ

)2

= −
2g2ϕϕH
grrL2

. (1.10)
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Substituting Eq. (1.7) into Eq. (1.10) yields the following equation:(
dr

dϕ

)2

=
r4

L2

(
E2 − f(r)

(
1 +

L2

r2

))
. (1.11)

In the case of the particle moving in a circular orbit r = const, the first term

of the same equation becomes zero, and the equation takes the following form

gθθ

(
dθ

dτ

)2

= −2H . (1.12)

The following conditions hold for the circular motion of a particle with the radius

r = rc in the plane θ = θc:

H(rc) = 0 , ∂rH|rc = 0 , (1.13)

and

H(θc) = 0 , ∂θH|θc = 0 . (1.14)

If we solve Eq. (1.7) using Eq. (1.5) along with conditions (1.13) and (1.14), we

obtain the following expressions for the specific energy E and specific angular

momentum L

E = − gtt√
−gtt − gϕϕΩ2

, (1.15)

L =
gϕϕΩ√

−gtt − gϕϕΩ2
, (1.16)

where Ω = dϕ/dt represents the angular velocity of the particle measured by

distant observers. It can be calculated using the following expression [60,61]:

Ω =
dϕ

dt
= ±

√
− gtt,r
gϕϕ,r

. (1.17)

We can easily define Ω from the metric (1.2) using the above expression as

Ω = ±
√

Mr3 − ξ2 (8M 2 − 6Mr + r2)

r6
csc2(θ) . (1.18)
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Thus, the following expressions for E and L can be written

E =
(2M − r)

(
2Mξ2 − r

(
ξ2 + r2

))
r2
√
(r − 3M) (2ξ2(r − 2M) + r3)

, (1.19)

L =

√
r2 (Mr3 − ξ2 (8M 2 − 6Mr + r2))

(r − 3M) (2ξ2(r − 2M) + r3)
sin2(θ) . (1.20)

After making the following transformation

u =
1

r
,

du

dϕ
= − 1

r2
dr

dϕ
, (1.21)

Eq. (1.11) becomes: (
du

dϕ

)2

=
E2

L2
− f(u)

L2

(
1 + L2u2

)
, (1.22)

where

f(u) = (1− 2Mu)(1 + ξ2u2(1− 2Mu)) . (1.23)

By differentiating Eq. (1.22) with respect to ϕ, we obtain the geodesic equation

for a massive test particle moving around the QCBH

d2u

dϕ2
=

M

L2
− u+ 3Mu2

−ξ2u(1− 2Mu)

(
1− 4Mu

L2
+ 2u2 − 6Mu3

)
. (1.24)

1.2.2 The perihelion shift

To determine the perihelion shift of the test particle’s orbit, we rewrite Eq. (1.24)

d2u

dϕ2
=

M

L2
− u+

g(u)

L2
, (1.25)

where

g(u)

L2
= 3Mu2 − ξ2u(1− 2Mu)

(
1− 4Mu

L2
+ 2u2 − 6Mu3

)
.
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Following the method presented in [62], we define the perihelion shift after a full

revolution as:

∆φ =
π

L2

∣∣∣∣dg(u)du

∣∣∣∣
u= 1

b

, (1.26)

where b is defined as b = a(1− e2). Here, a and e denote the semi-major axis and

eccentricity of the orbit, respectively. Additionally, we define M as M ⇒ GM/c2,

and L2 as L2 ⇒ GMa(1 − e2)/c2 in SI units. After this transformation, the

expression takes the following form:

∆ϕ =
6πGM

ac2(1− e2)
− πGMξ2

ac2(1− e2)

(
1− 6GM

ac2(1− e2)
−

− 16G2M 2

a2c4(1− e2)2
+

60G3M 3

a3c6(1− e2)3

)
. (1.27)

For a numerical application, we consider the example of Mercury and use the

following parameters

2GM⊙

c2
= 2.95325008× 103 [m] ,

a = 5.7909175× 1010 [m] ,

e = 0.20563069 .

With these parameters, we derive the following numerical result for Mercury’s

perihelion shift

∆ϕ = 2π × (7.98744× 10−8)− 2π × (1.33124× 10−8)ξ2 . (1.28)

The first and second terms correspond to the prediction of and the influence of

the quantum correction parameter, respectively. The measured perihelion shift of

Mercury is expressed as [63–66]

2π×(7.98734−0.00037)×10−8 rad
rev

≤ ∆ϕobs ≤ 2π×(7.98734+0.00037)×10−8 rad
rev

.

(1.29)
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Using Eq. (1.28) and Eq. (1.29), we can estimate the possible value of the quantum

correction parameter ξ for Mercury

ξ ≤ 0.01869 . (1.30)

The influence of metric-affine geometry on particle motion becomes significant in

strong gravitational regimes. One such scenario occurs in high-density astrophys-

ical environments, such as near a supermassive BH. High-precision astrometric

observations near the compact source Sgr A∗ and the S2 star, which orbits this

supermassive BH and has an estimated mass between 10 and 15M⊙, allow us to

estimate the quantum correction parameter ξ [67]. The S2 star can be treated as

a test body moving along a geodesic trajectory. For this estimation, we adopt the

following parameters

G = 6.6743× 10−11 [m3/(kg · s2)] ,

c = 299, 792, 458 [m/s] ,

M⊙ = 1.988416× 1030 [kg] ,

MSgr A∗ = 4.260× 106M⊙ ,

aS2 = 970 [au] ,

1 au = 1.495978707× 1011 [m] ,

eS2 = 0.884649 ,

TS2 = 16.052 [years] .

Using these parameters, we obtain the following numerical result for the perihelion

shift of the S2 star

∆ϕ = 48.298− 8.040 ξ2
[

′′/year
]
. (1.31)

The observed perihelion shift of the S2 star orbiting Sgr A∗ is given by

48.298 f−

[
′′/year

]
≤ ∆ϕobs ≤ 48.298 f+

[
′′/year

]
, (1.32)
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Figure 1.1: The trajectories of a test particle moving in the equatorial plane (z = 0) of a QCBH

spacetime are shown for different values of the quantum correction parameter ξ. Left panel:

The orbital motion of a particle with specific energy E = 0.992, specific angular momentum

L = 5, and initial inverse radial coordinate u = 1/r = 0.01 around a BH of mass M = 1.

Right panel: The effect of ξ on the perihelion shift of a particle with E = 0.999, L = 12.5,

and u = 1/r = 0.01. As ξ increases, the perihelion shift decreases, highlighting the impact of

quantum corrections on the orbital dynamics.

where f± = 1.10±0.19 [67]. By utilizing Eqs. (1.31) and (1.32), we can determine

the possible value of the quantum correction parameter ξ for the S2 star

ξ ≤ 0.73528 . (1.33)

Fig. 1.1 illustrates the effect of the quantum correction parameter ξ on the tra-

jectory of a particle orbiting a QCBH. The left panel of Fig. 1.1 illustrates the

trajectory of a particle for different values of ξ, while keeping the initial conditions

energy, angular momentum, and initial position constant. The black trajectory

represents the classical motion of a particle orbiting a Schwarzschild BH (ξ = 0.0).

As ξ increases, the trajectories deviate significantly from the classical case, demon-

strating the impact of quantum corrections on the particle’s motion. The right

panel of Fig. 1.1 depicts the effect of the quantum correction parameter on the
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perihelion shift of the particle. The graph shows that as ξ increases, the perihe-

lion shift decreases. This trend is in agreement with the analytical result given by

Eq. (1.27), confirming that quantum corrections reduce the relativistic precession

of the orbit.

1.2.3 The dynamics of epicyclic motion

Suppose that a particle is moving in a circular orbit of radius r = rc in the

equatorial plane θ = π/2. If the particle deviates from its stable circular orbit by

small perturbations δr and δθ, it begins to oscillate around the circular orbit at

rc. These oscillations, characterized by radial and latitudinal frequencies, are col-

lectively referred to as epicyclic frequency. We can write the following expressions

for r and θ for this perturbations:

r = rc + δr and θ = π/2 + δθ . (1.34)

The change in H due to this perturbation can be determined by expanding H in

a Taylor series about r = rc and θ = π/2

H(r, θ) = H(rc,
π

2
) + δr∂rH(r, θ)

∣∣∣
rc,

π
2

+ δθ∂θH(r, θ)
∣∣∣
rc,

π
2

+

+ δrδθ∂r∂θH(r, θ)
∣∣∣
rc,

π
2

+
1

2
δr2∂2

rH(r, θ)
∣∣∣
rc,

π
2

+
1

2
δθ2∂2

θH(r, θ)
∣∣∣
rc,

π
2

+

+O
(
δr3, δθ3

)
. (1.35)

According to conditions (1.13) and (1.14) for circular motion, the first four terms

in the above expression vanish. Additionally, since they are very small, terms of

O(δr3, δθ3) and higher can be neglected. As a result, the expression simplifies to

the following form:

H(r, θ) =
1

2
δr2∂2

rH(r, θ)
∣∣∣
rc,

π
2

+
1

2
δθ2∂2

θH(r, θ)
∣∣∣
rc,

π
2

. (1.36)
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Substituting expressions (1.34) and (1.36) into Eq. (1.8), we obtain the following

equation:

grrδṙ
2 + gθθδθ̇

2 = −δr2∂2
rH(r, θ)

∣∣∣
rc,

π
2

− δθ2∂2
θH(r, θ)

∣∣∣
rc,

π
2

. (1.37)

Here, since d and δ commute, we have made the substitutions dδr/dτ = δṙ and

dδθ/dτ = δθ̇. Taking the first derivative of both sides of the above equation with

respect to proper time τ , we obtain

δṙ
[
grrδr̈ + ∂2

rH(r, θ)
∣∣∣
rc,

π
2

δr
]
+ δθ̇

[
grrδθ̈ + ∂2

θH(r, θ)
∣∣∣
rc,

π
2

δθ
]
= 0 . (1.38)

The solutions δṙ = 0 and δθ̇ = 0 are not satisfactory, as they indicate the absence

of oscillations. In this case, the equation has a solution only if the expressions

within the brackets are zero [68,69]

δr̈ + Ω2
rδr = 0 and δθ̈ + Ω2

θδθ = 0 , (1.39)

where

Ω2
r =

∂2
rH(r, θ)|rc,π2

grr
, (1.40)

Ω2
θ =

∂2
θH(r, θ)|rc,π2

gθθ
. (1.41)

By substituting Eq. (1.19), (1.20) and (1.7) into Eq. (1.40) and (1.41), we obtain

the following expressions for Ωr and Ωθ

Ω2
r =

3Mξ2r3
(
12M 2 − 8Mr + r2

)
+Mr6(r − 6M)

r6(r − 3M) (2ξ2(r − 2M) + r3)
−

−
2ξ4(r − 2M)2

(
24M 2 − 13Mr + 2r2

)
r6(r − 3M) (2ξ2(r − 2M) + r3)

, (1.42)

Ω2
θ =

Mr3 − ξ2
(
8M 2 − 6Mr + r2

)
r2(r − 3M) (2ξ2(r − 2M) + r3)

. (1.43)
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Figure 1.2: The radial profile of the frequencies νθ and νr measured by a distant observer is

shown as a function of r/M for different values of the quantum correction parameter ξ.

Usually, it is not the local value of the epicyclic frequency that is important

but the value measured by a distant observer, as many astronomical objects are

located far away. The following equation gives the relationship between local and

distant epicyclic frequencies:

ωdistant =
Ωlocal

ut
, (1.44)

where ut = dt/dτ , which can be determined by substituting Eq. (1.15) into

Eq. (1.5)

ut =
1√

−gtt − gϕϕΩ2
. (1.45)

Thus, the expression for the epicyclic frequencies measured by a distant observer

is given as follows

ω2
r =

3Mξ2r3
(
12M 2 − 8Mr + r2

)
+Mr6(r − 6M)

r10
−

−
2ξ4(r − 2M)2

(
24M 2 − 13Mr + 2r2

)
r10

, (1.46)

ω2
θ =

Mr3 − ξ2
(
8M 2 − 6Mr + r2

)
r6

. (1.47)

To express the frequency in SI units (Hz), the following transformation is required

νi =
ωi

2π

c3

GM
. (1.48)
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GRS 1915 + 105 [72] H1743-322 [73,74] XTE J1550 - 564 [75,76] GRO J1655 - 40 [77]

M [M⊙] 12.4+2.0
−1.8 11.21+1.65

−1.96 9.1+0.61
−0.61 5.4+0.3

−0.3

νU [Hz] 168+3.0
−3.0 240+3.0

−3.0 276+3.0
−3.0 441+2.0

−2.0

νL[Hz] 113+5.0
−5.0 165+9.0

−5.0 184+5.0
−5.0 298+4.0

−4.0

Table 1.1: The mass, upper, and lower frequencies of the QPOs from the X-ray binaries selected

for analysis.

Fig. 1.2 presents the epicyclic frequencies νr and νθ as a function of r/M , as

measured by a distant observer, for different values of the quantum correction

parameter ξ. Both νr and νθ decrease as r/M increases. Higher values of the

quantum correction parameter ξ result in lower oscillation frequencies, shifting νθ

to the left and νr to the right.

1.2.4 Constrains on the parameters of the quantum corrected black

hole through the astrophysical quasiperiodic oscillations’s data

In this section, we analyze four distinct QPO sources from various X-ray bi-

naries, using validated observational data, as presented in Table 1.1 to constrain

the effects of the quantum correction parameter ξ in QCBH. We adopt the forced

resonance model as the theoretical framework to constrain the quantum correction

parameter ξ of QCBH [66, 70, 71]. Within this model, the upper (νU) and lower

(νL) frequencies are defined as follows.

νU = νθ + νr , νL = νθ . (1.49)

In Fig. 1.2.4, we plot the upper and lower frequencies of a particle near risco

as a function of the BH mass M for various values of ξ. The left panel of the

figure illustrates the effect of ξ on the upper frequencies. Clearly, the upper

frequency fUP decreases as both ξ and M increase. As the mass M increases, the
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gravitational force that pulls the particle toward the BH also becomes stronger.

Consequently, the innermost stable circular orbit expands, causing the QPO to

occur farther from the BH. As a result, the QPO frequency decreases, as indicated

by Eqs. (1.42) and (1.43). In the right panel of Fig. 1.2.4, the upper and lower

frequencies of a particle near the innermost stable circular orbit risco are plotted as

functions of M/M⊙ using the best-fit values of the quantum correction parameter

ξ. The best-fit values of ξ for these QPO sources are ξ = 2.74 ± 0.01 for the

upper frequency and ξ = 2.68±0.03 for the lower frequency. It is worth, however,

noting that the errors in the best-fit values of ξ result from the observational

uncertainties incorporated into the fitting procedure (as seen in Table 1.1). It

should be emphasized that these best-fit values do not imply a discovery of a non-

zero ξ, since their determination is based on the simplifying assumption that QPOs

are generated at the innermost stable circular orbit (rISCO). In realistic scenarios,

this assumption may not always hold. Nevertheless, the obtained best-fit values

suggest the possible existence of a unique ξ that remains consistent across those

mentioned black hole candidates.

To estimate the limiting value of ξ for each QPO source, we used the emcee

Python package [78], which employs the Markov Chain Monte Carlo (MCMC)

method to constrain the physical parameters. The posterior probability distribu-

tion, based on Bayes’ theorem, is expressed as:

P (Θ|D,M) =
L(D|Θ,M)P(Θ|M)

P (D|M)
, (1.50)

where P (Θ|D,M) represents the posterior probability, L(D|Θ,M) is the likeli-

hood function, P(Θ|M) is the prior probability, and P (D|M) serves as a normal-

izing constant. To specify the priors, we assume a Gaussian prior distribution for

the model parameters within specified boundaries:
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Figure 1.3: Left: The upper νU frequency is depicted as functions of the mass M for different values of

ξ, analyzed near the ISCO radius risco. Red horizontal lines indicate the observational data for various

QPO sources, with the width of these lines representing the uncertainty in the mass of the sources.

Right: The upper and lower frequencies of a particle near the ISCO radius risco are plotted as function

of M/M⊙ for the best-fit values of ξ. The black solid curve represents the best-fit curve of the upper

frequency fU , while the blue solid curve corresponds to the lower frequency fL. Red lines indicate

the upper frequency and green lines represent the lower frequency. The width of these horizontal lines

reflects the uncertainty in the mass estimates of the sources.

P(θi) ∼ exp

[
1

2

(
θi − θ0,i

σi

)2
]
, θlow,i < θi < θhigh,i , (1.51)

where θi = [M, r, ξ] and σi are their corresponding standard deviations. The

prior values for these parameters are adopted as presented in Table 1.2.

For the quantum correction parameter ξ, we assume a uniform prior distribution

over a specified range:

P(ξ) = 1, for ξ ∈ [0, 5] , (1.52)

otherwise, we set P(ξ) = 0. This choice ensures that the parameter space

remains constrained within a physically meaningful range.

Based on the upper and lower frequency expressions in Eqs. (1.49), our MCMC

analysis incorporates data from both the upper and lower frequencies (see Ta-
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Parameters
GRS 1915 + 105 H1743-322 XTE J1550 - 564 GRO J1655 - 40

µ σ µ σ µ σ µ σ

M/M⊙ 12.4 0.6 11.21 0.6 9.1 0.6 5.4 0.3

r/M 7.4 0.3 7.26 0.3 7.2 0.3 7.3 0.3

ξ/M Uniform [0, 5) Uniform [0, 5) Uniform [0, 5) Uniform [0, 5)

Table 1.2: Gaussian priors for the selected X-ray binaries used in the MCMC analysis of QPOs

occurring around QCBH.

ble 1.1). Consequently, the likelihood function L is expressed as:

logL = logLU + logLL , (1.53)

where logLU denotes the likelihood of the upper frequencies,

logLU = −1

2

∑
i

(νiU,obs − νiU,model)
2

(σi
U,obs)

2
, (1.54)

and logLL represents the likelihood of the lower frequencies,

logLL = −1

2

∑
i

(νiL,obs − νiL,model)
2

(σi
L,obs)

2
. (1.55)

Here, νiU,obs and νiL,obs represent the measured values of the upper and lower

frequencies, while νiU,model and νiL,model correspond to their predicted values from

the theoretical model. The terms σi
U,obs and σi

L,obs represent the statistical uncer-

tainties associated with the measured upper and lower frequencies, respectively.

Following the above setup, we perform an MCMC analysis to investigate the three-

dimensional parameter space {r,M, ξ} associated with the QCBH. The best-fit

values for these parameters are summarized in Table 1.3, while Fig. 1.4 presents

the MCMC posterior distributions for four selected astronomical objects. The
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Figure 1.4: Constraints on the parameters of QCBH from QPO observations of GRO J1655-40,

GRS 1915+105, H1743-322, and XTE J1550-564 using the MCMC method. The plots show the

posterior distributions for the BH mass M , the dimensionless radius r/M , and the quantum

correction parameter ξ within the forced resonance mode. The vertical dashed red lines indicate

the 95% confidence level for ξ.
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Parameters GRS 1915 + 105 H1743-322 XTE J1550 - 564 GRO J1655 - 40

M/M⊙ 12.45908+0.56642
−0.56419 10.80299+0.54902

−0.53946 8.81372+0.49328
−0.48624 5.26059+0.20339

−0.21233

r/M 7.43238+0.28877
−0.28595 7.14127+0.27548

−0.27534 7.14602+0.27428
−0.27173 7.24254+0.25112

−0.24919

ξ/M < 2.952 < 2.120 < 2.267 < 2.086

Table 1.3: The best-fit values of QCBH parameters derived from QPOs in X-ray binaries.

shaded regions in the Fig. 1.4 correspond to the 68%, 90%, and 95% confidence

levels, offering insight into the statistical uncertainties of the inferred parameters.

The results indicate that the best-fit value of the quantum correction param-

eter ξ is obtained from GRO J1655-40, with an upper limit of ξ ≤ 2.086 at the

95% confidence level. GRO J1655-40 was selected due to its higher measure-

ment accuracy compared to other QPO sources (see Table 1.1). XTE J1550-564

and H1743-322 produced constraints close to that of GRO J1655-40, while GRS

1915+105 yielded a slightly higher upper limit. Therefore, we conclude that the

quantum correction parameter is constrained to

ξ ≤ 2.086 . (1.56)

In this study, we obtained an upper limit of ξ ≤ 2.086, which provides a tighter

constraint compared to the limit ξ ≤ 2.304 obtained from the M87 BH shadow [46]

and the limit ξ ≤ 2.866 derived from the Sgr A* shadow [45]. Unlike previous

works that relied on BH shadow observations to constrain ξ, our approach utilizes

QPO data from X-ray binaries, offering an alternative and complementary method

for testing QCBHs in strong gravitational regimes.
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1.3 Exploring rotating loop quantum black hole

1.3.1 The spacetime metric and electromagnetic field of rotating loop

quantum black hole

Here, we examine the key properties of an intriguing model of rotating LQBHs

[28, 29] immersed in a uniform external magnetic field (B), including the event

horizon, static-limit-surface, and ergosphere. The LQBH spacetime arises through

a polymer-like quantization procedure within LQG, which introduces a polymeric

function P associated with the polymeric parameter δ (or δb). In this framework,

the Schwarzschild interior is quantized by employing two parameters, δb and δc,

which serve to replace the corresponding canonical variables:

b → sin(δbb)

δb
and c → sin(δcc)

δc
. (1.57)

It should be emphasized that δb and δc define the lengths of the paths along which

holonomies are constructed, thereby setting the scales at which quantum effects

become relevant. In the limit (δb, δc) → 0, the classical Schwarzschild solution

is recovered. Nevertheless, due to the absence of a complete theory of quantum

gravity, no definitive prescription exists for fixing these parameters. As a result,

multiple proposals have been suggested in the literature, each motivated by dis-

tinct physical or mathematical considerations. However, the self-dual spacetime

considered in this work is constructed from a particular choice of fixing δb and δc as

constants, corresponding to the µ0-scheme in LQG [79,80]. This choice yields the

effective quantum-corrected interior of the Schwarzschild black hole. By identify-

ing the minimum area in the solution with the fundamental minimum area Amin of

the LQG, the two free parameters can be reduced. The remaining undetermined

constant, δb, represents the dimensionless polymeric parameter, which must be

constrained by experiments or observations.
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By applying the Newman-Janis algorithm—specifically modified via Azreg-

Aı̈nou’s non-complexification method—a static solution is extended to include ro-

tation. The metric for this LQBH is presented in Boyer-Lindquist coordinates as

follows [30]:

ds2 = −∆

Σ

(
dt− a sin2 θdϕ

)2
+

Σ

∆
dr2 + Σdθ2

+
sin2 θ

Σ

(
adt−

(
k2 + a2

)
dϕ
)2

, (1.58)

with

∆ = (r−r+)(r−r−)(r
2)

(r+r∗)2
+ a2 ,

Σ = k2(r) + a2 cos2 θ ,

k2 = r4+a20
(r+r∗)2

, (1.59)

where a is the spin parameter of the BH. The two horizons of the non-rotating

LQBH are given by r+ = 2M/(1 + P )2 and r− = 2MP 2/(1 + P )2. Additionally,

r∗ =
√
r+r− = 2MP/(1 + P )2, where M denotes the ADM (Arnowitt-Deser-

Misner) mass of the solution. P is the polymeric function and can be expressed

as follows:

P =

√
1 + ϵ2 − 1√
1 + ϵ2 + 1

, (1.60)

where ϵ is the product of the Immirzi parameter γ and the polymeric parameter δ,

and it must satisfy the condition ϵ = γδ ≪ 1. The Immirzi parameter measures

the size of the quantum of area in Planck units. Its value is currently fixed by

matching the semiclassical BH entropy, as calculated by Stephen Hawking, and

the counting of microstates in LQG. The polymeric parameter δ characterizes the

scale of quantum discreteness. Their small product γδ ≪ 1 ensures that quantum

corrections remain negligible at large scales but become significant near the BH

core, thereby regularizing the geometry.
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a0 =
Amin

8π
, (1.61)

where Amin corresponds to the minimum area gap in LQG. In addition, Amin is

connected to the Planck length lP by the expression

Amin ≃ 4
√
3πγl2P . (1.62)

The rotating LQBH metric describes a geodesically complete spacetime that

remains regular at the core [30] and can represent a regular BH, an extremal

BH, or even a horizonless compact object, depending on the values of the spin

parameter a and the polymeric function P . the Kretschmann scalar in the limit

r → 0 and θ = π/2,

K = Rµ
νσρR

νσρ
µ ≃

64M 4P 4
[
a20(1 + P )4 + 4a2P 2M 2

]
a80(1 + P )16

+O(r). (1.63)

It is clear that the rotating LQBH is regular, because of the presence of the minimal

area a0 = Amin/(8π) arising from LQG.

From Eq. (1.62), a0 scales with the Planck length lP and is anticipated to be

extremely small. Thus, the influence of a0 on spacetime should be negligible at

observable scales. We will therefore set a0 = 0 in this research.

Let’s explore how the parameter ϵ affects the horizon and ergo-surface in the

context of LQBH. Horizons and static-limit-surface are defined by the conditions

grr = 0 and gtt = 0, respectively. Based on these conditions, we can write the

equations for the horizons and ergo-surfaces as follows,

rH± =
1

4
(r+ + r−) + rH1 ± rH2 , (1.64)

rs± =
1

4
(r+ + r−) + rs1 ± rs2 . (1.65)
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Here, rH1, rH2, rs1, and rs2 are expressed as:

rH1 =
1

2

[
1

3

(
a2 + r+r−

)
− a2 +

1

4
(r+ + r−)

2 − r+r− +
A

3 3
√
2
+B

] 1
2

,(1.66)

rH2 =
1

2

[
−4 (r+ + r−)

(
a2 + r+r−

)
− 16a2r∗ + (r+ + r−)

3

8rH1

− 1

3

(
a2 + r+r−

)
− a2 +

1

2
(r+ + r−)

2 − r+r− − A

3 3
√
2
−B

] 1
2

, (1.67)

where

A =
3
√
C +D,

B =
3
√
2E

3A
,

C =
√

D2 − 4E3,

D = 108a4r2∗ − 72a2r2∗
(
a2 + r+r−

)
+ 18a2 (r+ + r−) r∗

(
a2 + r+r−

)
+2
(
a2 + r+r−

)3
+ 27a2 (r+ + r−)

2 r2∗,

E = 12a2r2∗ + 6a2 (r+ + r−) r∗ +
(
a2 + r+r−

)2
.

The expressions for rs1 and rs2 are given by

rs1 =
1

2

[
− a2 cos2 θ +

1

3

(
a2 cos2 θ + r+r−

)
+

1

4
(r+ + r−)

2 − r+r−

+
C

3 3
√
A+ B

+
3
√
A+ B
3 3
√
2

] 1
2

,

(1.68)

rs2 =
1

2

[
1

8rs1

(
(r+ + r−)

3 − 4 (r+ + r−)
(
a2 cos2 θ + r−r+

)
− 16a2r∗ cos

2 θ
)

−a2 cos2 θ − 1

3

(
a2 cos2 θ + r+r−

)
− r+r− +

1

2
(r+ + r−)

2

− C
3 3
√
A+ B

−
3
√
A+ B
3 3
√
2

] 1
2

, (1.69)
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where

A =
√

B2 − 2C3,

B = 108a4r2∗ cos
4 θ + 27a2 (r+ + r−)

2 r2∗ cos
2 θ − 72a2r2∗ cos

2 θ
(
a2 cos2 θ + r+r−

)
+2
(
a2 cos2 θ + r+r−

)3
+ 18a2 (r+ + r−) r∗ cos

2 θ
(
a2 cos2 θ + r+r−

)
,

C =
3
√
2
[
12a2r2∗ cos

2 θ + 6a2 (r+ + r−) r∗ cos
2 θ +

(
a2 cos2 θ + r+r−

)2]
.

It should be noted that when ϵ = 0, Eq. (1.64) reduces to the horizon of the

Kerr solution rH± = M ±
√
M 2 − a2. Fig. 1.5 shows the effect of ϵ on the outer

horizon (top right) and outer static-limit-surface (left panel). As ϵ increases, both

the outer horizon and outer static-limit-surface shrink. However, it is important to

note that for a fixed value of the spin parameter a, the overall ergosphere region

(i.e. the space between the outer event horizon and outer static-limit-surface)

increases as epsilon increases (see Fig. 1.5 left panel). The bottom right panel of

Fig. 1.5 presents the permissible (shaded) values of parameters ϵ and a for which

LQBH exits.

In astrophysics, studying the effect of magnetic fields on the properties of BHs

is crucial. Previous studies have shown that the magnetic field strongly influences

the properties of a BH’s accretion disk [81, 82]. In this study, we assume the BH

is surrounded by a weak magnetic field. Theoretical studies and observational

data indicate that magnetic field strengths vary across different BHs; in some,

the field is around 104 G , while in others, it can reach up to 108 G (see, e.g.,

in Refs. [83–85]). For example, the magnetic field strength in NGC1052 is in the

range of B ∼ 200 G − 8 × 104 G, while in M87, it ranges from 1 G to 30 G

(see, e.g., in Refs. [84, 86, 87]). Although the magnetic field is weak, it has a
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Figure 1.5: Left panel: Variation of the outer ergo-sphere rs+ with θ for different values of

the parameter ϵ. The dotted line represents the event horizon rH+ for ϵ = 0, while the inner

black disk corresponds to the event horizon in the extremal case. Right top panel: Dependence

of rH+ on the spin parameter a/M for various values of ϵ. Right bottom panel: Parameter

space between the deformation parameter ϵ and the spin parameter a/M . The shaded region

represents the theoretically allowed values of parameters ϵ and a for which LQBHs exist.

strong effect on the motion of charged particles around the BH. Therefore, the

motion of particles in the magnetic field surrounding a BH has been extensively

studied, and various models have been developed to address different scenarios

(see, e.g., [60, 68,88–95]).

For simplicity, we assume the magnetic field is uniform and aligned with the

BH’s symmetry axis [90, 96]. To determine the corresponding vector potential of

the electromagnetic field, we apply the Wald method [97], which makes use of the

Killing vectors of the spacetime. The Killing vector field ξµ, as the infinitesimal

generator of an isometry, satisfies

ξα;β + ξβ;α = 0 (1.70)

They also satisfy the wave-like equations in vacuum spacetime, □ξα = 0. This

allows us to write the solution of the vacuum Maxwell equations, □Aµ = 0, for
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the electromagnetic four-potential in the Lorentz gauge in the form:

Aα = C1ξ
α
(t) + C2ξ

α
(φ) , (1.71)

The constants related to the Killing vectors can be found easily — the constant

C2 = B/2, if we have the gravitational source immersed in the uniform magnetic

field B that is parallel to the axis of rotation corresponding to the axial symmetry

of the spacetime. The remaining constant C1 can be easily calculated from the

asymptotic properties of the spacetime at the infinity. Finally, the covariant com-

ponents of the four-vector potential of the electromagnetic field can be written in

the form

At = −aB

2Σ

(
2∆ +

[
k(r)2 − a2 −∆

]
sin2 θ

)
, (1.72)

Aϕ = −B sin2 θ

2Σ

(
a4 − k(r)4 − 2a2∆+ a2 sin2 θ∆

)
. (1.73)

In the following section, we focus on analyzing the motion of charged particles

near the LQBH, which is placed in a uniform external magnetic field.

1.3.2 Dynamics of Charged Particle in the Vicinity of LQBH

Here, we investigate a charged particle motion around the LQBH using the

Hamiltonian, which is defined by (see, for example [59])

H =
1

2
gαβ (Pα − qAα) (Pβ − qAβ) , (1.74)

where Pα is the canonical momentum of a charged particle and Aα the four-vector

potential of electromagnetic field. One can then connect the charged particle’s

four-momentum and its canonical momentum via the following equation

pα = gαβ (Pβ − qAβ) . (1.75)
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We can express the equation of motion for the charged particle using the Hamil-

tonian as follows:

dxα

dλ
=

∂H

∂Pα
and

dPα

dλ
= − ∂H

∂xα
, (1.76)

where (λ = τ/m) denotes the affine parameter associated with (τ) describing the

proper time of the particle. From the Eq. (1.76), the constants of motion can be

written as shown below:

Pt − qAt = gttp
t + gtϕp

ϕ , (1.77)

Pϕ − qAϕ = gϕtp
t + gϕϕp

ϕ , (1.78)

where Pt and Pϕ correspond to the energy and angular momentum of a charged test

particle, respectively, such that Pt = −E and Pϕ = L. The equation governing

the timelike radial motion of a charged particle in the equatorial plane (θ = π/2)

can be expressed in the standard form (see, e.g., [1, 98])

(
dr

dτ

)2

+ Veff(r) = E2, (1.79)

where Veff denotes the effective potential. Using the constants of motion (Eqs. 1.77, 1.78)

together with the normalization condition (gαβpαpβ = −m2), the explicit expres-

sion for the effective potential in the present case takes the form

Veff = − q

m
At −

gtϕ
gϕϕ

(
L − q

m
Aϕ

)
+

[
(−gtt − ωgtϕ)

(
1 +

(
L − q

mAϕ

)2
gϕϕ

)]1/2
.(1.80)
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In our case, Veff takes the following form

Veff =
a β
(
2r2 − r(r− + r+) + r−r+

)
2r2

+
a
(
r(r− + r+)− r−r+

)
(r + rs)2

r6 + a2
(
r2 − r−r+ + r(r− + r+)

)
(r + r⋆)2

·K

+

√√√√(r − r−)(r − r+)

r2
−

a2(r + r⋆)2
(
r−r+ − r(r− + r+)

)2
a2r2(r + r⋆)2

(
r2 + r(r− + r+)− r−r+

)
+ r8

×

√
1 +K2

(a2(r2 + r(r− + r+)− r−r+
)

r2
+

r4

(r + r⋆)2

)−1

, (1.81)

where K is

K = L − β ·
(
a2(r − r−)(r − r+)

2r2
+

r4

2(r + r⋆)2

)
,

with L = L/m and β = qBGM/(mc4) being the angular momentum per unit

mass of the particle and a dimensionless magnetic field parameter.
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Figure 1.6: The effective potential Veff is plotted as a function of r/M for different values of ϵ

(left panel) and the magnetic field parameter β (right panel). In these plots, the spin parameter

is set to a = 0.8.

The effective potential Veff is a key tool for examining particle motion around a

BH. The effective potential for a particle moving around the LQBH in the presence

of an external magnetic field is shown in Fig. 1.6. The left and right panels of

Fig. 1.6 depict the radial variation of the effective potential for different values
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of ϵ and the magnetic field parameter β, where one parameter is fixed while the

other varies. In the figure, rmin and rmax correspond to the stable and unstable

circular orbits of the particle, respectively. The left panel of the figure depicts

how variations in ϵ affect the effective potential of the system when β is fixed. It

is evident that as ϵ increases, the unstable orbit shifts to the left, i.e., to smaller

values of r/M , while the stable orbit shifts to the right. In addition, increasing

ϵ raises the height of the effective potential. This occurs because ϵ reduces the

horizon radius rH (see Fig. 1.5). As ϵ increases, the horizon rH shrinks, enhancing

the gravitational influence of the BH. This results in the formation of unstable

orbits rmax closer to the BH’s center, as well as unstable orbits rmin at greater

distances. The right panel depicts the effect of the magnetic field on the effective

potential. As β increases, both the stable orbit rmin and the unstable orbit rmax

shift to the left, while the height of the effective potential decreases. This is a

well-known effect of the magnetic field, indicating that a stronger magnetic field

causes the particle to be more tightly confined towards the center of the BH.

Let us then analyze the motion of a charged particle on a stable circular orbit.

In such motion, the radius vector r remains constant, and the following condition

must be satisfied for circular motion:

Veff(r) =
∂Veff(r)

∂r
= 0. (1.82)

For circular motion in the equatorial plane (r = const and θ = const), the

four-velocity of the particle can be expressed as u ∼ ξ(t) + Ωξ(ϕ), where

Ω =
dϕ

dt
=

uϕ

ut
, (1.83)

represents the angular velocity of the particle as measured by a distant observer

at infinity. The angular velocity Ω of a timelike particle is bounded by the angular

velocities of the inner and outer photon circular orbits, satisfying Ω− < Ω < Ω+
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Figure 1.7: The angular velocity components Ω+ (solid lines) and Ω− (dashed lines) are plotted

against r/M for different values of ϵ, with the spin parameter fixed at a = 0.6. For simplicity,

we set θ = π/2.

(see details, e.g., in Refs. [99,100]), where

Ω± =
−gtϕ ±

√
(gtϕ)2 − gttgϕϕ
gϕϕ

=

(
a(r− + r+)r − ar2⋆ ± r2

√
∆
)

a2 (r2 − r2⋆ + r(r− + r+)) +
r6

(r+r⋆)2

. (1.84)

Ω =
r3
√

p2t
[
(p2t − 1) r2 + r(r− + r+)− r2⋆

]
∆

a2
[
p2tr

2 [r2 + r(r− + r+)− r2⋆] + [r2⋆ − r(r− + r+)]2
]
+ p2t r

8

(r+r⋆)2

+
a[r(r− + r+)− r2⋆]

[ (
p2t − 1

)
r2 + r(r− + r+)− r2⋆

]
a2
[
p2tr

2 [r2 + r(r− + r+)− r2⋆] + [r2⋆ − r(r− + r+)]2
]
+ p2t r

8

(r+r⋆)2

(1.85)

We can examine the effect of ϵ on the angular velocity by referring to Fig. 1.7.

The figure shows that Ω+ always remains positive, while Ω− can take both positive

and negative values. Moreover, it is clear that as ϵ increases, Ω+ increases, while

Ω− decreases. For the timelike circular orbit, we can write the four momentum

as pα± = pt(1, 0, 0,Ω±). The equation governing the circular motion of a time-

like particle is derived by applying the normalization condition together with the

expression for the particle’s four momentum(
gϕϕp

2
t + g2tϕ

)
Ω2 + 2gtϕ

(
p2t + gtt

)
Ω + gtt

(
p2t + gtt

)
= 0 , (1.86)
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where we have denoted pt = − (E + qAt/m). Solving the above equation for Ω

gives the angular velocity of the timelike particle (see details, for example [99,101])

1.4 Conclusion

In this chapter, we constrained the quantum correction parameter ξ for QCBHs

using QPO observations from X-ray binaries, along with the perihelion shifts of

Mercury in the Solar System and the S2 star in SgrA⋆ SMBH environment.

We analyzed the effect of the quantum correction parameter ξ on the motion

of a particle moving in the equatorial plane around the QCBH. We derived an

analytical expression for the perihelion shift in the case of elliptical motion. Our

results indicate that the perihelion shift decreases as the parameter ξ increases

(see Fig. 1.1). By calculating the perihelion shifts of Mercury and the S2 star and

comparing the results with observational data, we evaluated the upper bounds of

ξ to be ξ ≤ 0.01869 for Mercury and ξ ≤ 0.73528 for the S2 star.

We utilized QPOs to estimate the parameter ξ in strong gravitational field

regime conditions. We derived expressions for the radial (νr) and latitudinal (νθ)

frequencies of a test particle in the QCBH spacetime.Our analysis showed that

these frequencies decrease the parameter as ξ increases (see Figs. 1.2 and 1.2.4).

Using the Markov Chain Monte Carlo (MCMC) method, we constrained the lim-

iting values of the parameter ξ for four X-ray binaries. As a result, we obtained an

upper limit of the parameter ξ ≤ 2.086, providing tighter constraints compared

to previous studies based on BH shadows, such as those for M87 (ξ ≤ 2.304) and

Sgr A* (ξ ≤ 2.866) [45, 46].

We also investigated the effects of LQG corrections on particle motion around

LQBHs. By placing an LQBH in an external asymptotically uniform magnetic

field, we analyzed the impact of the quantum (correction) parameter ϵ on the
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dynamics of particles in its vicinity. We analyzed the impact of the parameter ϵ

on the horizon and ergosphere of the LQBH, showing that both the outer event

horizon and the outer static limit surface contract as ϵ increases for a fixed spin

parameter a (see Fig. 1.5). However, the ergosphere region expands under these

conditions. A similar trend is observed for the ergosphere when ϵ is held con-

stant, and a increases. To investigate the effect of ϵ on the dynamics of charged

particle, we defined the effective potential Veff . Our analysis revealed that as ϵ

increases, unstable orbits contract, stable orbits expand, and the height of the

effective potential increases. Conversely, under the influence of a magnetic field,

the height of the effective potential decreases, and both stable and unstable orbits

are compressed closer to the center (see Fig. 1.6).

These findings suggest that quantum gravitational effects are less significant

in weak gravitational fields, where the parameter ξ is smaller. In contrast, the

influence of the quantum correction parameter becomes more pronounced in strong

gravitational fields, as evidenced by the larger upper bound of the parameter ξ

obtained from QPO observations.

From an astrophysical perspective, understanding what properties distinguish

LQBHs from classical BHs is crucial. This requires examining the effects of quan-

tum corrections on the BH horizon, ergosphere, and the dynamics of particles in its

vicinity. However, due to the vast distances to BHs, distinguishing between clas-

sical and quantum effects through direct observations remains a significant chal-

lenge. Our results provide new insights into the role of the quantum corrections.

Future high-precision observations, particularly with next-generation telescopes,

are expected to refine these constraints further, advancing our understanding of

quantum gravitational phenomena.
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Chapter II

Energetics of black holes in loop quantum

gravity

2.1 Introduction

One of the most intriguing phenomena surrounding BHs is the Penrose process

[102,103], which was first proposed by Roger Penrose in 1971 as a mechanism for

extracting energy from BHs. In the classical version of the process, a particle near

the event horizon of a rotating BH splits into two parts: one falls into the BH,

while the other escapes. The particle falling into the BH carries negative energy,

which reduces the BH’s spin, while the particle escaping the BH can carry away

positive energy, resulting in net energy extraction [104]. This process is thought

to occur in the ergosphere, a region outside the event horizon where the BH’s

rotation drags spacetime itself, facilitating such particle interactions [105–107].

On the other hand, the magnetic Penrose process (MPP) [100,108–111], a variant

of this mechanism, occurs in the presence of a magnetic field and plays a crucial

role in the energy dynamics of astrophysical BHs. It is particularly relevant in

the context of BH accretion disks and relativistic jets observed in Active Galactic

Nuclei (AGN), where strong magnetic fields are believed to assist in the extraction

47



of energy from the BH [112]. The efficiency of the MPP, which is influenced by

factors such as the BH’s spin and the magnetic field configuration, is thought to

be responsible for some of the most energetic phenomena observed in the universe,

such as high-energy particle acceleration [113] and relativistic jets [114].

However, much of the current understanding of the MPP relies on a classical

description of BHs. The role of quantum effects, specifically those predicted by

gravity theories motivated by quantum mechanics such as LQG, in modifying these

energy extraction mechanisms remains largely unexplored. Given that LQG pro-

poses a fundamentally different description of BHs, particularly in the region near

the event horizon, it is essential and interesting to investigate how quantum grav-

itational effects might alter the MPP. In this context, the Immirzi and polymeric

parameters in LQG could potentially influence the geometry of the BH, modifying

both the ergosphere and the event horizon, and thereby affecting the efficiency of

energy extraction. For instance, quantum corrections to the Schwarzschild geome-

try can significantly impact geodesic motion and energy extraction processes [115].

Similarly, the spinning LQG BH model, which is singularity-free and allows for

spins greater than those of Kerr BHs, shows promise as a cosmic particle acceler-

ator, further emphasizing the influence of quantum gravity parameters on particle

dynamics and energy extraction mechanisms [116].

Additionally, the astrophysical relevance of this study is significant, as it could

provide new insights into the energy dynamics of astrophysical BHs, such as those

found at the centres of galaxies. By constraining the mass and magnetic field of

LQGBHs for well-known BH candidates such as Sgr A⋆ [117,118], M87* [86], NGC

1052 [84], and BZ [81], we examine the potential for these objects to accelerate

high-energy protons and power relativistic jets. Furthermore, we explore the vari-

ation in energy for accelerated protons from Sgr A⋆ post-beta decay as a function
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of the quantum parameter ϵ and the magnetic field strength B, highlighting the

observable signatures of LQG in astrophysical environments.

The motivation for this research lies in the possibility that LQG may signif-

icantly alter our understanding of highly energetic phenomena (such as AGNs,

relativistic jet particle acceleration, etc.) in the vicinity of a BH. If quantum

gravity effects impact the Penrose process, we may gain new insights into the ob-

servable properties of BH, including energy extraction, particle acceleration, and

the role of magnetic fields in these processes. The exploration of Loop Quantum

BHs (LQBHs) and their energy extraction mechanisms opens up a new avenue for

theoretical and observational studies in BH physics, with potential implications

for future experiments in observational astrophysics.

This study is also highly relevant in the context of current and future advance-

ments in modern astrophysics. As gravitational wave astronomy [119–121] and

Event Horizon Telescope (EHT) [122–125] observations continue to provide un-

precedented views of BHs and their surroundings, the role of quantum effects in

BH dynamics may become increasingly important. The growing interest in the

study of BH mergers, the nature of BH horizons, and the behavior of accretion

disks and relativistic jets necessitates an understanding that goes beyond classical

. Quantum gravity models, like LQG, offer promising pathways to better under-

stand phenomena that were once thought to be the domain of classical physics

alone. The results of this study could inform the interpretation of future ob-

servations, such as the detection of gravitational waves from BH mergers or the

imaging of BH shadows, and may provide key insights into the fundamental nature

of spacetime itself.

The Penrose process has also been applied in the context of Buchdahl stars [111]

and higher dimensional rotating black holes [105,107,110]. The extraction of more
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energy from black hole strongly depends on the case for which the incident par-

ticle must be relativistic [126, 127]. For that, the PP was reformulated as the

magnetic Penrose process, which allows an escaping particle to surpass the con-

straint velocity for being relativistic. This mechanism significantly enhances the

efficiency of energy extraction from rotating black holes [128, 129]. This mecha-

nism addresses purely magnetic field effects on the energy extraction process from

black holes. On these lines, an extensive analysis has since been implemented in

various contexts [130–136]). It is important to note that the energy extraction

process through these mechanism can require the presence of the ergoregion and

can only take place inside this region of rotating black holes. However, the Pen-

rose process can also be extended to non-rotating black holes, i.e., the electric

Penrose process using electric field to serve as a high-energy emission astrophysi-

cal phenomena (see, for example, [137–143]). The chapter is structured as follows:

In Section 2.2, we explore the energetic properties of black holes in LQG. We

analyze energy extraction from LQBHs via the Magnetic Penrose Process. In

Section 3.5, The astrophysical implications of LQBHs are studied by comparing

theoretical predictions with observational data from M87*, Sgr A*, NGC 1052,

and Blandford-Znajek (BZ) jet power estimates.

2.2 The energy etraction from LQBH via Magnetic Penrose

Process

In the ergoregion of a rotating BH, a particle can have negative energy, which

allows for the possibility of extracting energy from the BH. The process was first

theoretically described by Penrose [102], who proposed that a particle in the er-

goregion could split into two parts. One part falls into the BH, while the other
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escapes. As a result, the energy of the escaping particle is greater than the energy

of the original particle, effectively extracting energy from the BH. Further, we

focus on the MPP [100,108,110] to analyze the purely magnetic field effect on the

energy extraction from LQBHs.

Consider a neutral particle q1 = 0 that falls into a BH and splits into two

particles within the ergoregion. Let us denote the energies and charges of the

initial particle and the two resulting particles as (E1, q1), (E2, q2) and (E3, q3),

respectively. We assume that the second particle, with mass m2, falls into the BH

carrying energy E2 < 0, while the third particle, with mass m3, escapes the BH

with energy E3 = E1 −E2, which exceeds the energy of the original particle, i.e.,

E3 > E1. The following conservation laws can be written for this process:

E1 = E2 + E3 , (2.1)

L1 = L2 + L3 , (2.2)

m1 = m2 +m3 , (2.3)

q1 = q2 + q3 . (2.4)

Following [81,101], the four-momentum can yield as

m1u
α
1 = m2u

α
2 +m3u

α
3 , (2.5)

satisfying the conservation laws. Using Eq. (1.83), we can express the relation

uϕi = Ωuti = −ΩΛi/Γi for four-velocity components of the particles. Consequently,

Eq. (2.5) can be rewritten in the following form

Ω1m1Λ1Γ2Γ3 = Ω2m2Λ2Γ3Γ1 + Ω3m3Λ3Γ2Γ1 , (2.6)

where Λi = Ei + qiAt/mi and Γi = gtt + gtϕΩi. After performing some simplifica-

tions, we arrive at the following equation:

E3 + q3At

E1 + q1At
=

(
Ω1Γ2 − Ω2Γ1

Ω3Γ2 − Ω2Γ3

)
Γ3

Γ1
. (2.7)
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From the above equations, one can write the escaping particle’s energy E3 as

follows

E3 = χ (E1 + q1At)− q3At , (2.8)

where we define χ as

χ =

(
Ω1 − Ω2

Ω3 − Ω2

)
Γ3

Γ1
, (2.9)

with Ω1 = Ω, Ω2 = Ω− and Ω3 = Ω+. Now, we move on to determine the

expression of efficiency:

η =
Egain

Einitial
=

E3 − E1

E1
. (2.10)

Taking the initial condition q1 = q2+q3 = 0 and Eq. (2.8) into account, Eq. (2.10)

can be written as follows:

η =

(
Ω− Ω−

Ω+ − Ω−

)(
gtt + Ω+gtϕ
gtt + Ω gtϕ

)
− 1− q3At

E1
. (2.11)

The closer the splitting process occurs to the horizon, the higher the efficiency.

When the splitting happens at the horizon (rH), the efficiency reaches its maxi-

mum value

ηmax =
1

2

(√
1− (rH − r−)(rH − r+)

r2H
− 1

)
+ β

a (2r2H − rH(r− + r+) + r−r+)

2r2H
,

(2.12)

where we have denoted

β =
q3BGM

c2E1
∼ qBGM

mc4
, (2.13)

which, as stated earlier, represents the dimensionless magnetic field parameter.

Here, we normalize the spin parameter as a → a/M .

Let us now examine how the parameters a, β, and ϵ affect the efficiency. The

top row of Fig. 2.1 shows the efficiency η as a function of a for various values of β,
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Figure 2.1: The graphs show the impact of ϵ on the efficiency. The top row shows the

relationship between the efficiency η and the spin parameter a for the two cases ϵ = 0.0 and

ϵ = 0.3. In the bottom row, η is plotted as a function of the magnetic field parameter β for

various possible values of ϵ (left), and as a function of ϵ for different values of β (right) with

fixed a = 0.8 .
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under the conditions ϵ = 0.0 and ϵ = 0.3. The bottom row illustrates efficiency

as a function of both ϵ and β, considering different values of these parameters.

As shown in the top-right figure, the efficiency of the Magnetic Penrose Process

increases with BH spin due to stronger frame-dragging and magnetic interactions,

but drops near maximal spin as magnetic field lines are expelled from the horizon

[144]. When the spin parameter a approaches its maximum value, a → amax

(approximately a = 0.919 in the top right), the efficiency is about 19.3%. This is

slightly lower than the 20.7% efficiency observed in the Kerr case at a = 1 (as seen

in the top-left figure). From the top row of the figure, it is evident that when ϵ = 0,

the maximum efficiency reaches approximately 150%. In contrast, for ϵ = 0.3, the

efficiency decreases to around 140%. Thus, an increase in ϵ leads to a reduction in

both the maximum efficiency and the spin parameter. This trend is more apparent

in the bottom row of Fig. 2.1. In the bottom-left figure, efficiency is plotted as a

function of the magnetic parameter β for various values of ϵ. It is evident that as

β increases, efficiency also increases; however, as ϵ increases, the slope of the lines

decreases. Similarly, in the bottom-right figure, efficiency is shown as a function

of ϵ for different values of β. Here, we observe that efficiency increases with β but

decreases as ϵ becomes larger. The decrease in efficiency and spin parameters with

increasing ϵ is attributed to the impact of ϵ on the ergosphere and horizon. This

relationship, illustrating the reduction of horizon and ergosphere with increasing

ϵ, is depicted in Fig. 1.5.
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2.3 Astrophysical applications of LQBHs Using M87*, SgrA*,

NGC 1052, and BZ Observations

In this section, we explore the astrophysical applications of the MPP around

LQBHs. Here, we focus on the amount of energy it can transfer to protons via

MPP. This investigation offers valuable insights into the potential sources respon-

sible for accelerating protons observed in cosmic rays. Suppose a neutron experi-

ences beta decay very close to the surface of LQBH’s horizon. This process can

be described as follows [145–147]:

n0 → p+ +W− → p+ + e− + νe . (2.14)

In this process, the initial particle is a neutron n0, and the escaping particle is a

proton p+. Let’s calculate the energy of the escaping proton. From Eqs. (2.10)

and (2.12), we can define the maximum energy of the escaping proton as follows

Ep+

max =
1

2

(√
1− (rH − r−)(rH − r+)

r2H
+ 1

)
mnc

2

+
eBGM

c2
· a (2r

2
H − rH(r− + r+) + r−r+)

2r2H
,

(2.15)

where rH is the horizon of the LQBH.

Let us now explore how ϵ influences the energy of the escaping particle. To

illustrate this, Table 2.1 presents the calculated energy of the escaping proton

for various values of epsilon across different BH candidates. From the Table 2.1,

we observe that the acceleration capabilities of these BHs depend on their mass,

the magnetic field strength in their vicinity, and the parameter ϵ. As the mass

and magnetic field strength increase, the energy of the accelerated particle also

increases. However, an increase in ϵ reduces the particle’s energy.

55



Source
Mass

[M⊙]

B

[G]

Ep+ [eV]

ϵ = 0.0 ϵ = 0.1 ϵ = 0.2 ϵ = 0.3

SgrA⋆ 4.0× 106 100 4.094 4.088 4.071 4.041 ×1015

M87⋆ 6.2× 109 30 1.904 1.901 1.893 1.879 ×1018

BZ 1.0× 109 104 1.024 1.022 1.018 1.010 ×1020

NGC 1052 1.6× 108 8× 104 1.297 1.296 1.291 1.281 ×1020

Table 2.1: The table shows the impact of ϵ to the energy of escaping protons accelerated by

different BHs. The energy of protons are calculated for various values of ϵ. In this calculations,

we set a = 0.5, which is the dimensionless spin parameter.

For a more in-depth analysis of the contribution of BH candidates to the cosmic

ray spectrum through the production of high-energy cosmic rays, the top left panel

of Fig. 2.2 presents the current constraints on their masses and magnetic field

strengths, along with the critical energy points in the cosmic ray spectrum. The

vertical green lines in the figure represent the range of magnetic field strengths

inferred from observational data for various BH candidates (see, e.g., [84, 86, 118,

148]). The solid black, blue and pink lines shows the energy of the escaping particle

when ϵ = 0, indicating the transition of the LQBH to a Kerr BH.

The red lines indicate the Greisen-Zatsepin-Kuzmin (GZK) limit, commonly

known as the cutoff effect. This limit defines the maximum energy that protons

can achieve while traveling across the intergalactic medium from distant galaxies

to our galaxy. Theoretically, this cutoff energy is estimated to be approximately

5 × 1019 eV [149]. This limit arises from interactions between high-energy pro-

tons and the cosmic microwave background radiation over large-scale intergalactic
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Figure 2.2: The top left panel shows the constraint plot of BH mass MBH and magnetic field

B for selected BH candidates, which could serve as sources of high-energy protons at different

energy levels. The source labeled as BZ corresponds to a supermassive BH with a mass 109M⊙

and a magnetic field strength ranging from 103 G to 104 G, consistent with the Blandford &

Znajek model of relativistic jets [81]. The lines depict various proton energies along with the

GZK cutoff limit. The solid lines correspond to ϵ = 0, representing a Kerr BH, while the dashed

lines represent ϵ = 0.3 case. The top right and bottom panel display the energy E of protons

accelerated by M87⋆ and SgrA⋆ after beta decay as a function of ϵ, plotted for the corresponding

mass M = 6.2× 109M⊙ and M = 4× 106M⊙, respectively. In all plots, the spin parameter is

set to a = 0.9.
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distances. The dashed lines illustrate the case of ϵ ̸= 0, showing the mass and

magnetic field strength required for a BH to accelerate particles to these energies

as an LQBH. The figure demonstrates that as ϵ increases, a stronger magnetic field

is required to accelerate a particle to the given energy. Additionally, it highlights

that SgrA⋆ serves as a source of cosmic rays at the knee energy, while NGC 1052 is

associated with cosmic rays at the ankle energy or in the ultra-high-energy range.

These energy lines signify critical features in the cosmic ray spectrum. For

instance, beyond the knee energy (1015–1016 eV), the flux of cosmic ray particles

drops significantly, indicating a sharp transition in the spectrum. In contrast,

beyond the ankle energy (1018.5 eV), the spectrum flattens, reflecting a change in

the dominant sources. The top right and bottom panel of Fig. 2.2 show the effect

of ϵ on the energy of protons accelerated by SgrA⋆ and M87⋆. It can be seen from

the figure that as ϵ increases, the energy of the protons decreases.

2.4 Conclusion

By placing an LQBH in an external asymptotically uniform magnetic field, we

analyzed the impact of the quantum (correction) parameter ϵ on the efficiency

of the MPP in its vicinity. Furthermore, we explored the particle acceleration

capabilities of the MPP by calculating the energy of accelerated protons for various

BH candidates, considering current observational constraints on their magnetic

field strengths and masses.

From an astrophysical perspective, LQBHs are considered important objects

for studying quantum effects in strong gravitational fields. Therefore, studying

their energetic properties, such as particle acceleration, energy extraction, and

the influence of magnetic fields on these processes, is crucial for understanding

the nature and observable parameters of LQBHs. This research can provide a
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foundation for future studies on the observation and detection of LQBHs. There-

fore, we utilized the MPP to explore the energetic properties of LQBHs. For the

LQBH, the efficiency of the MPP can also exceed 100%; however, we have demon-

strated that increasing ϵ slightly reduces the efficiency. In the extreme spin case,

we found that when ϵ = 0, i.e., for a Kerr BH, the efficiency is the well-known

20.7%, whereas, for ϵ = 0.3, it decreases to 19.3%. But, with the increasing of

magnetic field, the efficiency always increases (see Fig. 2.1).

Additionally, we explored the acceleration properties of the MPP and evaluated

the energy of escaping protons for various BHs (see Table 2.1). To illustrate the

role of various BHs in producing high-energy cosmic rays, we estimated their

cosmic ray-producing capacity at key points in the cosmic ray spectrum, based on

current constraints on their masses and magnetic fields (see, e.g., [84,86,118,148]).

We demonstrated that these BHs, as LQBHs, would require a stronger magnetic

field to accelerate particles to the energies achieved by Kerr BHs (see the left panel

in Fig. 2.2). Furthermore, a stronger magnetic field is also necessary to generate

energy at the GZK cutoff limit under the influence of ϵ. We analyzed the effect

of ϵ on the capability of the BH SgrA⋆ at the center of our Milky Way Galaxy to

accelerate protons and found that the energy of the accelerated protons decreases

as ϵ increases (see the right panel in Fig. 2.2).

From an astrophysical perspective, understanding what properties distinguish

LQBHs from classical BHs is crucial. This requires examining the effects of quan-

tum corrections on the BH horizon, ergosphere, and the energetic processes oc-

curring in its vicinity. However, due to the vast distances to BHs, distinguishing

between classical and quantum effects through direct observations remains a sig-

nificant challenge.

Building on these theoretical foundations, the approach adopted in this study
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is critical for uncovering the unique characteristics of LQBHs. By analyzing the

influence of the LQG correction parameter ϵ on the MPP, our work provides

deeper insights into the distinctive energetic properties of LQBHs. This research

not only enhances our understanding of quantum gravity effects in astrophysical

observations but also lays the groundwork for future studies on the detectability

and observational signatures of LQBHs. Given the importance of high-energy

processes around astrophysical BHs, our findings are astrophysically significant

because they do not preclude the influence of LQBHs, which could be sources of

highly energetic phenomena and play a crucial role in explaining these powerful

events.
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Chapter III

Astrophysical insights into energetics of

parameterized

Konoplya-Rezzolla-Zhidenko black hole

spacetime

3.1 Introduction

Theoretical models and simulations have shown that BHs can act as cosmic en-

gines, converting gravitational energy into electromagnetic radiation and kinetic

energy [150]. Among the various mechanisms proposed to explain these extraor-

dinary energy outputs, the geometric Penrose process (PP) is particularly note-

worthy. Initially theorized by Roger Penrose in the 1960s, this process describes

how energy can be extracted from a rotating BH through the disintegration of

particles within the ergosphere [102]. The ergosphere, a region outside the event

horizon where spacetime is dragged by the BH’s rotation, allows for particle in-

teractions that can result in one particle falling into the BH with negative energy

while the other escapes with more energy than the original particle [151]. The

gravitomagnetic monopole charge can also influence the ergosphere region, con-
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tributing to the energy extraction via the PP [106]. Later, the energy extraction

process was considered for higher-dimensional BHs using the PP [107]. Addition-

ally, recent studies have explored the energy-extraction process in the context of

quantum Schwarzschild geometry, where the process can violate the null energy

condition [115]. This violation opens up new possibilities for understanding the

underlying physics of BHs and the mechanisms of energy extraction. Further re-

search has also investigated superradiant energy extraction from rotating hairy

Horndeski BHs [152] and harvesting energy driven by the magnetic reconnection

process from rotating BHs [153–158], providing additional insights into the diverse

mechanisms of energy extraction in different BH models.

The presence of a magnetic field around a BH significantly amplifies the en-

ergy extraction mechanism known as the MPP [159]. This magnetic Penrose

process leverages the interaction between the BH’s rotational energy and external

magnetic fields to produce extraordinary energy outputs [128, 131, 132, 160, 161].

The reconnection and twisting of magnetic fields accelerate particles to relativistic

speeds, forming powerful jets that can stretch thousands of light-years from the

BH’s poles [162]. These jets not only impact the interstellar medium but also play

a role in the evolution of galaxies [163]. By explaining ultra-high-energy cosmic

rays and high-energy gamma-ray bursts, the MPP provides insights into some of

the universe’s most energetic phenomena [164, 165]. Additionally, recent research

highlights that magnetic fields can significantly boost the efficiency of the MPP,

leading to substantial energy extraction manifesting as high-energy radiation or

particle emissions [101, 110, 111]. This underscores the MPP’s importance in un-

derstanding high-energy astrophysical events.

Understanding the MPP requires a comprehensive analysis of the BH’s space-

time geometry and the behavior of charged particles in the presence of strong
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gravitational and electromagnetic fields. In this chapter, we focus on a specific

BH solution: the parameterized Konoplya-Rezzolla-Zhidenko (KRZ) BH. This so-

lution describes a rotating parameterized KRZ BH [28,29] subjected to an external

magnetic field. By examining this scenario, we aim to uncover the conditions and

regions where significant energy extraction can occur, thereby enhancing our un-

derstanding of high-energy astrophysical processes.

The parameterized KRZ BH, characterized by six deformation parameters, pro-

vides a unique environment for studying the effects of magnetization on energy

extraction processes [166]. Recent investigations into the parameters of the spheri-

cally symmetric parametrized Rezzolla-Zhidenko spacetime have provided critical

insights through solar system tests, the orbit of the S2 star about Sgr A⋆, and

quasiperiodic oscillations, highlighting the broader applicability and accuracy of

this parameterized model in various astrophysical contexts [167]. In the presence

of an external magnetic field, the dynamics of charged particles around such a BH

become increasingly complex. These particles can experience significant acceler-

ations and energy gains, leading to potential high-energy phenomena observable

from Earth [168,169]. Investigating these dynamics helps elucidate magnetic fields’

role in BH environments and their impact on surrounding astrophysical processes.

In this chapter, we consider the MPP in the parameterized KRZ BH spacetime.

By shedding light on the MPP, we aim to contribute to the broader understand-

ing of high-energy phenomena in the vicinity of the parameterized KRZ BHs and

the fundamental mechanisms driving these cosmic events. Our study not only ad-

vances theoretical knowledge but also lays the groundwork for future observational

and experimental efforts to explore the extreme environments around BHs.
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3.2 The parameterized Konoplya-Rezzolla-Zhidenko BH space-

time metric and its electromagnetic field

Here, we consider an interesting parameterized BH metric, usually referred

to as the parameterized Konoplya-Rezolla-Zhidenko (KRZ) spacetime, which in

Boyer-Lindsquist coordinates is given by [28,29].

ds2 = −N 2 −W 2 sin2 θ

K2
dt2 − 2Wr sin2 θdtdϕ+

+K2r2 sin2 θdϕ2 +
ΣZ2

N 2
dr2 + Σr2dθ2 , (3.1)

where

N 2 =
(
1− r0

r

)(
1− ϵ0r0

r
+ (k00 − ϵ0)

r20
r2

+
δ1r

3
0

r3

)
+

+

(
a20r

3
0

r3
+

a21r
4
0

r4
+ T

)
cos2 θ, (3.2)

Z = 1 +
δ4r

2
0

r2
+

δ5r
2
0

r2
cos2 θ, (3.3)

W =
1

Σ

(
ω00r

2
0

r2
+

δ2r
3
0

r3
+

δ3r
3
0

r3
cos2 θ

)
, (3.4)

K2 = 1 +
aW

r
+

1

Σ

(
k00r

2
0

r2
+

(
k20r

2
0

r2
+ T

)
cos2 θ

)
, (3.5)

T =
k21r

3
0

r3
(
1 +

k22(1− r0
r )

1+k23(1− r0
r )

) , (3.6)

Σ = 1 +
a2

r2
cos2 θ, (3.7)
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with the dimensionless spin parameter a = J/M 2 and the event horizon r0 =

1 +
√
1− a2. We also defined following parameters

ϵ0 =
2− r0
r0

, a20 =
2a2

r30
, a21 = −a4

r40
+ δ6,

ω00 =
2a

r20
, k00 = k23 =

a2

r20
, k21 =

a4

r40
− 2a2

r30
− δ6,

k20 = 0, k22 = −a2

r20
. (3.8)

It is to be emphasized that the parameterized Konoplya-Rezolla-Zhidenko (KRZ)

spacetime metric can deviate from the Kerr metric. We then consider these devi-

ations, which can be further introduced by six deformation parameters denoted as

{δi} (where i = 1, 2, ..., 6) that characterize the deviations. From physical point

of view, these deformation parameters can be interpreted as follows:

• δ1 → corresponds to deformations of gtt,

• δ2, δ3 → correspond to rotational deformations of the metric,

• δ4, δ5 → correspond to deformations of grr,

• δ6 → correspond to deformations of the event horizon.

It is evident from the KRZ metric that it reduces to the Kerr metric exactly

when considering all δi → 0. We note that the sign of the spin parameter a

can be incorporated into the first two parameters {δ2, δ3} and by redefining the

time coordinate t, we only consider a > 0. Notably, among the six deformation

parameters, the first two parameters {δ1, δ2} we aim to explore are the most

crucial parameters for gaining a deeper understanding of their unique aspects and

nature. Note that in the equatorial plane, all parameters are reduced, leaving only

δ1 andδ2. Therefore, for simplicity and further analysis, we shall restrict motion

to the equatorial plane (i.e., θ = π/2) and only focus on these two parameter, δ1
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and δ2. Based on the reports of the x-ray observations for the supermassive BH

in Ark 564, δ1 and δ2 vary in the following range (see details [170])

−0.27 < δ1 < 0.28 and − 0.37 < δ2 < 0.22 . (3.9)

Examining the role of magnetic fields near a BH is crucial from an astrophysical

perspective. We further consider the magnetic field surrounding the parameterized

KRZ BH. For that, the BH is considered to be immersed in an external magnetic

field that is supposed to be uniform at large distances and a weak test field, satis-

fying the following strengths of the order of B1 ∼ 108 G and B2 ∼ 104 G for stellar

and supermassive BHs, respectively (see, e.g., in Refs. [83–85]). The point to note

is that observational analysis through the binary BH system V 404 Cygni [171] pro-

vided estimates of the magnetic field strength of the order of B ∼ 33.1 ± 0.9 G.

Additionally, it is worth noting that, recently, the EHT collaborations provided

the estimates of the average magnetic field strength, which is of the order of

B ∼ 1 − 30 G with observations at 230 GHz through the polarized synchrotron

radiation around the supermassive BH at the center of the M87 galaxy (see, e.g.,

in Refs. [86,87]). The magnetic field plays a pivotal role in altering a charged par-

ticle’s geodesics, even though it is too small [172], thus causing a drastic change

to the charged particles’ motion. The magnetic field’s influence on the motion of

charged particles has since been widely developed as a well-established formalism

in various scenarios(see, e.g. [60, 68, 88–95]). For our purposes, the magnetic field

can be considered a weak test field in the curved background spacetime, uniform,

and oriented along the axis of the BH’s symmetry as that of its asymptotic proper-

ties [90,96,97]. Using Eq. (1.71), the four-vector potentials for the parameterized
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KRZ BH spacetime can be obtained as follows:

At = B

(
− a ·

r4 − r3 + a2
(
−2 + r + r2 − rr0

)
+ rr20 (2 + r0(−1 + δ1))− r40δ1

r4 + a2r(2 + r) + ar30δ2
+

+
ar60δ

2
2 − rr30δ2

(
a2(−4 + r) + r3

)
2r2[r4 + a2r(2 + r) + ar30δ2]

)
, (3.10)

Aϕ =
1

2
Br2

(
1 +

a2

r2
+

a

r

(2a
r2

+
r30
r3
δ2

))
− aBr

(2a
r2

+
r30
r3
δ2

)
. (3.11)

where r0 = 1 +
√
1− a2 is the event horizon of the BH.

3.3 Charged particle dynamics around the parameterized

Konoplya-Rezzolla-Zhidenko BH

We further consider charged-particle dynamics around the parameterized KRZ

BH immersed in the presence of an external uniform magnetic field. This is what

we intend to examine here.

Using Eq. 1.80, the following equation for the timelike radial motion of the

charged particle in the equatorial plane (i.e., θ = π/2) can be defined by the

effective potential

Veff =

√
R (H + a2β2δ22r

6
0 − 2aδ2rr30 (β (a2β(r − 2) + βr3 − 2Lr)− 2r))

4r4 (a2(r + 2)r + aδ2r30 + r4)
2 −

−
(
2ar + δ2r

3
0

) (
a2β(r − 2)r − aβδ2r

3
0 + βr4 − 2Lr2

)
2r2 (a2(r + 2)r + aδ2r30 + r4)

(3.12)

where

R = r2
(
a2
(
r2 − rr0 − 8

)
+ r4 − 2r3 + rr20((δ1 − 1)r0 + 2)− δ1r

4
0

)
− 8aδ2rr

3
0 − 2δ22r

6
0 , (3.13)

H = r2
[
a4β2(r − 2)2 + 2a2r

(
β(r − 2)

(
βr2 − 2L

)
+ 2(r + 2)

)]
+ r2

[
β2r6 − 4r4(βL− 1) + 4L2r2

]
, (3.14)
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with the angular momentum per unit mass of particle L = L/m and the angular

frame dragging velocity ω = −gtϕ/gϕϕ for a particle with zero angular momentum.
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Figure 3.1: The radial profile of the effective potential Veff for different values of the deformation

parameters δ1 (Top left panel), δ2 (Top right panel), and the magnetic field parameter β = qB/m

(Bottom panel). Note that we shall for simplicity restrict motion to the equatorial plane, i.e.,

θ = π/2. In all cases, we have set δ3 = δ4 = δ5 = δ6 = 0.

It is worth noting that the effective potential plays an important role acting as

a powerful tool for studying a particle motion around a BH. Based on Eq. (3.12),

we further analyze the effective potential for nongeodesic motion of charged test

particles around the parameterized KRZ BH in the presence of an external uniform

magnetic field. In Fig. 3.1, we show the radial profile of the effective potential for

a charged particle orbiting the parameterized KRZ BH for various possible cases
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of the given magnetic field parameter β and deformation parameters δ1 and δ2. In

Fig. 3.1, the top left and right panels demonstrate the impact of the deformation

parameters, δ1,2, on the radial profile of Veff the effective potential, while the

bottom panel depicts the impact of the magnetic field parameter for keeping δ1,2

fixed. As can be seen from the top row of Fig. 3.1, there exist two extreme points,

the minimum rmin and the maximum rmax, in the effective potential, which corre-

spond to stable and unstable circular orbits for particles around the parameterized

KRZ BH. It is evident from Fig. 3.1 that the shape of the effective potential is

shifted upward towards higher values, but the stable orbits are shifted slightly to

the left to smaller r as the deformation parameters δ1,2 increase. Similarly, there is

the same behavior for unstable orbits. Unlike the impact of δ1,2, the shape of the

effective potential or the maximum is shifted downward towards smaller values,

causing the potential barrier to reduce. Stable orbits are significantly shifted to

the right to towards the central object as a consequence of the combined effects of

the magnetic field parameter and deformation parameters. This results in charged

particles not escaping from the pull of gravity but instead being trapped under

the gravitational and electromagnetic influences in the close vicinity of the BH.

We now examine the specific energy and angular momentum of the charged

particles orbiting on the stable circular orbits, i.e., E and L. To determine these

quantities one needs to solve Veff = ∂Veff/∂r = 0 simultaneously. Additionally,

we further consider the innermost stable circular orbits (ISCOs) for which the

following standard condition

∂2Veff

∂r2
≥ 0 , (3.15)

must be satisfied to determine the radius of circular orbits. We now provide a more

appropriate and detailed analysis for the aforementioned parameters required for

charged particles to be on the stable circular orbits around the parameterized
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β δ1 \δ2 -0.2 -0.1 0.0 0.1 0.2

0.0

-0.2
rISCO 3.9135 3.5765 3.1859 2.7584 2.4120
LISCO 2.7563 2.6629 2.5468 2.3963 2.2085
EISCO 0.9109 0.9033 0.8924 0.8756 0.8508

-0.1
rISCO 3.7571 3.4119 3.0293 2.6597 2.3977
LISCO 2.6956 2.5928 2.4647 2.3041 2.1203
EISCO 0.9069 0.8980 0.8853 0.8666 0.8422

0.0
rISCO 3.6054 3.2617 2.9066 2.6017 2.3969
LISCO 2.6312 2.5187 2.3804 2.2156 2.0402
EISCO 0.9024 0.8922 0.8778 0.8581 0.8351

0.1
rISCO 3.4634 3.1329 2.8181 2.5691 2.4031
LISCO 2.5631 2.4417 2.2962 2.1325 1.9670
EISCO 0.8975 0.8860 0.8703 0.8506 0.8292

0.2
rISCO 3.3356 3.0289 2.7573 2.5519 2.4131
LISCO 2.4921 2.3631 2.2143 2.0550 1.8997
EISCO 0.8922 0.8796 0.8632 0.8440 0.8244

Table 3.1: The table shows the numerical values of the ISCO parameters LISCO, EISCO, and

rISCO of the test particles. They are moving around KRZ parametrized plack hole on the ISCO

radius. the magnetic parameter β = 0. The data is calculated for a = 0.8 and θ = π/2 case.

KRZ BH. All results are tabulated in Tables 3.1 and 3.2. It can be observed from

Table 3.1 that the ISCO radius correspondingly decreases as both the deformation

parameters, δ1,2, increase. Similarly, E and L of the test particles orbiting on the

ISCO decrease due to the influence of both parameters δ1,2. This suggests that the

particles can lose their energy and angular momentum due to these deformation

parameters when orbiting the ISCO radius around the parameterized KRZ BH.

The similar behavior is also observed for these the ISCO parameters when the

impact of the magnetic field parameter β is included.

We further consider a particular case for the timelike particle due to a potential

barrier on the equatorial plane (i.e., θ = π/2). To this end, we assume that

the motion of the timelike particle occurs at the circular orbit satisfying r =

const and θ = const). In Eq. (1.84), it is to be emphasized that Ω+ and Ω−

correspond to the outer and inner photon orbit’s angular velocities, respectively.
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β δ1 \δ2 -0.2 -0.1 0.0 0.1 0.2

0.01

-0.2
rISCO 3.8995 3.5656 3.1777 2.7525 2.4075
LISCO 2.7249 2.6339 2.5206 2.3733 2.1888
EISCO 0.8978 0.8906 0.8802 0.8640 0.8400

-0.1
rISCO 3.7446 3.4024 3.0224 2.6547 2.3935
LISCO 2.6654 2.5652 2.4401 2.2827 2.1022
EISCO 0.8941 0.8857 0.8735 0.8554 0.8317

0.0
rISCO 3.5946 3.2537 2.9008 2.5972 2.3929
LISCO 2.6021 2.4925 2.3573 2.1959 2.0235
EISCO 0.8899 0.8802 0.8664 0.8473 0.8249

0.1
rISCO 3.4540 3.1261 2.8131 2.5650 2.3992
LISCO 2.5354 2.4169 2.2747 2.1142 1.9515
EISCO 0.8853 0.8743 0.8592 0.8402 0.8194

0.2
rISCO 3.3275 3.0230 2.7528 2.5481 2.4092
LISCO 2.4658 2.3399 2.1943 2.0381 1.8853
EISCO 0.8804 0.8682 0.8525 0.8339 0.8148

Table 3.2: The table shows the numerical values of the ISCO parameters LISCO, EISCO, and

rISCO of the test particles. They are moving around KRZ parametrized plack hole on the ISCO

radius. the magnetic parameter β = 0.01. The data is calculated for a = 0.8 and θ = π/2 case.

Ω+ is always positive, while Ω− can be both positive and negative, depending

on various combinations of the deformation parameters δ1,2, as shown in Fig. 3.2.

In Fig. 3.2, we demonstrate Ω+ and Ω− by solid and dashed lines, respectively,

for various possible combinations of deformations parameters δ1,2. The Eq. (1.86)

then solves to give the angular velocity of the infalling timelike particle as (see

details, for example [99,101])

Ω =

−gtϕ
(
p2t + gtt

)
+

√
(p2t + gtt)

(
g2tϕ − gttgϕϕ

)
p2t

gϕϕp2t + g2tϕ
.

(3.16)
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Figure 3.2: The radial behavior of the angular velocity components Ω+ (solid lines) and Ω−

(dashed lines) for different values of the deformation parameters δ1,2. Note that we have used

a/M = 0.5 and δ3 = δ4 = δ5 = δ6 = 0 in this case.

3.4 Energy extraction through the magnetic Penrose pro-

cess

As mentioned earlier, astronomical observations have revealed high-energy cos-

mic rays coming from active galactic nuclei(AGN) [173–175]. In order to propose a

model that explains the results of these observations, it is valuable to study the ge-

ometric PP. This process was first theoretically described by Penrose in 1969 [102].

Since then, different models have been developed to explain the energy extraction

mechanisms from BHs and jets in AGNs [176]. The MPP [160] has important

consequences for high-energy astrophysical events, generalizing the geometric PP

and including the generation of relativistic jets observed in AGN and gamma-ray

bursts (GRBs). Due to the presence of the ergoregion located outside the event

horizon but inside the static radius, energy can be extracted from the rotating BH

in the PP. In this scenario, a massive particle entering the ergosphere is divided

into two fragments. The momentum of these fragments allows one to escape to
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Figure 3.3: The efficiency of energy extraction from the parameterized KRZ BH using the

MPP. Top row: η is plotted as a function of the rotation parameter a for positive δ2 = 0.2 (left)

and negative δ2 = −0.2 (right) in the equatorial plane (i.e., θ = π/2) of the BH. Bottom row:

η is plotted as a function of the magnetic field parameter β for various possible combinations

of δ2 for fixed a = 0.5 (left) and the extremal value, a = 1 (right).

infinity, while the other is pulled into the event horizon. After this process, the

escaping particle can have more energy than the initial particle. Therefore, it has

been well considered energy extraction from the BH.

Using the assumptions given in Section 2.2 and Eq. (2.11), the efficiency of

energy extraction form the parameterized KRZ BH via the MPP can be defined
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as follows

η =
1

2

(√
(2a+ r20δ2)

2

r40 + a2r0(r0 + 2) + ar30δ2
+ 1− 1

)
+

+ β
(2a+ r20δ2)[r

3
0 + a2(r0 − 2)− ar20δ2]

2(r40 + a2r0(r0 + 2) + ar30δ2)
(3.17)

where we have defined β = q3B/E1 ∼ qB/m as the magnetic parameter high-

lighting the impact of the MPP on the efficiency of energy extraction and r0 =

1 +
√
1− a2 as the horizon radius of the parameterized KRZ BH.

We now turn to analyze the efficiency of energy extraction from the param-

eterized KRZ BH. In Fig. 3.3, we show the efficiency of energy extraction from

the BH as a function of the spin parameter a in the top row, and the magnetic

field parameter β in the bottom row. It is observed from the top row of Fig. 3.3

that the shape of the efficiency of energy extraction shifts upward toward larger

values as the magnetic field parameter β increases. Therefore, the efficiency is

strongly enhanced due to the influence of the magnetic field parameter, resulting

in it exceeding 100%. This enhancement occurs due to the MPP and allows for

arbitrarily large energy efficiency. Additionally, the point to note is that the ef-

ficiency of energy extraction with positive δ2 > 0 takes larger values than with

negative δ2 < 0. Notably, it can be observed from the top left panel of Fig. 3.3

that the energy efficiency reaches η ∼ 23.3%, which is greater than the Kerr case

(where it is η ∼ 20.7%) when a → aext. This occurs because the MPP part goes

to η|q ̸=0 = 0 when a → aext. However, the negative values of the deformation

parameter δ2 allow the MPP part to retain its contribution even when a → aext,

as shown in the right column of Fig. 3.3. This is a remarkable and distinguishing

nature of these positive and negative values of the deformation parameter δ2. In

the bottom row of Fig. 3.3, we demonstrate the impact of the deformation pa-

rameter δ2 on the efficiency of energy extraction from the BH via the MPP. It is
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evident from the left panel of Fig. 3.3 that the curves of the efficiency of energy

extraction shift upward toward larger values and surpass η > 100% as we increase

the deformation parameter δ2 from negative to positive values. One can also no-

tice that the efficiency becomes larger than the Kerr case for positive values of δ2,

but less for its negative values, as depicted in the bottom left panel of Fig. 3.3.

As highlighted earlier, the efficiency of energy extraction increases with the rise in

the negative value of δ even in the case of a → aext; see the bottom right panel of

Fig. 3.3. This is one of the unique aspects of the deformation parameter δ2.

3.5 Astrophysical applications of the magnetic Penrose pro-

cess

In this section, we consider astrophysical applications of the MPP. To this

end, we estimate the maximum energy of a proton escaping from the ergoregion

of the parameterized KRZ BH. Unlike the previous analysis of the efficiency of

energy extraction, we determine the energy after the proton gets accelerated by

the magnetic field in the ergoregion of the parameterized KRZ BH. This results

in the MPP being considered for possible applications of the results presented in

the previous section. To provide a more appropriate and quantitative analysis,

we need to examine the neutron beta-decay process in the close vicinity of the

parameterized KRZ BH [145–147]:

n0 → p+ +W− → p+ + e− + νe . (3.18)

We now turn to determine the energy of accelerating protons. From Eqs. (2.10)

and (3.17), we obtain the analytical form of the energy for the accelerating protons:
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Ep+ =
1

2

(√
(2a+ r20δ2)

2

r40 + a2r0(r0 + 2) + ar30δ2
+ 1− 1

)
mn0c2+

+ eB
(2a+ r20δ2)[r

3
0 + a2(r0 − 2)− ar20δ2]

2(r40 + a2r0(r0 + 2) + ar30δ2)
, (3.19)

where mn0 refers to the mass of falling neutron. Using Eq. (3.19), the energy of

the escaping proton after the beta-decay of a free neutron can be determined by

the following expression:

Ep+ = 1.57× 1020eV
(

B

104G

)(
M

109M⊙

)( a

0.5

)
, (3.20)

where we have set the rotational deformation parameter δ2 = 0.2 of the parame-

terized metric considered here. To be more quantitative, we estimate this energy

of escaping protons. We show that it can be estimated to be Ep+ reaches the value

1020eV for given the mass M ∼ 109M⊙ and magnetic field strength B ∼ 104G

provided that the beta decay occurs around the BH, especially very close to the

BH’s event horizon, i.e., rdecay ≈ r0. This value of energy corresponds to the

ultra-high-energy cosmic rays.

We now turn to estimate the accelerating power of the supermassive BH at

the center of SgrA⋆ with a mass of 4 × 106M⊙ (see, for example, In Ref. [177])

and the magnetic field of nearly 1 to 200G at the event horizon scales (see, for

example, in Refs. [86, 87, 118, 148]). After beta decay the maximum energy of

protons accelerated by SgrA⋆ as the parameterized KRZ BH can be estimated as

follows:

ESgr A⋆

p+ = 6.27× 1015eV
(

B

102G

)
×
(

M

4× 106M⊙

)( a

0.5

)
, (3.21)

referred to as the knee of the cosmic ray energy spectrum. The knee energy is

located around energies of 1015—1016 eV. After this point, the flux of cosmic rays
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Figure 3.4: The left panel shows constraint plot of the BH mass and magnetic field for some

selected BH candidates serving as sources of high-energy protons with different energies for

various possible cases of the rotational deformation parameter δ2. Solid lines correspond to

δ2 = 0.0, dotted to δ2 = 0.2, and dashed to δ2 = −0.2. The right panel shows the energy of

accelerated protons by SgrA⋆ after beta decay as a function of δ2 for various possible values of

the magnetic field strength B.

suddenly decreases. It is evident from the above estimated value that the knee

energy for the parameterized KRZ BH is larger than the one for the Kerr BH

case [146].

We now provide a more appropriate and detailed analysis associated with con-

straints on the BH mass and the strength of the magnetic field existing in the

surrounding environment of BHs serving as sources of highly energetic astrophysi-

cal phenomena, such as high-energy protons with various energies. In Fig. 3.4, we

show how the combined effects of the magnetic field and BH mass contribute to the

energy of escaping protons which can likely be considered ultra-high-energy cosmic

rays. As can be seen from Fig. 3.4, the vertical green lines manifest the range of

possible magnetic field strength as stated by the observational data for BH can-

didates. For example, measurements of magnetic fields have been conducted with

precise and various confidential methods for some selected sources (see details,

e.g., in Refs. [118,148,178,179]). Additionally, EHT collaborations have reported
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very recently that the magnetic field strength is of the order of B ∼ 1−30 G in the

emission region, according to observations at 230 GHz around the supermassive

BH at the center of the M87 galaxy [86, 87]. Based on these observational data

for the selected sources, we utilize the range of possible magnetic field strength in

our analysis, as seen in Fig. 3.4. We also note that solid black, blue and orange

lines depict specific energies of the escaping particles in the limit of δ2 = 0, thus

manifesting the acceleration capability of a Kerr BH. Unlike solid lines, the dashed

and dotted lines depict the effect of the deformation parameter δ2 on the acceler-

ation capability of the parameterized KRZ BH. Interestingly, we find that for the

proton to get accelerated with the same energy under the acceleration capability

of the parameterized KRZ BH, it is required for a BH to have more mass and a

stronger magnetic field for the negative case of the deformation parameter δ2 < 0.

However, the opposite is true for the positive values of the deformation parameter

δ2 > 0. The point to be noted here is that we also show the red lines to describe

the Greisen-Zatsepin-Kuzmin (GZK) limit, usually referred to as cutoff effect, for

various possible values of the parameter δ2. The GZK cutoff limit delineates the

maximum energy protons can have when travelling from other galaxies through

the intergalactic medium to our SgrA⋆ galaxy. This limit can be estimated theo-

retically to be nearly 5×1019 eV [149]. The reason for the existence of this limit is

due to interactions between the protons and the microwave background radiation

over vast distances. In addition, in the right panel of Fig. 3.4, we demonstrate the

energy of accelerated protons as a function of the deformation parameter δ2 for

various possible combinations of the magnetic field strength B. From the right

panel of Fig. 3.4, the energy of accelerated protons rises as δ2 increases for given

BH parameters. It can be observed from the right panel that the curves of energy

shift upward toward larger values as a consequence of the rise in the value of the
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magnetic field strength. One can infer from the results that the energy of acceler-

ated protons in the ergoregion of the parameterized KRZ BH is more sensitive to

the background magnetic field B and the rotational deformation parameter δ2 as

well.

3.6 Conclusion

In this chapter, we examined the parameterized KRZ black hole (BH) space-

time within an external asymptotically uniform magnetic field. By applying the

MPP, we demonstrated how the deformation parameter, δ, affect the efficiency of

energy extraction from the BH. Our findings provide new insights into the MPP,

enhancing our understanding of high-energy phenomena near parameterized KRZ

BHs and the fundamental mechanisms driving these events. This study not only

advances theoretical knowledge but also lays the groundwork for future obser-

vational and experimental research, aiming to explore the extreme environments

around BHs more comprehensively.

We began by deriving the field equations and found the electromagnetic four-

vector potentials for the case of the parameterized KRZ BH. We then investigated

the motion of charged test particles around the BH immersed in an external uni-

form magnetic field. We showed that the stable orbits are shifted to the left to

smaller r due to the rise in the value of the deformation parameters δ1,2. We

also showed that the deformation parameters δ1,2 strengthen the potential barrier.

Additionally, we found that charged particles are not able to escape from the pull

of gravity but instead to be trapped under the combined effects of gravitational

and electromagnetic forces around the BH.

From an astrophysical point of view, astrophysical rotating BHs are considered

the high-energy sources in the universe. Therefore, testing BH’s energetic proper-
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ties is valuable through the various methods for understanding of their rotational

energy. We also considered the MPP to study the efficiency of energy extraction

from the parameterized KRZ BH. We showed the efficiency of energy extraction

is strongly enhanced by the MPP. This results in the energy efficiency to surpass

100%. This enhancement permits for arbitrarily large energy efficiency due to

the MPP. Additionally, we observed that the efficiency of energy extraction with

positive δ2 > 0 is larger than negative δ2 < 0. Interestingly, it was found that the

energy efficiency approaches η ∼ 23.3%, which is greater than the Kerr case, as the

MPP part goes to η|q ̸=0 = 0 when a → aext. It is worth noting, however, that the

negative values of the deformation parameter δ2 allow the MPP part to retain its

contribution regardless of the extremal value aext of the rotation parameter. This

is a remarkable and distinguishing feature of these positive and negative values of

the deformation parameter δ2. Furthermore, it is observed that the efficiency of

energy extraction surpasses η > 100% as the deformation parameter δ2 increases

from its negative to positive values. Notably, we showed that the efficiency is

larger than the Kerr case for δ2 > 0, but less for δ2 < 0. It must be noted that for

the negative values of δ the MPP part does not go to zero even when a → aext,

thereby increasing the energy efficiency, i.e.., η(δ2 ̸= 0)|a→aext > η(δ2 = 0)|a→aext.

This is one of the unique aspects of δ2 in the parameterized KRZ BH spacetime.

We also provided a more appropriate and detailed analysis associated with con-

straints on the BH mass and the strength of the magnetic field around selected BHs

serving as sources of high-energy protons with various energies. We showed the

combined effects of the magnetic field and BH mass on the energy of escaping pro-

tons considered as ultra-high-energy cosmic rays. Based on the observational data

for some selected sources, we used the range of possible magnetic field strengths

in our analysis. We demonstrated deviations from the acceleration capability of a
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Kerr BH due to the deformation parameter δ2 of the parameterized KRZ BH. In-

terestingly, we found that more mass and a stronger magnetic field are required for

the proton to be accelerated to the same energy under the acceleration capability

of the parameterized KRZ BH for the case of a negative deformation parameter

δ2 < 0. However, the opposite is true for the case of a positive δ2 > 0. We also

analyzed the GZK cutoff energy limit and showed the influence of the deforma-

tion parameter δ2. Notably, the GZK cutoff limit can also be affected in a similar

way in the parameterized KRZ BH spacetime. Furthermore, we studied how the

energy of accelerated protons can be influenced under the combined effects of the

deformation parameter δ2 and the magnetic field B. We showed that the energy

of accelerated protons increases with an increase in the deformation parameter

δ2 and the magnetic field strength B. The results suggest that the energy of ac-

celerated protons is more sensitive to the background magnetic field B and the

rotational deformation parameter δ2 of the parameterized KRZ BH spacetime.

Astrophysically, it is often difficult for distant observers to differentiate between

various BH geometries due to the similar radiation emitted by accretion disks in

low-mass X-ray binaries. This similarity is a result of the inherent degeneracy in

BH spacetimes. Based on these theoretical studies, the approach we utilized here

is vital for uncovering the distinct and novel characteristics of the parameterized

KRZ BH spacetime, providing deeper insights into its unique properties.
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Main results and conclusions

The main results of the dissertation are presented below:

1. For the first time, the quantum correction parameter ξ of QCBH has been

constrained as ξ ≤ 0.01869 from Solar System tests, ξ ≤ 0.73528 from the

orbit of the S2 star around Sgr A∗, and ξ ≤ 2.086 from QPO observations of

X-ray binaries.

2. For the first time, the efficiency of the Magnetic Penrose Process has been

found to be 19.3% for loop quantum black hole (20.7% in the Kerr case)

for a = aextremal. It has been found that the efficiency of the MPP can also

exceed 100% for the LQBH, similarly to the observed Kerr BH case.

3. For the first time, it has been shown that for the quantum correction param-

eter ϵ of the LQBH, ϵ = 0.2, the energy of an escaping proton from M87

can reach EM87
p = 1.89 × 1018 eV, corresponding to the ankle region of the

cosmic-ray spectrum (1018–1019 eV).

4. For the first time, it has been found that the energy efficiency of the Magnetic

Penrose Process for the KRZ black hole approaches η ∼ 23.3%, which is

greater than in the Kerr case.

5. For the first time, it has been shown that for the deformation parameter of

the KRZ black hole, δ2 = 0.2, the energy of an escaping proton from SgrA∗
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can reach ESgrA∗

p = 6.27 × 1015 eV, corresponding to the knee region of the

cosmic-ray spectrum (1015–1016 eV).
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harmonic oscillatory motion of charged particles around weakly magnetized

rotating black holes,” Phys. Rev. D, vol. 93, no. 8, p. 084012, Apr. 2016.

[91] S. Shaymatov, D. Malafarina, and B. Ahmedov, “Effect of perfect fluid dark

matter on particle motion around a static black hole immersed in an external

magnetic field,” Phys. Dark Universe, vol. 34, p. 100891, Oct. 2021.

[92] S. Shaymatov, B. Narzilloev, A. Abdujabbarov, and C. Bambi, “Charged

particle motion around a magnetized Reissner-Nordström black hole,” Phys.

Rev. D, vol. 103, no. 12, p. 124066, Jun. 2021.

[93] Hussain, S, Hussain, I, and Jamil, M., “Dynamics of a charged particle

around a slowly rotating kerr black hole immersed in magnetic field,”

Eur. Phys. J. C, vol. 74, no. 3, p. 210, 2014. [Online]. Available:

https://doi.org/10.1140/epjc/s10052-014-3210-y

95

https://doi.org/10.1140/epjc/s10052-014-3210-y


[94] S. Shaymatov, M. Jamil, K. Jusufi, and K. Bamba, “Constraints on the

magnetized Ernst black hole spacetime through quasiperiodic oscillations,”

Eur. Phys. J. C, vol. 82, no. 7, p. 636, Jul. 2022.

[95] S. Shaymatov and B. Ahmedov, “Overcharging process around a magne-

tized black hole: can the backreaction effect of magnetic field restore cosmic

censorship conjecture?” Gen. Relativ. Gravit., vol. 55, no. 2, p. 36, Feb.

2023.

[96] S. Shaymatov, B. Ahmedov, Z. Stuchĺık, and A. Abdujabbarov, “Effect of
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