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Introduction

Relevance and necessity of the topic. Nowadays, advanced astronom-
ical instruments like the Laser Interferometer Gravitational-Wave Observatory
(LIGO-VIRGO) and Event Horizon Telescope enable direct detection of gravi-
tational waves from merging black holes and binary neutron stars , as well as
capturing images of the supermassive black hole at the core of the M87 galaxy.
The direct observation of gravitational waves and the detailed imaging of a super-
massive black hole using these advanced instruments shed light on astrophysical
events in strong gravitational fields. These cutting-edge observations are vital for
developing new solutions in alternative gravity theories and for exploring chal-
lenges tied to accurately measuring parameters and understanding the essence
of dark matter. Analyzing the interaction between dark matter (DM) and black
holes (BHs) is crucial for enhancing our understanding of DM’s fundamental na-
ture. Given the significance of DM halos and their interplay with BH systems,
studying and modeling DM through astrophysical data and simulations can pro-
vide valuable insights. To this end, several analytical models, such as the Einasto,
Burkert, and Dehnen models, have been developed to describe BH solutions within
DM halos. Our Republic places significant emphasis on fundamental research in
the area of relativistic astrophysics of BHs. The primary areas of fundamental
research and development, as well as their practical applications for advancing

science in our nation, are detailed in the Strategy for the Further Development



of the Republic of Uzbekistan for 2022-2026'. Over the last three decades, the
Republic has advanced relativistic astrophysics of gravitational compact objects,
thoroughly investigating the energy and optical characteristics of BHs, wormholes,
and naked singularities. New effects of general relativity have been discovered in
the relativistic astrophysics of magnetized neutron stars, and progress has been
made in understanding relativistic magnetospheres and plasma, as well as mag-
netized relativistic objects. The origins of fast radio bursts, partially emitting
pulsars, and radio-quiet magnetars have been elucidated. The country is also es-
tablishing new fields, including gravitational wave astronomy, X-ray astronomy,
and radio astronomy. This dissertation focuses on fulfilling objectives outlined
in state regulatory documents, including Presidential Decree No. UP-4947 of
February 7, 2017, on the Strategy for the Further Development of the Republic of
Uzbekistan, and the "Roadmap of Key Structural Reform Directions in Uzbek-
istan for 2019-2021," issued by the Government of Uzbekistan on November 29,
2018.

Conformity of the research to the main priorities of science and tech-
nology development of the republic. The research has been conducted in line
with the priority areas of science and technology in the Republic of Uzbekistan,
specifically under the category II: "Power, Energy, and Resource-Saving."

The aim of the research is finding a novel analytical Schwarzschild-like
BH in DM halo. Analyzing particle dynamics around SMBH and perform a
comparative analysis of our findings with the observed position of the S2 star.

The tasks of the research:

to find a novel analytical Schwarzschild-like BH in Dehnen-type DM halo.

to analyze spacetime curvature characteristics and energy conditions of the

obtained solution.

!Decree No. PF-60 of the President of the Republic of Uzbekistan dated January 1, 2022 “On the Develop-
ment Strategy of New Uzbekistan for 2022-2026”
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to derive the field equations and determine the electromagnetic four-vector for

the case of self dual black hole in Loop Quantum Gravity (LQG).

to study the motion of magnetic dipoles and electrically charged particles in
the vicinity of a BH in LQG, in the vicinity of the Schwarzschild BH immersed

in external uniform magnetic field.

to investigate the bound and unbound motion of magnetized particles orbiting

a Schwarzschild BH immersed in an external asymptotically uniform magnetic

field.

to perform a comparative analysis of findings with the observed position of the

S2 star carrying magnetic dipole moment around Sgr A*.

Connection of the topic of dissertation with the scientific works of
scientific research organizations, where the dissertation was carried
out. The presentation was carried out within the framework of scientific projects
funded by the Ministry of Innovative Development. FL-7923051796 “Modeling of
Scalar Field Dynamics and Quantum Emitters in Spherically Symmetric Grav-
itational Fields” F-FA-2021-432 “Processing and Analysis of Satellite Data from

Low Mass X-ray Binary Systems”.

The objects of the research are astrophysical compact objects, particle
dynamics, analytical models for DM halos, uniform magnetic fields in different

spacetimes, S2 star trajectories.

The subjects of the research observational properties of black holes, Self
dual BH immersed in magnetic field in LQG, particle dynamics around SMBH,
analytical and numerical methods for solving differential equations of the motion

of particles.

The methods of the research are the approaches involve theoretical physics
and astrophysics, contemporary methods of theoretical astrophysics and mathe-

matical physics, as well as analytical and numerical techniques for solving differ-



ential equations associated with field and particle dynamics.
The scientific novelty of the research is in the followings:

For the first time analytical Schwarzschild-like BH solution in Dehnen-type

DM halo for core model has derived.

For the first time field equations and four-vector potential for the case of a
self-dual BH in LQG is derived. The motion of magnetic dipoles and electric
charged particles in the vicinity of a self-dual BH in LQG is learned.

For the first time bound and unboud motion of magnetized particles orbiting

a Schwarzschild BH immersed in external uniform magnetic field is derived.

For the first time results of the obtained analysis is compared with the real
positions of the S2 star and magnetic dipole of the star is estimated as 10°G x cm3.

Deflecting trajectories akin to gravitational Rutherford scattering is explored.
Practical results of the research are as follows:

Novel analytical Schwarzschild-like BH solution is derived, representing a static
BH surrounded by a DM halo characterized by a Dehnen-type density profile
(1,4,2). The properties of this BH is investigated by analyzing the spacetime
curvature. The energy conditions, which are fundamental characteristics of the
physicsl viability of spacetime, is examined.

A self-dual BH immersed in an external asymptotically uniform magnetic field
is considered. The motion of magnetic dipoles and electrically charged particles
in the environment surrounding the spacetime geometry in LQG is studied. The
combined effects of the quantum correction parameter P and the magnetic inter-
action parameter 8 on the ISCO radius is studied. We analyzed captured, bound
and escape orbits of magnetized and electrically charged particles restricted from
moving on the equatorial plane of the self-dual black hole in LQG for various

possible cases.

The bound and unbound orbits of the magnetized particles as they approached
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a Schwarzschild BH in magnetic field are investigated. We derived and analyzed
the effective potential experienced by approaching particles, classifying possible
bound and unbound orbits based on their specific energy and angular momentum.
Comparisons between observed positions of the S2 star around Sgr A* and theo-
retical predictions were made for two different values of 3, calculating minimum
and maximum values for this parameter and specific angular momentum of the

S2 star.

Reliability of the research results is supported by the use of standard
mathematical and theoretical physics methods in the dissertation, including highly
effective numerical techniques and software. A meticulous verification was con-
ducted to ensure the theoretical results aligned with existing data in limiting cases,
observational evidence, and the findings of other researchers. Additionally, the
conclusions are consistent with the core principles of the theory of gravitational

compact objects in strong gravity regimes.

Scientific and practical significance of the research results. The sci-
entific significance of the research results is that proposed a novel analytical

Schwarzschild-like BH in DM halo can explain the nature of the dark matter.

The practical significance of the research results is that proposed model can
explain environment of the Sgr A* and help to estimate magnetic dipole of the S2

star.

Application of the research results. Drawing on the dynamics of the
compact objects, the scientific findings related to their properties have been uti-
lized in studies by international researchers and published in high-impact foreign
journals, including (Journal of Cosmology and Astroparticle Physics, 2025(03),
Volume 2025, Web-Sc, IF: 5.9; The European Physical Journal C, Volume 85,
Article number 786, Web-Sc, IF: 4.2; The European Physical Journal C, Volume
85, Article number 494, Web-Sc, IF: 4.2; Universe, Web-Sc, IF: 2.6;)



These scientific results were used within the framework of programs supported
by the Vellore Institute of Technology (based on an official letter provided by Dr.
Pankaj Sheoran).

Volume and structure of the dissertation. The dissertation consists
of an introduction, three chapters, conclusion and a bibliography. The
size of the dissertation is 122 pages.
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Chapter 1

Schwarzschild-like black holess 1in dark

matter halo

1.1 Dark matter halo

In general relativity (GR), BHs arise naturally as exact solutions to Einstein’s
gravitational field equations. These theoretical predictions were made a long
time back; nearly a century later, observational evidence for the existence of
BHs was found through modern revolutionary Event Horizon Telescope (EHT)
and LIGO-VIRGO observations [4, 5, 6, 7]. These triumphal observations are
expected to provide stringent tests that probe the nature and unknown aspects
of BHs. However, open questions remain regarding the behavior of BHs and their
interaction with their surroundings. Among them, the nature and existence of
DM are long-standing problems in GR. Consequently, identifying evidence for

DM within the BH environment has become a crucial task in GR.

In many astrophysical scenarios, supermassive BHs at the centers of galaxies
are believed to be enveloped by matter distributions, including DM halos. It is well
established that BHs are characterized by complex and dynamic environments,
and there is substantial evidence to suggest that supermassive BHs at the center

of most galaxies are the primary drivers of active galactic nuclei [8, 9] and are



surrounded by a DM halo [10, 11]. In addition to the possibility of DM enveloping
supermassive BHs, considerable evidence suggests that DM significantly influences
galactic rotation curves [12], bullet clusters [13], and the large-scale structure of

the universe [14].

The discovery of unexpectedly flat galactic rotation curves in large spiral and
elliptical galaxies led to the postulation of the existence of DM. This DM, now
supported by extensive astrophysical observations, is estimated to constitute ap-
proximately 90% of the mass of a galaxy, the remaining 10% being luminous
baryonic matter [15]. Initially concentrated near galactic centers, facilitating star
formation and clustering, DM gradually migrated outward during galactic evolu-
tion, forming DM halos around the galaxy through various dynamical processes.
Astrophysical observations reveal that many large spiral and elliptical galaxies
harbor a central supermassive BH (sometimes binary systems) embedded within
this DM halo [16, 6, 17, 7]. A substantial amount of DM in our universe is nec-
essary to provide a satisfactory explanation for the observed phenomena. This is
supported by cosmic microwave background observations, which reveal that DM
comprises roughly 27% of the universe, alongside 68% dark energy. The rest of
the universe, only around 5%, is considered normal matter. Numerous theoreti-
cal particle candidates, predicted by extensions of the standard-model, are being
investigated as potential components of DM [18, 19, 20, 21], such as weakly in-
teracting massive particles (WIMPs), axions, and sterile neutrinos. With this in
view, properties of DM can then be probed gravitationally in the case of weak
interaction within standard-model particles. Therefore, DM may be highly con-
centrated around supermassive BHs, commonly found in galactic centers [10, 11],
significantly influencing extreme [22] and intermediate |23, 24] mass ratio inspi-
rals and potentially revealing the distribution of the DM halo. The influence of

DM halos on supermassive BHs is a critical area of research, driven by the need
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to understand the DM-BH interaction. DM halo structures demonstrably affect
galactic rotation curves [12, 11, 13| and dynamics observed in events such as the
Bullet Cluster collision [25]. Although current models primarily describe DM as
interacting gravitationally, a substantial body of evidence convincingly supports

its existence [26, 27, 28].

Motivated by these findings, it is important to analyze the DM-BH interaction
and look for DM models to help improve our understanding of the fundamental na-
ture of DM. Given this fundamental importance of DM halos and their interaction
with BH systems, the exploration and analysis of DM models can yield valuable
insights, relying on astrophysical data and simulation studies. Motivated by this,
several analytical models have been developed to describe BH solutions within
DM halos, including the Einasto |29, 30|, Navarro-Frenk-White [31]|, and Burkert
[32] models, as well as the Dehnen model [33, 34, 35, 36, 37]. Additionally, some
models incorporate a DM profile linked to a phantom scalar field [38, 39, 40, 41].
Furthermore, analytical models exhibiting supermassive BH solutions embedded

in a DM halo have also been investigated in Refs. |42, 43, 44].

Investigations within the Dehnen-type DM halo model have also explored DM-
BH interactions from various perspectives. For instance, one study examined the
influence of density profile slopes on the survival of low star formation efficiency
star clusters after rapid gas expulsion [34]. Other scenarios have also considered
star clusters with Plummer and Dehnen profiles, focusing on differing slope cusps
at the time of formation. Furthermore, the BH-Dehnen-type DM halo solution
has been proposed to investigate ultra-faint dwarf galaxies [36]. Recent studies
have also introduced new BH solutions surrounded by Dehnen-type DM halos,
specifically (1,4,0) [35] and (1,4, 5/2) [37] profiles, using Schwarzschild BH within
the halo environment. Thermodynamics and null geodesics of the effective BH-

DM halo system were analyzed [35], with a subsequent study constraining the DM



halo parameters [45]. Finally, the impact of the DM halo on quasinormal modes,
the photon sphere radius and the BH shadow [46, 47|, as well as gravitational
waveforms from periodic orbits [48|, were investigated within the solution of the
BH-Dehnen-(1,4,5/2) DM halo.

In this dissertation , we derive a new Schwarzschild-like BH solution immersed
in a DM halo characterized by a Dehnen-type density profile (1,4,2). To ac-
complish this, we adopt the method developed in [49, 50, 37]. We first analyze
the spacetime curvature invariants and subsequently investigate the associated
energy conditions. Finally, we explore the influence of the DM profile on timelike
particle geodesics, providing deeper insights into how the DM halo affects particle
geodesics.

The structure of this chapter is organized as follows: In Sec. 1.2, we present a
new Schwarzschild-like BH solution surrounded by a DM halo with a Dehnen-type
density profile. In Sec. 1.3, we investigate the spacetime curvature invariants and
analyze the corresponding energy conditions. Finally, we summarize our findings
and conclusions in Sec. 1.4. We use (—, +, 4, +) for the spacetime metric and the

system of units ¢ = G = M = 1 throughout the dissertation.

1.2 Schwarzchild-like black hole spacetime with the dark

matter halo

Here, following the developed method [49, 50, 37| we consider a Schwarzschild-
like BH spacetime surrounded a DM halo characterized by a Dehnen-type density
profile. We first consider a background spacetime involving the DM distribution
and then derive the BH-DM solution by solving Einstein’s field equations. In this
case, a Schwarzschild BH can be considered with a Dehnen-type DM halo mass
distribution. This is determined by the DM density distribution (see details in

Ref. [51]). With this approach, we start by describing the spacetime geometry
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Figure 1.1: Radial profile of function f(r) for various values of the characteristic density ps and

characteristic scale r; of the DM halo. Hereafter, we shall for simplicity set M = 1.
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Figure 1.2: The dependence of BH event horizon on the density ps; and the characteristic scale

r, of the DM halo.

with the DM halo first and then include the Schwarzschild BH spacetime geometry.
Now, we write the general form of the density profile in order to further derive

the Dehnen-type DM halo mass distribution, which is defined by

o =n(Z) [(2) + " (1)

where p; and r4 are the characteristic density and characteristic scale of the DM
halo, respectively. It must be emphasized that, apart from the characteristic DM
halo parameters, «, § and 7 are specific parameters of the density profile. For
example, v can range only from 0 to 3. In this work, we use the following Dehnen-

type density distribution («, 5,7) = (1,4,2) for the DM halo. Taken together



with Eq. (1.1), we derive the mass profile as follows:

r 4 5 3
Mp(r) = / 47r,0(7“1)7’12d7“1 = %
0 T

We then define the line element of the DM halo, including redshift A(r) and shape

(1.2)

B(r) functions, which is given by

dr?

ds* = —A(r)dt® + B(r)

+ r2dQ? (1.3)

where dQ? = db? + sin? 0d¢? is referred to as the solid angle in spherical coordi-
nates. The point to be noted here is that A(r) can be used to define the tangential

velocity of particles moving within the DM halo as follows:

v} = 0, (log VAT = 22, (1.4)

which enables us to determine A(r) as

A = (14 %)_WPS
~ 1-— 2]\42(7“) (1 + %) log <1 + %) . (1.5)

For the DM halo itself (1.3), the Einstein field equation yields as (|50, 37]):

1
R, — §gw,R = 8nT1,,(D), (1.6)

where the source part 7),,(D) is given by
T, (D) = g Ty (D) = diag|—p(r), P.(r), Pi(r), P(r)],

which stands for the energy-momentum tensor of the Dehnen type DM halo space-
time. Similarly, the line element for the BH spacetime, including the DM halo,

can be written as a result of the combined BH-DM halo system
2

ds® = — [A(r) + Fy(r)] df* : 2402 1.7
= = A + A T e, (17
for which the Einstein field equation reads
1
R, —=9uwR=8nT,(D)+1,(BH)|, (1.8)

2
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with the energy-momentum tensor 7, (BH) of the BH spacetime. For the com-
bined BH-DM halo system, Einstein field equations can be written as follows:

(1.6,1.8) and line elements (1.3,1.7) we will have:

CORE S CELGR

- o2

50+ r][PAEED 1
1A (r 1
= B[] A((r)) +o)

(1.10)

Consequently, the above equations lead to the space-time metric, including the

DM halo, which can be written as

2 B(T) 1 A/(T) 2
ds®* = —exp /—B(T) - % (r + Al > dr] dt
— A(r)de + B(r;l% + 17 (df® + sin® 0d¢?)

(1.11)

[t must be emphasized that one can recover A(r) = B(r) = 1 in the case of vanish-
ing DM halo, the resulting integral gives (1 — %) that exhibits the Schwarzschild
BH solution with the mass M. As a result, Egs. (1.9) and (1.10) solve to give

Fi(r) = exp[/ (B(T)Birj)g(r) <% i ill((:))) a %) dr}

—A(r), (1.12)
By(r) = —g, (1.13)

where prime ' denotes derivative with respect to r. At this stage, we shall for
simplicity consider the condition A(r) = B(r), leading to the resulting spacetime

metric describing the Schwarzschild-like BH with the DM halo characterized by



the Dehnen-type density distribution profile (1,4,2). The resulting spacetime

metric derived as the exact solution of the field equations (1.6) reads as

1
ds® = — f(r)dt* + mdﬂ + 7% (d6” + sin® 6d¢?) | (1.14)
T
where
2M 87Tp57“§ Ts T
fr)=1-= —1+%<1+?>log(1+?). (1.15)

We now turn to studying the behavior of f(r) and demonstrate its radial de-
pendence in Fig. 1.1, highlighting how it changes under the DM halo parameters.
As can be seen from Fig. 1.1, the behavior of f(r) reduces to the flat spacetime at
larger distances, especially at infinity. Furthermore, the curves are slightly shifted
to the right to larger r as the DM halo parameters p, and r, increase, resulting
in the strength of the gravitational potential increasing.

The spacetime Eq. (1.14) has an event horizon, where a corotating observer’s
4-velocity becomes null, resulting from setting f(r) = 0. It is then straightforward

to obtain the event horizon, r, in the form

ry = (1.16)

)
M exp |:2M+7'§’]

where W(z) is referred to as the Lambert function, defined as the principal solu-
tion of Wexp (W) = z for arbitrary z. In Fig. 1.2, we show the behavior of the
event horizon based on the density ps and the characteristic scale r4 of the DM
halo. From Fig. 1.2, one can easily observe that an increase in p; and r4 leads
to an increase in the event horizon. It can be seen from Eq. (1.2) that the DM
halo parameters (i.e., ps and r,) contribute to an increase in mass, enhancing the

gravitational potential.
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1.3

ditions

The spacetime curvature characteristics and energy con-
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Figure 1.3: The Ricci scalar (R) (left panel), the Kretschmann scalar (K) (middle panel), and

the square of the Ricci tensor (R?) (right panel) as a function of r for a Schwarzschild-like BH

in a DM halo for varying ps and r, parameters.
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Figure 1.4: The radial dependence of the NEC (top left), WEC (top right), DEC (bottom left),

SEC (bottom right) for varying ps and r, parameters.

Now we analyze the spacetime curvature invariants of a novel Schwarzschild-

like BH spacetime metric with a DM halo characterized by a Dehnen-type density

profile.

To accomplish this, one needs to evaluate the curvature invariants of



the spacetime metric, including the Ricci scalar R, Ricci square R, RM, and
Kretschmann scalars Rwa@RW“ﬁ . To determine whether there is a spacetime
singularity or not at » = 0, we further examine these fundamental invariants. We
begin to analyze the Ricci scalar R, which for this BH-DM spacetime metric reads

as

8mpsr? [2N log FF — 1, FM]
R= : |
reF

(1.17)

[t is obvious that the Ricci-flat for the Schwarzchild case (i.e., ps = 0) but it is

true in the BH-DM halo system halo. The Kretschmann scalar reads as follows:

Ag)2 64T Mpgr? [TS(4T+3TS) + 2log F
_l_

(r4rs)?
K = G 75
+ 0(p3)., (1.18)
which reduces to the Schwarzschild case, K = 48%2, when ps = 0. Meanwhile,

the Ricci square reads as

R = A [Bﬁ + 432 F2 log F (Clog F + D) — 4r¥r, F
x Glog FX +Hlog? F |, (1.19)

Here we note that we use the following notations in Egs. (1.17)-(1.19), which are

22



given by

2 24

A= % (1.20a)
F= 1+%, (1.20b)
B = r2r? (4r® + 8rry + 5r2) (1.20c)
C=(r*+2rry+2r2), (1.20d)
D = 2r* + drry + 372, (1.20e)
g = {27“3 + 871y + 2 (r° + 4r®r, + Brrl + 3r) (1.20f)

x log F + 102 + 57“?} : (1.20g)
H = 4r* (r* 4+ 6r°rs + 13r°r2 + 12772 + 5r7) | (1.20h)
N = (r* +3rry + 3r2) (1.20i)
M = [2(r + 2rg) log F + 2r + 3ry] . (1.20)

From these equations, one can deduce that the spacetime singularity appears at
r = 0. Furthermore, we show the radial behavior of these curvature invariants in
Fig. 1.3. Also, the behavior of the spacetime singularity is clearly seen in Fig. 1.3.

These curvature invariants, respectively, approach zero and infinity when r — oo

and — 0, i.e.,

lim R, R, R, Ruvas R — 0, (1.21)
and

lim R, Ry, R", Ruas R — 0. (1.22)

The energy conditions are also considered to be fundamental characteristics
of spacetime, like the curvature invariants. Here, we provide some insight by
analyzing the corresponding energy conditions.

We then turn to solving Einstein’s Eq. (1.6) together with the energy-momentum
tensor Ty = diag[—p(r), P(r), Ps(r), P(r)]. Consequently, we derive the stress-



energy tensor elements as

o) = ) = ZPUN ) g (14 050 (1.23)

Taking the above equations into consideration, we further examine energy condi-
tions for the source fluid. It is worth noting that the stress-energy tensor must
satisfy certain inequalities. Therefore, we further consider the null, weak, domi-

nant, and strong energy conditions.

e The null-energy condition (NEC) is a fundamental requirement in GR and
plays a crucial role in the study of gravitational physics. It ensures that
the energy density associated with matter and fields in spacetime is always
positive or zero, preventing the occurrence of exotic phenomena such as neg-
ative energy densities or violations of energy conditions. The NEC is a key
ingredient in the formulation of the Einstein field equations and is essential
for maintaining the consistency and physical viability of the theory. Taken

all together, the NEC implies [52, 37]:
T,,ntn” >0, (1.24)
or
p(r)+ P(r) >0, (i=r,0,0),

where n® is the null vector. One can easily conclude from Eq. (1.23) that

P.(r) + p(r) = 0 and:

plr) + Pa(r) = (1.25)

psTe [log (1 + %)2T5(1+7%)2 —2r — 7“3}

B 2r2(r 4 r4)? ’
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with 6 = 0, ¢. From Eq.(1.25) it is obvious:

lim[p(r) + P3(r)] = oo, (1.26)

r—0

lim [p(r) + P3(r)] = 0.

r—00

The behavior of the NEC is demonstrated in Fig 1.4 for various possible cases

of the DM halo parameters.

The weak energy condition (WEC) is also a fundamental requirement in
GR and imposes the requirement that the total energy density measured by

an observer traversing a timelike curve cannot be negative, which implies

[52, 37]:
p=0, p(r)+ P(r) =20, (i=r,0,9¢). (1.27)
We depict the behavior of the WEC in Fig. 1.4 for various possible cases.

The dominant energy condition (DEC) states that for any future-directed
causal vector field (whether timelike or null), the vector —T#Y" must also
be a future-directed causal vector. This condition, which is stronger than
the WEC, physically implies that the local energy density is non-negative
and that energy flux cannot propagate faster than light relative to any local

observer. The DEC implies following condition [37]:

p(r) — [Pyl =0, (1.28)
psrS [2(r + 1) log [(1 + %)HTTS} —2r — 37’8]
> 0.

2r2(r + rg)? -

The above equation guarantees the satisfaction of this energy condition. Sim-

ilar behavior is also shown in Fig. 1.4 for various possible cases.



e Finally, the strong energy condition (SEC) can be determined by [37]
1 14
(T — §Tgw)n”n >0, (1.29)
or
3
p+d P>0,
i=1
which gives

4

psrs
——>0. 1.30
r2(r+rs)? — ( )

Based on the above analysis of the energy conditions, we obtain compelling
results indicating that all energy conditions are well satisfied. This conclusion is
further supported by a graphical analysis for the obtained BH spacetime metric
within a Dehnen-type DM halo, presented in Eq. 1.14. Additionally, we present a
clear analysis that illustrates the radial behavior of NEC, WEC, DEC, and SEC,
as seen in Fig. 1.4. Both analytical and graphical investigations consistently

confirm the validity of all energy conditions.

1.4 Conclusion

BHs interact gravitationally with their surrounding environments, making the
study of BH-DM systems increasingly important task in astrophysical contexts. It
is widely believed that supermassive BHs at the centers of galaxies are embedded
in complex, dynamic matter distributions, including DM halos [8, 9, 10, 11, 16, 6.
Motivated by this, we derived a novel analytical Schwarzschild-like BH solution,
representing a static BH surrounded by a DM halo characterized by a Dehnen-type
density profile (1,4, 2).

We first investigated the properties of this BH by analyzing the spacetime

curvature properties. Specifically, we computed the curvature invariants of the
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spacetime metric to determine the presence of singularities. Our results indicated
that a spacetime singularity appears at » = 0, as illustrated in Fig. 1.3. We
also examined the energy conditions, which are fundamental characteristics of the
physical viability of spacetime. Our analysis showed that all energy conditions are
well satisfied for the derived BH solution within the Dehnen-type DM halo. This
conclusion was further supported by graphical results, as presented in Fig. 1.4,
with analytical and graphical analyzes consistently confirming the validity of all
energy conditions.

Our approach offers fundamental astrophysical implications, particularly con-
cerning the significant role of DM halos around supermassive BHs in galactic
nuclei. Specifically, the Dehnen-type density distribution used here supports the
existence of a BH solution with a DM halo within the density profile (1,4,2). Our
finding could offer a novel perspective on the formation of DM halos, providing a

potential alternative framework for understanding their fundamental properties.



Chapter 11

Dynamics of gravitational objects in

supermassive black hole environment.

2.1 Lyapunov exponents. Timelike geodesics around Schwarzschild
like black hole immersed in Dehnen-type dark matter

halo

In this chapter we start with analyzing the trajectory of a particle with mass m,
total energy E, and angular momentum L in the vicinity of a Schwarzschild-like

BH in the DM halo, we start with the Hamilton-Jacobi equation [53, 40, 41]:

L0598
Qe i (2:1)

where S = —Et+ Lo+ S(r),+5(0) is the Hamilton-Jacobi action. Subsequently,
we can express the Lagrangian of a test particle as:

1
L= Emgwu“u” : (2.2)

which enables us to find the four-momenta as:

oL
p,LL e % = mglwuy . <23)
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Figure 2.1: The trajectories of the timelike particle in the vicinity of a Schwarzschild-like BH

in a DM halo for varying ps and r, parameters.
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Figure 2.2: The radial dependence of the effective potential for varying DM halo parameters,
ps and r,. Here, we note note that red and gray points indicate unstable and stable circular

orbits, respectively.

Based on the above equations, we illustrate the trajectory of test particles

starting from a point ry with the appropriate specific energy £ = % and angular
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Figure 2.3: The ISCO parameters, r7sco (top row) and l;sco (bottom row) of the timelike
particles are plotted as a function of the density p, and characteristic scale r, of the DM halo.
momentum [ = £ [1], as shown in Fig 2.1. It can be observed that there are two
types of orbits in Fig. 2.1: captured and bound orbits. An increase in the values
of the DM halo parameters, ps and g, results in the orbits becoming captured.

For further analysis, we shall confine the motion to the equatorial plane (i.e.,

0=73):
. E
t= 0 (2.4a)
b= % (2.4Db)
7"2 = 82 — Veff(T’) ) (2.4(3)

where the effective potential, V.s¢(r), is given by

2M  2M s
_ 2Mp(r) (1+5)
r Ts

Vers(r) = |1— .
s 2
x log <1 + %) (1 + ﬁ) : (2.5)
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We further examine the effective potential, Vig, for the timelike particles around
the BH in the DM halo characterized by the Dehnen-type density profile, high-
lighting how the presence of the novel Dehnen-type DM halo affects the grav-
itational dynamics and modifies particle trajectories. To accomplish this, we
illustrate the radial behavior of the effective potential for various possible cases,
as shown in Fig. 2.2. As can be seen from Fig. 2.2 it is evident that the effective
potential has two extreme points that correspond to stable circular and unstable
circular orbits. It can be observed from Fig. 2.2 that an increase in the density
ps and characteristic scale ry of the DM halo results in both stable and unstable
circular orbits of the particles expanding in the BH- DM halo system. It should
also be noted that the effective potential curves exhibit a slight rightward shift,
indicating larger radial distances (), while the potential maximum decreases with
increasing ps and 7y, as seen in Fig. 2.2.

We now turn to studying the innermost stable circular orbits (ISCOs). For the
timelike particles to be on the ISCO, one need to solve the following equations
simultaneously [54, 55]

IV, 0%V,
Vs = Eiscos arff = éWff =0. (2.6)

We now proceed to analyze the behavior of the ISCO radii for particles orbiting
around the Schwarzschild-like BH surrounded by the Dehnen-type DM halo. In
Fig. 2.3, we highlight how the [SCO parameters, specifically the energy Ersco
and the angular momentum ;500 of the timelike particles, are influenced by the
presence of the DM halo. As shown in Fig. 2.3, an increase in the DM halo p,
leads to a corresponding increase in both r;gco and l;sco of timelike particles on
the ISCO around the BH. Similarly, increasing the characteristic scale ry results
in a larger r;5co radius; however, [;sco initially decreases until a critical value of

rs is reached, after which it begins to increase again, as depicted in Fig. 2.3.
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Figure 2.4: Radial profile of the Lyapunov exponent for varying the density p, and characteristic
scale r, of the DM halo.

Finally, we turn to examining the Lyapunov exponent, which is a powerful
tool for understanding the stability of timelike particles. Hereafter, we analyze
the Lyapunov exponent to study the stability (instability) of the circular orbits
for timelike particles in the vicinity of the Schwarzschild-like BH in the DM halo

[56]:
| OV

. . . . Ve
Additionally, we use requirements for circular orbits, £2 = V,¢¢(r) and - =0,

which solve to gives

2 _ 2f*(r) a
© o) ) 25
po S (2.8D)

2f(r) —rf'(r)’
where ’ denotes a derivative with respect to r.

To better understand the Lyapunov exponents, we present the radial profile of
A in Fig. 2.4. As shown in Fig. 2.4, the radii of stable (A < 0) and chaotic (A > 0)

orbits of the timelke particles grow when the density p; and the characteristic
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scale 74 of the DM halo are increased, coinciding with the analysis of the effec-
tive potential V,¢(r), as depicted in Fig. 2.2. In particular, bifurcation points
occur when the curves intersect the horizontal axis (that is, A = 0), making the
ISCO location. From Fig. 2.4, as a consequence of an increase in the DM halo
parameters, ps and r,, both the Lyapunov exponent curves and the corresponding
stable circular orbits shift to the right to larger radial distances, as also reflected

in Fig. 2.3.

2.2 Particle dynamics and the accretion disk around a Self-
dual black hole immersed in a magnetic field in Loop

Quantum Gravity

Even though GR has been considered the most successful theory of gravity,
it has faced notable theoretical and observational challenges. From a theoreti-
cal point of view, GR’s lack of incorporation of quantum principles hinders its
unification with quantum mechanics, a significant unresolved issue [57, 58]. Fur-
thermore, GR predicts singularities, points where known physics breaks down,
both at the universe’s inception [59, 60] and within BH spacetimes [61]. Obser-
vationally, GR struggles to explain phenomena such as DM and dark energy. All
these issues indicate that the classical GR might need to be modified. In particu-
lar, the spacetime singularities ought to be resolved after quantum gravitational
effects are taken into account. These challenges motivate the exploration of modi-
fied gravity theories and quantum gravity as potential solutions. Rigorous testing
of these modified theories is crucial to determine which, if any, can ultimately

provide a comprehensive and accurate model of gravity.

LQG presents an elegant solution to classical Big Bang and BH singularities.

Recently, a regular static spacetime metric known as the self-dual spacetime has



been derived within a mini-superspace framework using the polymerization proce-
dure in LQG [62]. This spacetime demonstrates regularity and lacks any spacetime
curvature singularity. The polymerization procedure in the quantization of the BH
spacetime introduces two intrinsic parameters: the minimal area and the Barbero-
Immirzi parameter, which control the quantum effects on the self-dual spacetime.
Furthermore, it has been shown that this spacetime exhibits self-duality, aligning
with T-duality principles |63, 64]. This is also the reason that we call it the self-
dual spacetime. In recent years, extensive research has focused on the quantum
extensions of BHs within the LQG framework, with notable references including
|65, 66, 67, 68, 69, 70, 71]. For a more comprehensive understanding, readers are

encouraged to explore review articles such as [72, 73, 74, 75, 76].

The quantum effects on the self-dual spacetime are controlled by the two in-
trinsic parameters: the minimal area and the Barbero-Immirzi parameter. This
raises the intriguing question of whether these quantum effects can leave any ob-
servational signatures for the current and/or forthcoming experiments so that the
quantum effects can be tested or constrained directly. Such considerations have
resulted in a flourish of studies during the past decades from different kinds of
experiments and observations |77, 78, 79, 80, 81, 64, 82, 83, 84, 85, 86, 87, 8§].
For instance, a detailed exploration in [87] elaborates on how the quantum effects
of LQG can impact the shadow of a rotating BH, offering comparisons with the
latest observations by the Event Horizon Telescope (EHT) of the supermassive
BH MS&7*. Furthermore, the gravitational lensing in the self-dual spacetime has
been under scrutiny, with the polymeric function from LQG being constrained
using data from geodetic very-long-baseline interferometry measurements of the
solar gravitational deflection of radio waves [64]. Recent studies, like those in
[88], have extended this investigation to the solar system, deriving observational

constraints on the polymeric function P of LQG. It is interesting to note that
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the phenomenological study of the self-dual BH and other types of loop quantum
BHs has also been extensively explored, see [89, 90, 91, 92, 93, 94, 95, 96, 97, 98,
99, 100, 101, 102, 103, 104, 105, 106] and references therein.

In this chapter, we consider a self-dual BH in LQG in the presence of an
external magnetic field. To understand the nature of spacetime geometry we an-
alyze the effects of a new quantum correction parameter and existing fields in the
surrounding environment. For that, we investigate the motion of particles with
magnetic dipole moment and electrically charged particles around the aforemen-

tioned spacetime geometry.

The important point to note is that the solution of either GR or alternative
theories of gravity can be tested through astrophysical processes, such as X-ray
data [107, 108] and the accretion disk [109] with recent observations [110, 111, 112]
around astrophysical compact objects, playing a pivotal role as very useful tests.
On the other hand, as one possible attempt, it is also valuable to analyze the
motion of test particles around compact objects to understand more deeply their
unique aspects. The particle motion can also be used to model the accretion
disk |113, 114]. Therefore, the aforementioned tests may come into play to reveal
unknown aspects of astrophysical compact objects and to provide some departures
from their expected behaviors. It is to be emphasized that, from an astrophysical
viewpoint, the presence of external magnetic fields can play a pivotal role in
determining the motion of charged particles in the vicinity of compact objects.
The effects of electromagnetic fields have been widely considered and examined on
test particles with an electric charge and with a nonzero magnetic dipole moment
around BHs in different gravity theories [115, 116, 117, 39, 118, 119, 120, 121,
122, 123, 124, 125, 126, 127, 128, 129, 40, 130, 131, 132].

In an astrophysical scenario, a BH does not have its own magnetic field due

to gravitational collapse, which decays at least with ¢! in the quasistationary ap-



proach (see, for example, [133, 134]|). However, one can assume existence of an
external test magnetic field that can be produced by nearby objects, e.g., accre-
tion disks existing around rotating BHs [135], neutron stars [115, 133, 136], and
magnetars [137, 138]. The magnetic field existing in the surrounding environment
was estimated to be of the order of B; ~ 10% G for stellar and By ~ 10* G for
supermassive black holes, respectively (see, e.g., [139, 140, 141]). It does not
significantly distort the spacetime geometry, so it can be considered a test field
that satisfies B1y < Byar ~ 10"(My/M) G. However, recent observational
findings from EHT on MS87 regarding the magnetic field strength around BHs
reported that the magnetic field is of the order of B ~ 33.1 £0.9 G in the corona
for the binary BH system 17404 Cygni [142]. Additionally, EHT collaborations
announced in their report that the average magnetic field strength is of the order
of B ~1—30 G in the emission region around the supermassive BH of the M8&7
galaxy [143, 144]. In this dissertation, we explore properties of the self-dual BH in
LQG immersed in an external magnetic field, which is asymptotically uniform at
large distances and oriented along the z-axis. However, it should be emphasized
that, in a realistic astrophysical scenario, the magnetic field can have a complex
configuration in the close vicinity of a BH, especially very close to its horizon, but
it can be approximated as a uniform field at a specific distance, particularly in a
local part of space. This is a well-accepted approximation for magnetic fields in
the surrounding environment of BHs. For example, the magnetic field generated
by a current loop in the accretion disk around the BH can be approximated to
be uniform provided that the BH size is much smaller compared to the disk size
(see, e.g., [145, 146]). Additionally, the magnetic field can be considered as a
nearly uniform field when the BH is located at a sufficient distance away from the
equatorial plane of a magnetar [138, 147|. These investigations suggest that the

magnetic field can be regarded as an asymptotically uniform magnetic field at a
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relatively far distance.

This section is organized as follows: In Subsec. 2.3, we briefly discuss a BH
spacetime in LQG and the surrounding magnetic field properties. In Subsec. 2.4,
we study the motion of particles with a magnetic dipole moment, which is followed
by the study of dynamics of electrically charged particles around a self-dual BH
immersed in an external uniform magnetic field in Subsec. 2.5. In 3.7, we consider
the solution of field equations associated with the magnetic field existing in the

environment surrounding a self-dual black hole in LQG.

2.3 Loop quantum black hole immersed in the external uni-

form magnetic field

We begin with an introduction to the quantum corrected Schwarzschild space-
time in LQG proposed in Ref. [62], commonly referred to as the self-dual space-
time. In effective models of BHs within LQG, a polymer-like quantization method
is typically employed. This approach involves replacing the canonical variables
(b,c) in the phase space of BH spacetime with their regularized counterparts:

—Singfbb) —Singfcc). The parameters 0, and 6. are quantum polymeric

b — and ¢ —
parameters that determine the scales at which quantum effects manifest in LQG.
In the limit where 0y, 6. — 0, the classical physics is recovered. However, a com-
plete theory of quantum gravity is not yet available, and thus, a comprehensive
framework for choosing ¢, and . remains unclear. In this paper, we explore the
self-dual spacetime arising from a specific choice that treats d, and ¢, as constants,
known as the pp-scheme in LQG. Ref. [62] demonstrates that identifying the min-
imal area in the solution with the minimum area A,,;, of LQG allows for one of
the free parameters to be reduced. Consequently, in the self-dual spacetime, the

LQG effects are characterized by two parameters: the minimal area A, and the

polymeric parameter § (where ¢, is denoted as ¢ hereafter).



(2.9)
(2.10)

] + O(r)(d6* + sin? 0dg?),
rt + a?

7“2

L
B(r

where A(r), B(r), C(r) are given by
(r—ry)(r—r_)(r+r,)?

Tor— = 2MP/(1 + P)? with ADM mass M of the BH.

A(T) = 9t

dr? = —A(r)dt?
2M/(1 + P)? and r_ = 2MP?/(1 + P)? refers to the BH’s two

The effective metric of the self-dual BH in LQG is given by [62]

Here, we only restrict ourselves to the outer horizon. We note here that the
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Figure 2.5: The plot shows the magnetic field lines in the vicinity of the self-dual BH in LQG
Here, ¢ = 76 denotes a product of the Immirzi parameter v and the polymeric
noted is that we further focus on P only to explore the quantum effects resulting

parameter ¢ which is introduced to define the paths one integrates the connection
along to define the holonomies in the quantum corrected Hamiltonian constraint

for various combinations of the quantum correction parameter P, referred to as €

in the polymerization procedure in LQG, satisfying ¢ < 1.

e = 0.4707, respectively.
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from LQG. The ag parameter is defined by the equation ay = % with A, ~
4777\/5@1 refers to the minimum area gap of LQG. Here, [p; is the Planck length.
The Planck length can be considered negligible. Therefore we consider ag = 0.
Here our main objective is to examine a charged particle motion in the close
vicinity of the LQG black hole in the presence of an external magnetic field that
refers to as asymptotically uniform with the strength By. To that end, we further
need to find the four potential of the electromagnetic field, A*. Following [135,
148], we assume the magnetic field to be uniform and oriented along the axis of

symmetry of the LQG black hole due to its asymptotic properties. In doing so,

one can write the vector potential’s ansatz for a non-rotating BH as follows:
I By Iz
A = e, o)t + |5+ el Bo) €6 (2.12)

where &' = (1,0,0,0) and 5’(‘; = (0,0,0,1) refer to the time-like and space-like
killing vectors. The explicit form of A* can be determined as a solution of the
source-free Maxwell equations [148]. For a non-rotating vacuum BH the Maxwell
field equations can be defined by Ff” = 0 with the electromagnetic field tensor
F., = 0,A,—0,A,. One can then write the Maxwell field equation for A" in the

LQG spacetime as follows:

A%V — ROAY =0. (2.13)
Similarly, the same form is satisfied for Killing vector £, and it is written as

g — Ry =0, (2.14)

with the Ricci tensor R,,,. Eq. (2.14) takes the simpler form in the case of source-
free satisfying the condition with Ricci tensor vanished, i.e., LJ# = 0 that can
then be extended the same form of the Maxwell equation, [JA* = 0. Based on the

equations underlined above with Eq. (2.12) one can have the following differential



equation:

C’” 2r—ry)(r—r_)+ C(;T [ (ror_ —2r?)

—3r(ry +r_)] = 2Cy(ror— +ro(re +2r)) =0, (2.15)

where we have denoted Cy, = |22 4 ¢,(r, Bo)} . Note that " and ” denote the first
and second derivatives with respect to r. We provide details in relation to solution
of the above equation in 3.7. Here, solving Eq.(2.15) yields to the solution for the

four potential as:

By
2

At = =(B)* oF1 (A, A+ 3;2A+ 3;B) €. (2.16)

Here, o F1(a, b;c;2) = 30 0%2—7; is the Hypergeometric function, while A4 =
\/E —1and B = ﬁjﬁ}g) refer to new variables, as introduced in 3.7. It is
obvious that for P = 0 the four potential is reduced to the Schwarzschild case,
le., Ay = %Borz sin?@. In Fig. 2.5, we demonstrate the magnetic field lines in
the vicinity of the self-dual BH in LQG. From Fig. 2.5, one can observe that
the quantum correction parameter P can influence the magnetic field lines in the
close vicinity of the self-dual BH, compared to the Schwarzschild BH case. On the
basis of the four potential Eq. (2.16), it is straightforward to obtain non-vanishing

components of electromagnetic tensors, and they are given as follows:

(B)*

Fry = 5 Byrsin® 6
+ (A+2),F (A,A+3;2A+3;B)}, (2.17)
A
Fyy = %Bor2 sin26 x oF) (A, A+ 3;2A+3;8). (2.18)

It is to be emphasized here that we denote new variables, such as C = /1 — 4P?% —
6P — 1 and = = 2¢/1—4P2 + 2P + 1. In doing so, we can then unable to

find the magnetic field components using B? = N €PIVE, oy Uq. Here, g is
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the determinant of the metric Eq. (2.9) and €*’°7 the pseudo-tensorial form of
the Levi-Civita symbol and wu, the four velocity of the observer. After that the

orthonormal component of the magnetic field can be obtained as

o FT
L (2.19)

VIrr9ee

Here we assume that a distant observer is located at zero angular momentum

observer (ZAMO). Therefore, the normalization condition, u,u® = —1, allows to

find u; = \/l—tt
—g

We further investigate the particle dynamics for two different cases around the

BH in LQG in the presence of an external magnetic field. This is what we intend

to examine in the next section.

2.4 The motion of particles with nonzero magnetic dipole
moment near a self-dual black hole immersed in an

external magnetic field in Loop Quantum Gravity

We now consider the motion of particles with a magnetic dipole moment around
the BH in LQG immersed in an external magnetic field. To that end we write
the Hamilton-Jacobi equation for the particle interacting with the magnetic field,
i.e., it is given by ([115, 149]):

0S5 08 U
v = —m? <1 — —> : (2.20)

g Ozt Ox” m

where U = DM F),, refers to the magnetic interaction as a product of the polar-
ization tensor D" and electromagnetic tensor F),,, which can also be defined by
U = paBY. Following to [150], the Lagrangian of the system for a magnetized

particle motion is written as follows

1 1
L= é(m +U)gutu” — EL{. (2.21)



From the Lagrangian (2.21), one is able to find the four-momentum as

oL 5
Pu= g = (M A U) guu”. (2.22)
Based on the separable Hamilton-Jacobi action, S = —Et + Lo + S, + Sy, the
equation for the magnetized particle can be obtained as
l2

g {7“2 sin? 6

U U\?
+1— =+ g <1+—) 2] + €2+
m m
U\ .
+ 11900 (1 + E) 6?2 =0. (2.23)

For further analysis, we shall restrict ourselves to the equatorial plane (i.e.,

= 7/2) and then assume that the magnetic dipole of the particles is perpen-
dicular to the equatorial plane, thus allowing us to have the components of the
particle’s magnetic moment as u® = (0,0, 1,0) (|115]). That is, the particle’s
magnetic moment is assumed to be oriented with the magnetic field aligned along
the z-axis, typically perpendicular to the equatorial plane. This orientation allows
the dipole moment to interact with the magnetic field by surviving its ,ué compo-
nent, following the energy minimization principle. This choice not only simplifies
our calculations but also enhances our qualitative understanding of magnetic in-

teractions under the gravitational field of the self-dual BH in LQG. This, in turn,

,UFr¢

\VIrr9ee
particle motion we then rewrite the Hamilton-Jacobi action at the equatorial plane

allows one to have U = for the magnetic interaction. For the magnetized

as
S=—FEt+L+S,, (2.24)

where we denote the total energy and angular momentum of the magnetized
particle by p, = —F and py = L, respectively. Taking all together, the motion of
the magnetized particles around the LQG BH takes the following forms
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where & = E/m and | = L/m refer to the specific energy and angular momentum
of particles, respectively. From Eq. (2.25) the effective potential for radial motion

can be obtained as

V. A(r) ( 1+ — (2.26)
e — T “a 9 .
fr r2  m
which includes the dimensionless the magnetic interaction/coupling parameter
B
g =K (2.27)
m

which characterizes the magnetic field strength on the particles with a magnetic
dipole or simply represents the interaction between external uniform magnetic

field and these magnetized particles.
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Figure 2.6: Radial profile of the effective potential for the particles with a nonzero magnetic
dipole momentum around the self-dual BH in the presence of an external asymptotically uniform
magnetic field for different selected combinations of the quantum correction parameter P (left
panel) and the magnetic interaction parameter J (right panel). One can observe that the
minima (7,;,) and the maxima (r,,,,) correspond to the stable and unstable circular orbits,

respectively.

We then turn to analyze the effective potential for radial motion of the mag-

netized particles moving around the BH in LQG in the case in which an external
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Figure 2.7: The ISCO parameters, r;sco, lisco, Ersco for the magnetized particles are plotted
as a function of the quantum correction parameter P for various combinations of the magnetic

interaction parameter (.
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Figure 2.8: The trajectories of the test particle with magnetic dipole moment in the vicinity
of the self-dual BH immersed in an external uniform magnetic field for various possible cases.
Here, we note that (3 is the magnetic interaction parameter that represents the interaction

between an external uniform magnetic field and a particle with a magnetic dipole moment.

magnetic field is present. In Fig. 3.1, we depict the radial dependence of the

effective potential . Namely, we show the impact of the quantum correction pa-
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rameter P on the behavior of the effective potential for fixed magnetic interaction
parameter 3, while the impact of the magnetic interaction parameter for fixed
P. As can be seen from Fig. 3.1 the effective potential has two extreme points
that correspond to stable and unstable circular orbits for particles with magnetic
dipole moment in the LQG BH vicinity, i.e., the minimum r,,;, and the maximum
rmaz Tepresent stable and unstable circular orbits. From Fig. 3.1, the shape of
the effective potential is shifted upward to its higher values, but the stable or-
bits are shifted to the right to larger r as the quantum correction parameter P
increases. Similar behavior is also observed for unstable orbits. One can then
deduce that the gravity in the background spacetime is significantly enhanced as
a consequence of the effect of parameter P. Similarly, we observe a resembling
effect on the behavior of stable and unstable circular orbits under the effect of the
magnetic interaction parameter 3, which causes the radius of stable circular orbits
to increase. Unlike stable orbits, the radius of unstable circular orbits begins to
decrease as the magnetic coupling parameter (3 rises. Additionally, it is important
to find circular orbits on which particles with the magnetic dipole moment move
around the self-dual BH in LQG immersed in an external uniform magnetic field.

2
To this end, one needs to impose the condition, 9 a‘fj L > 0 that solves to give sta-

. : . . OV, 0%V,
ble circular orbits. We do however utilize a general condition =5 = =4/

=0to
determine and analyze innermost stable circular orbits (ISCOs). In Fig. 2.7, we
show the ISCO radius, angular momentum and energy as a function of the quan-
tum correction parameter P for various combinations of the magnetic interaction
parameter 8. As can be seen from the left panel of Fig. 2.7, the ISCO radius
for the magnetized particles increases with the increasing magnetic interaction
parameter, but it decreases under the effect of parameter P. Interestingly, it is
observed that the effect of P on the ISCO behavior reduces for larger values of

the magnetic interaction parameter $. Furthermore, we also demonstrate other



ISCO parameters, such as the angular momentum and the energy as a function of
P for different values of the magnetic coupling parameter 3; see the middle and
the right panels of Fig. 2.7. It is obvious that the combined effects of 5 and P
can cause the angular momentum of the magnetized particles to decrease at the
ISCO. However, the ISCO energy of magnetized particles slightly increases as the
parameter P increases, whereas it significantly decreases as a consequence of the

magnetic interaction parameter 3, as seen in the right panel of Fig. 2.7.

To gain a deeper understanding about the impact of the magnetic interaction
and the quantum correction parameters, we also plot the magnetized particle
trajectory restricted from moving on the equatorial plane of the self-dual BH in
LQG in the presence of an external magnetic field; see Fig. 2.8. There can exist
various orbits, e.g., captured, bound and escape orbits due to different values of
parameters, as seen in Fig. 2.8. From the particle trajectory, one can observe that
the orbits are the captured when considering the vanishing both parameters, but
these orbits turn to be bounded and then be escaping orbits when the quantum
correction parameter P increases; see the top row of Fig. 2.8. Interestingly, it is
observed that the magnetized particle trajectories slightly become chaotic under

the combined effects of P and (3, as shown in the bottom row of Fig. 2.8.

Additionally, to be more informative we explore the ISCO parameters of the
magnetized particle numerically and tabulate their values in Table 2.1. Together
with the ISCO radii, the specific angular momentum and energy of the magnetized
particle moving at the ISCO, we also explore the magnetized particle’s linear

velocity (the azimuthal velocity) [41, 151]
vy =0, /222 (2.28)

with the Keplerian angular velocity/frequency, as tabulated in Table 2.1, which
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is written by

Y L (2.29)

arg¢¢ .

The behavior of Figs. 2.7 and 2.8 is also reflected in Table 2.1. As can be seen from

P B T1sco lrsco Ersco V1sco Qrsco
2V2 / 1
0.00 | 0.0 6 2 \/5 == 1/2 &

0.01 | 0.0 | 5.88230 | 3.36591 | 0.94385 | 0.49665 | 0.06916
0.02 | 0.0 | 5.76906 | 3.27137 | 0.94491 | 0.49326 | 0.07027
0.05 | 0.0 | 5.45429 | 3.00811 | 0.94807 | 0.48293 | 0.07350
0.10 | 0.0 | 5.00308 | 2.62888 | 0.95335 | 0.46514 | 0.07846
0.20 | 0.0 | 4.31952 | 2.04469 | 0.96365 | 0.42784 | 0.08627

0.00 | 0.1 | 6.10610 | 3.24455 | 0.89843 | 0.49349 | 0.06627
0.01 | 0.1 | 5.99407 | 3.15118 | 0.89959 | 0.48969 | 0.06723
0.02 | 0.1 | 5.88649 | 3.06118 | 0.90074 | 0.48584 | 0.06816
0.05 | 0.1 | 5.58893 | 2.81000 | 0.90409 | 0.47404 | 0.07080
0.10 | 0.1 | 5.16910 | 2.44653 | 0.90939 | 0.45349 | 0.07455
0.20 | 0.1 | 4.57350 | 1.88065 | 0.91868 | 0.40859 | 0.07859

Table 2.1: Numerical values of the ISCO parameters, rrsco, l]sco, g[sco, Visco and Q]SCO of
the magnetized particles orbiting on the ISCO orbits around the self-dual BH in the presence

of an external magnetic field.

Table 2.1, the particle’s linear velocity at the ISCO decreases with the increasing
quantum correction parameter P and magnetic interaction parameter 5, whereas
the Keplerian angular velocity increases with an increasing P, but it decreases as

a consequence of an increase in (3.

We examined unique effects of the quantum correction parameter on the dy-
namics of particles with magnetic dipole moment and their non-geodesics around
a self-dual BH immersed in an external uniform magnetic field in LQG. We then
focus on the dynamics of electrically charged particles around the BH considered

here. This is what we intend to take up in the next section.



2.5 The motion of the charged particles near a self-dual
black hole immersed in an external magnetic field in

Loop Quantum Gravity

Here, we investigate the dynamics of electrically charged particles around a
self-dual BH immersed in an external uniform magnetic field in LQG. For that,
we begin to write the Hamilton-Jacobi equation for electrically charged particle

with the rest mass m and charge q as follows:

oS oS

where the four potential of electromagnetic field A, is give in Eq. (2.16). The

Lagrangian of the system for an electrically charged particle is then given by

1 1%
L= imgw,u”u +qui'A, (2.31)

which allows to write the four-momentum as
pu = mguu’ + qA, . (2.32)

Following to the Hamilton-Jacobi action, S = —FEt+ Lo + S, + Sy, the equation

of motion for a charged particle at the equatorial plane (i.e., 8 = 7/2) is defined

by

l Ay \?
gtt|:1+grr7;2+ N -+ d .¢ ] +52=O,
rsinff  mrsind

(2.33)

where we have defined £ = % and [ = % as the specific energy and angular
momentum of the electrically charged particle per unit mass. Here, we note that
for the further analysis we shall for simplicity restrict the motion of an electrically
charged particle to the equatorial plane, # = 5. Taking all into consideration the
equation of the radial motion of charged particles moving around of the self-dual

BH is written as
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From the radial equation of motion, the effective potential, V. ¢, reads as

r mr

Vepr = A(r) |1+ (E + q_A¢) . (2.35)

Figure 2.9: Radial profile of the effective potential for the electrically charged particles around
the self-dual BH in the presence of an external uniform magnetic field for various combinations
of the quantum correction parameter P (left panel) and the magnetic parameter fg (right
panel). We note that the minima (r,,;,) and the maxima (7,,,,) correspond to the stable and

unstable circular orbits, respectively.

To gain a deeper understanding of the non-geodesic motion of an electrically
charged particle around the BH we shall further examine the effective potential
for radial motion. In Fig. 2.9, we show the radial profile of the effective potential
for the charged particle for various possible cases. The left panel of Fig. 2.9
reflects the impact of the quantum correction parameter P on the radial profile of
the effective potential while keeping the magnetic interaction parameter 5 fixed,
while the right panel reflects the impact of S for the fixed P. It is worth noting
that the magnetic field can drastically influence the motion of a charged particle,
causing its geodesics to alter around a BH. Here, it is valuable to note that the

magnetic field parameter plays a crucial role in comparing the relative strength
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Figure 2.10: The trajectories of the electrically charged test particles in the vicinity of the
self-dual BH immersed in an external uniform magnetic field for various possible cases. Here,
we note that g is the magnetic parameter that represents the interaction between an external

uniform magnetic field and an electrically charged particle.

8-
— =00
; B
-~ Be=0.1
6 g
) B:=0.3
25
4
3 T
5
0.0 0.1 02 03 04 0. 01 02 03 04 05

Figure 2.11: The ISCO parameters, rrsco, lisco, Ersco for electrically charged particles are
plotted as a function of the quantum correction parameter P for various combinations of the

magnetic parameter Sg.

of the magnetic and gravitational fields acting on a charged particle’s motion

around the BH. Unlike, in a flat spacetime where the contribution of gravity no

20



longer exists, a test particle with an electric charge ¢ and rest mass m can have
a characteristic cyclotron frequency in a magnetic field with strength B

lqB|
=142 2.36

which serves as the magnetic field parameter. However, in a curved spacetime,
together with gravity, a charged particle can, in addition to the characteristic
cyclotron frequency, have the Keplerian frequency when orbiting around a BH
with mass M, i.e.,

172

_ g
TR (2.37)

where r, is the BH gravitational radius r,. The impact on the particle motion

moving around a BH (i.e., r ~ r;) is interpreted by the dimensionless parame-
ter, usually referred to as the magnetic field parameter Sg, which relates to the
strength of the magnetic field (see, for example, [1406])

Q. qByM

Pe =4 p-

: (2.38)

where By refers to the strength of the uniform external magnetic field surrounding
the BH. To be quantitative we estimate Jr as a dimensionless quantity. For
example, for a proton Bg can take values on the order of ~ 107 around a BH of
mass M ~ 10Mg and of ~ 10! around a BH of mass M ~ 10°M, with the
mass of the Sun, M,. However, one can find that Sr takes even larger values
for an electron, showing that the magnetic field can drastically affect a charged
particle motion due to the Lorentz force dominating over the gravitational field
in the close vicinity of a BH [146, 119, 40]. As shown in Fig. 2.9, the curves of the
effective potential shift upward toward larger values with increasing parameters
P and g, causing the strength of the gravitational potential to decrease. It is
also observed from Fig. 2.9 that an increase in the quantum correction parameter
P shifts stable circular orbits to larger r, while they become closer to the central

object under the influence of the magnetic parameter g, resulting in the radius



of stable circular orbits decreasing. Additionally, we demonstrate the trajectory
of electrically charged particles restricted from moving on the equatorial plane of
the self-dual black hole in LQG for various possible cases; see Fig. 2.10. Here, we
analyze the effects of both P and g on the behavior of captured, bound, and
escape orbits around the black hole. In Fig. 2.10, the top row shows the impact of
parameter P on the trajectory of electrically charged particles, while the bottom
row shows the change in the behavior of particle trajectories when considering the
magnetic parameter Sg. It is observed from the particle trajectory that orbits
are captured when considering the vanishing of both parameters, but these orbits
become bounded and escaping orbits when increasing the parameter P; as seen in
the top row of Fig. 2.10. The interesting point to note here is that the role of the
magnetic parameter can make bounded orbits turn into captured orbits, causing
the electrically charged particle to fall into the black hole; see the bottom row of
Fig. 2.10. Interestingly, one can observe that the lose of the electrically charged
particle’s energy, &, decreases with an increasing quantum correction parameter
P. This suggests that the effect of P allows the particles to retain their energy
when orbiting around the black hole, preventing them from falling into the black
hole, as shown in the third panels of both the top and bottom rows of Fig. 2.10.

Similar to what is observed to the previous section, here, we also turn to
examine the ISCO parameters of the electrically charged particle moving around
the self-dual black hole immersed in an external magnetic field in LQG. The
following conditions, required for the particles to be on the ISCO,

WVepp(r)  Vess(r)
Ee = =0, (2.39)

Verr (r) = 5?500 and

solve to give the ISCO parameters. In Fig. 2.11, we show the ISCO parameters,
such as the ISCO radii, the energy and the angular momentum of the electrically
charged particles. As shown in Fig. 2.11, the ISCO parameters decrease with an

increasing parameter P, similar to what is observed in previous section. However,
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these parameters are influenced significantly by the magnetic parameter Sg. In-
terestingly, unlike the magnetic interaction parameter S between magnetic field
and particle’s magnetic dipole momentum, an increase in the magnetic parameter
BE decreases the ISCO radii but increases the angular momentum and the energy

of the electrically charged particle, as seen in Fig. 2.11. Furthermore, together

P |\ Be | rsco | lisco | &1sco | visco | $rsco
0.00 | 0.1 | 5.02571 | 4.62678 | 1.19536 | 0.57489 | 0.08875
0.01 | 0.1 | 4.93044 | 4.46667 | 1.18750 | 0.57108 | 0.09025
0.02 | 0.1 | 4.83816 | 4.31457 | 1.18017 | 0.56730 | 0.09174
0.05 | 0.1 | 4.57811 | 3.90153 | 1.16099 | 0.55607 | 0.09620
0.10 | 0.1 | 4.19459 | 3.33319 | 1.13652 | 0.53779 | 0.10353
0.20 | 0.1 | 3.57576 | 2.51660 | 1.10660 | 0.50334 | 0.11771

0.00 | 0.2 | 4.63195 | 6.32663 | 1.57136 | 0.61639 | 0.10031
0.01 | 0.2 | 4.53872 | 6.07161 | 1.54979 | 0.61315 | 0.10225
0.02 | 0.2 | 4.44858 | 5.83139 | 1.52955 | 0.60991 | 0.10420
0.05 | 0.2 ] 4.19539 | 5.18963 | 1.47584 | 0.60022 | 0.11005
0.10 | 0.2 | 3.82382 | 4.33350 | 1.40524 | 0.58431 | 0.11985
0.20 | 0.2 | 3.22674 | 3.16359 | 1.31271 | 0.55439 | 0.13961

Table 2.2: Numerical values of the ISCO parameters, rrsco, l]sco, g[sco, Visco and Q]sco
of the electrically charged particles orbiting on the ISCO orbits around the self-dual BH in the
presence of an external magnetic field in LQG, similar to what is observed in Table 2.1 for the

magnetized particles.

with r7500, lisco, and Ergco of electrically charge particles orbiting at the ISCO,

we examine the charged particle’s linear (orbital) velocity

vy = Q, 22 (2.40)
gt

with the Keplerian angular velocity /frequency, €2, which can be defined using

non-geodesic equation for charged particles [152]:

2q
Gitr T QQ%W = _E (At,r + QAqb,r) (_gtt - 929¢¢) ) (2-41)



then expression for €2:

Ao\ 2¢As.
QQ = [Qg—2gtt<q i > iMX
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qA(b,r 2
1+ 4g,, , (2.42)

MYGpe,r

which, in the limit of ¢ — 0, reduces to

Q= (|29t (2.43)

OrGos

All numerical estimations for the ISCO parameters together with v;sco, Qrsco
are also reflected in Table 2.2 for the electrically charged particles orbiting on
ISCO around the self-dual black hole in LQG in the presence of an external
magnetic field. As shown in Table 2.1, the electrically charged particle’s linear
velocity at the ISCO decreases with the rise in the quantum correction parameter
P, but it increases under the effect of the magnetic field parameter Sg, while the

Keplerian angular velocity increases with increasing P and [g.

2.6 Conclusion

In this chapter, we considered a self-dual BH immersed in an external asymp-
totically uniform magnetic field in LQG. To have information about spacetime
geometry and test its nature one needs to delve into the effects of a quantum
correction parameter and electromagnetic interactions on the particle geodesics.
To this end, we studied the motion of magnetic dipoles and electrically charged
particles in the environment surrounding the spacetime geometry in LQG. We de-

rived the field equations and determined the electromagnetic four-vector potential

for the case of the self-dual BH in LQG.
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We began to study the influence of the DM halo on the ISCO parameters,
specifically, the energy Ersco, angular momentum ;500 and the ISCO radius
risco for timelike particles orbiting the Schwarzschild-like BH surrounded by
a Dehnen-type DM halo. Our analysis showed that increasing the DM density
ps results in a corresponding increase in both r;gco and l;gco. Interestingly,
the characteristic scale ry has a nonmonotonic effect on l;5c0, i.e, while r75c0
increases with r,, the angular momentum [;gc0 initially decreases up to a critical
value of rg, beyond which it begins to increase again, as shown in Fig. 2.3. Finally,
we investigated the Lyapunov exponent to understand the stability of timelike
particle orbits in the BH vicinity. The radial profile of the Lyapunov exponent,
presented in Fig. 2.4, clearly shows a slight rightward shift in the curves with
increasing p, and rg, suggesting that the corresponding stable circular orbits are
displaced to larger radial distances. This behavior is consistent with the change

in ISCO radii observed in Fig.2.3.

We also examined the motion of magnetized particles around the BH in the
presence of an external magnetic field. We studied the stable and unstable circular
orbits for particles with a magnetic dipole moment and showed that the stable
orbits are shifted to exist at larger » under the influence of the quantum correction
parameter P. We also showed that similar behavior is also observed for unstable
orbits. It was found that the gravity in the spacetime of the self-dual BH in LQG is
significantly enhanced by the impact of parameter P. Similarly, we also observed
a similar behavior of stable and unstable circular orbits under the influence of the
magnetic interaction parameter 3. We also showed that stable orbits of electrically
charged particles become closer to the BH under the influence of the magnetic

parameter Sg, causing the radius of these orbits to decrease.

We also studied the combined effects of the quantum correction parameter P

and the magnetic interaction parameter 5 on the ISCO radius. We showed that



the ISCO radius for magnetized particles decreases under the influence of the
quantum correction parameter but it increases with an increasing magnetic inter-
action parameter 8. However, unlike the magnetic interaction parameter 3, the
ISCO radius of electrically charged particles decreases with an increasing magnetic
parameter Sg decreases. Notably, we showed that the ISCO radius of magnetized
particles is greater than that of electrically charged particles due to the magnetic
field interaction. Further, we examined the ISCO parameters, such as the angular
momentum [;sco and the energy Ersco, and showed that the angular momentum
of the magnetized particles orbiting on the ISCO decreases under the effects of
both the magnetic coupling parameter § and the quantum correction parameter.
Interestingly, we observed that the ISCO energy of magnetized particles increases
due to the impact of P, while it decreases as a consequence of the influence of
(. Unlike the magnetic interaction parameter 3, the angular momentum and the
energy of the electrically charged particles increase with a rise in the value of the

magnetic parameter Sg.

We also showed that the particle’s linear velocity visco decreases, but the
Keplerian angular velocity €2;sco increases as a consequence of the influence of
the quantum correction parameter P. However, when the effect of the magnetic
interaction parameter (3 is included, v;gco and Q700 for the magnetized particles
decrease with a rise in the value of 3, whereas these parameters increase with
an increasing magnetic field parameter Sg for the electrically charged particles
orbiting on the ISCO around the self-dual BH immersed in an external uniform

magnetic field in LQG.

Furthermore, we analyzed captured, bound and escape orbits of magnetized
and electrically charged particles restricted from moving on the equatorial plane
of the self-dual BH in LQG for various possible cases. We showed that the orbits

of the magnetized particles are captured when considering the vanishing of the
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quantum correction parameter P and the magnetic interaction parameter [, but
they turn to be bounded and then become escaping orbits as a consequence of
an increasing quantum correction parameter P. Interestingly, it turns out that
the magnetized particle trajectories slightly become chaotic under the combined
effects of P and . However, from the trajectories of electrically charged particles
we showed that the role of the magnetic parameter Sr can make bounded orbits
turn into captured orbits, causing the electrically charged particle to fall into the
BH. Unlike the magnetized particle case, we observed that the loss of the elec-
trically charged particle’s energy (i.e., £) decreases with an increasing quantum
correction parameter P, causing the particles to retain their energy when orbiting
around the BH and preventing them from falling into the BH. This is a remarkable
and distinguishing feature of orbits of electrically charged particles compared to
the magnetized particles around the self-dual BH in LQG. We also investigated
the timelike geodesics of particles in the BH-DM spacetime, highlighting how
the novel Dehnen-type DM halo influences the gravitational dynamics and affects
particle trajectories. We analyzed the trajectory of timelike particles with the
appropriate specific energy £ and angular momentum [ = % We showed that
there exist two types of orbits: captured and bound orbits. Our analysis indicated
that these orbits become captured with increasing ps; and 7y, as represented in
Fig. 2.1. Using the Lagrangian formalism, we derived the effective potential and
analyzed its radial behavior for timelike particle motion. The effective potential
exhibits two extrema, corresponding to stable and unstable circular orbits. Our
results showed that increasing the DM halo’s density ps and characteristic scale
rs leads to an outward shift of both stable and unstable circular orbits, effectively
expanding the influence region of the BH-DM system. The effective potential
curves exhibit a slight shift to the right, indicating larger orbital radii, while the

maximum effective potential decreases with an increase in p; and r;, as illustrated



in Fig. 2.2.
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Chapter 111

Orbits of particles with magnetic dipole
moment around magnetized Schwarzschild

black holes: Applications to S2 star orbit

3.1 Introduction

The investigation of free-falling objects in gravitational fields links geometry
and gravity through the GR, where the curvature of spacetime plays the principal
role. This fundamental understanding gained popularity early once it was recog-
nized that planets and light follow geodesics. Outstanding discoveries, right after
the proposition of the Schwarzschild solution [153], was the verification of light
deflection during the 1919 solar eclipse expedition [154]. The precise evaluation of
the anomalous precession in the perihelion of Mercury [155], which constitute the
primary standard tests of general relativity. However, the complex nature of the
partial differential equations governing particle dynamics in curved spacetimes
necessitates simplified or numerical solutions to compare theoretical results with
observational tests.

Analytical expressions have several advantages since they serve as benchmarks
for numerical methods, and hence, they facilitate comprehensive parameter space

exploration for predicting astrophysical observables. Efforts to find exact analyt-



ical solutions for geodesic equations of particles have intensified since Hagihara’s
studies in 1931 [156], followed by works by Darwin, Mielnik, and Plebanski [157,
158, 159]. These methods, which are based on the theories of elliptic functions and
modular forms, were studied by nominated nineteenth-century mathematicians
such as Jacobi [160], Abel [161], Riemann [162, 163], and Weierstrass [164] (see
also Ref. [165] for a complete textbook review on these discoveries). Particularly
noteworthy is the application of modular forms in solving (hyper-)elliptic integrals
involved in particle trajectory studies, garnering significant attention in recent
decades. These methods, rooted in the theories of elliptic functions and modular
forms, have been the focus of numerous investigations analyzing trajectory curves
in BH spacetimes inferred from general relativity and its extensions (see, for ex-
ample, Refs. [166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179,
180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192, 193, 194, 195, 196]).

Building upon this scientific foundation, contemporary research continues to
explore the properties and dynamics of particles falling in gravitational fields in
diverse astrophysical contexts bound and unbound particle orbits, in particular,
represent fundamental aspects of motion that offer valuable insights into the struc-
ture and evolution of the universe. Bound orbits, characterized by closed trajecto-
ries around central masses, are found extensively in celestial systems, ranging from
planetary orbits in the solar system to the motion of stars in galaxies [197, 198].
These orbits contribute to astrophysical objects’ stability and long-term dynamics
and provide essential constraints on theoretical models of gravitational dynamics

and cosmological evolution.

On the other hand, unbound particle orbits extend indefinitely through space,
either escaping to infinity (deflecting trajectories) or falling into gravitational
singularities (plunge or captured orbits). These orbits play a critical role in un-

derstanding cosmic phenomena such as the formation and evolution of galaxies
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and the dynamics of stellar populations within galactic clusters (see, for example,
Ref. [199] and the book [200]). They are also useful for modeling particle or-
bits within DM halos [201]. Unbound orbits provide valuable information about
the escape velocity of celestial bodies, shedding light on the mechanisms under-
lying stellar ejection and galactic interactions. Moreover, the study of unbound
orbits offers insights into the gravitational interactions between celestial objects
and their surrounding environments, contributing to our understanding of the

large-scale structure and evolution of the universe [200].

The study of trajectories of magnetized particles around magnetized astrophys-
ical objects, particularly BH, is of great importance in understanding the nature
of astrophysical phenomena. Magnetized BHs, characterized by intense magnetic
fields generated by rapidly rotating neutron stars or stellar-mass BHs, exhibit
intricate interactions between gravitational and electromagnetic forces that give
rise to a diverse range of astrophysical phenomena [202, 203, 204, 205, 206, 207,
208, 131]. Charged particles, such as electrons and protons, spiraling along mag-
netic field lines near these objects undergo complex dynamics, including acceler-
ation, deflection, and emission of radiation. These processes play a crucial role
in shaping the observational properties of various astrophysical sources, including
pulsars, gamma-ray bursts, and active galactic nuclei [209, 210, 211]. By study-
ing the trajectories of magnetized particles, researchers can gain insights into
the mechanisms driving particle acceleration, the formation of relativistic jets,
and the emission of high-energy radiation observed across the electromagnetic
spectrum. Furthermore, understanding the interplay between gravitational and
electromagnetic forces near magnetized astrophysical objects offers valuable in-
sights into fundamental aspects of plasma physics, high-energy astrophysics, and

GR [212, 213, 214].

Given the importance of this subject, our study aims to investigate the dy-



namics of magnetized particles affected by the magnetic field of an astrophysical
object, in this case, a magnetized Schwarzschild BH. In this study, we analyze
the dynamics and motion of particles possessing magnetic dipole moments ana-
Iytically as they move in the exterior geometry of a Schwarzschild BH with an
associated magnetic field. We utilize elliptic integrals to express exact analytical
solutions to the equations of motion governing the behavior of these particles.
Particularly, the deflecting trajectories are considered akin to a type of gravita-
tional Rutherford scattering, which is also treated analytically.

To accomplish our objective, we structure this chapter as follows: In Section
3.2, we introduce the spacetime under study and develop a Lagrangian formalism,
leading to the equations of motion for the test particles. In Section 3.3, we initiate
our main study by providing a general classification of the possible orbits based
on the radial profile of the effective potential experienced by the particles. In
this section, we provide a precise derivation of the planetary orbits with different
eccentricities, also assessed by observational tests regarding the S-star orbits at the
center of the Milky Way. In Section 3.4, we continue our study by investigating the
unbound orbits, consisting of deflecting trajectories. These trajectories are either
deflected beyond the BH or inexorably fall into the event horizon. The former
is termed gravitational Rutherford scattering in Refs. [182, 188]. To complete
this investigation, in Section 3.5, we present a fully analytical study of the purely

radial trajectories. We conclude in Section 3.6.

3.2 Motion of magnetized particles around a Schwarzschild

black hole immersed in magnetic fields

In this section, we derive the equations of motion governing magnetized test
particles orbiting a Schwarzschild BH in the presence of an externally applied

asymptotically uniform magnetic field. The line element describing the exterior
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spacetime of a Schwarzschild BH with mass M is given by
ds® = —f(r)dt* + f(r)"'dr® + r?dQ?, (3.1)

in the usual Schwarzschild coordinates z® = (t,r,0,¢), with dQ? = df* +

sin? fd¢?, where the lapse function is given by

fr)=1-22. (3.2)

-
3.2.1 Magnetization of Schwarzschild-like black holes

Here, we assume that the BH is surrounded by an external, asymptotically uni-
form magnetic field with a constant value of B at infinity. According to Wald’s
approach, the four-potential, being solutions of Maxwell’s equations, can be ex-
pressed as A* = %ﬂ; [215], where & = (0,0,0,1) represents a space-like Killing
vector. Consequently, we can immediately obtain the non-vanishing components

of the electromagnetic tensor as

F,, = Brsin® 0, (3.3a)

B
Fyg = 57“2 sin 26. (3.3b)

The components of the magnetic field around the BH, as measured by zero angular
momentum observers (ZAMOs), can be calculated as

. 1
B' = §nl50“F50wu, (3.4)

where i = (r,0,¢), w represents the four-velocity of the ZAMOs with w# =
1/4/f(r)(1,0,0,0), and 7,3, denotes the pseudo-tensorial form of the Levi-

Civita symbol €., With the following relations:

1
Napoy — V =9 €afory, Uaﬁm = _\/___geab’aw/’ <35)
where g = det|g,,| = —rtsin?6, corresponding to the spacetime metric (3.1).

Hence, one can obtain expressions for the non-zero orthonormal components of



the magnetic field using the tetrads carried by the ZAMOs [216]. Furthermore, the
non-zero orthonormal components of the magnetic field measured by the ZAMOs

are calculated as

B’ = \/f(r) Bsin®, (3.62)
B" = Bcosé. (3.6b)

3.2.2 Magnetized particle dynamics

The dynamics of polarized particles within the spacetime described by the line

element (3.1) can be expressed using the Lagrangian [217]
1 1
Z = é(m + U)gput'u” — EHU, (3.7)

where k = 1 and the magnetic interaction term is represented by U = DM F),,,.
The calculation of the magnetic interaction term has been undertaken by vari-
ous authors (see, for example, Ref. [218]). Specifically, it is given by U = uaB?.
Furthermore, suppose we limit the motion of the magnetized particles to the equa-
torial plane and assume that the magnetic dipole of the particles is perpendicular
to this plane. In that case, we can express the components of the magnetic mo-
ment four-vectors as ud = (0,0, i1, 0). Consequently, we can derive the conjugate

momenta as

0

Pu = Ot = (m + U)guuuy, (3.8)

based on which, the two constants of motion

—& = [1+4BF(r,0)]gut, (3.9)

I = [L+BF(r,0)] 9009 (3.10)

can be defined in accordance with the symmetries of the spacetime, where g =
uB/m, and F(r,0) = \/f(r)sinf. Here, £ = E/m and | = L/m represent the
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magnetized particle’s specific energy and specific angular momentum, respectively.
Furthermore, one can express the Hamilton-Jacobi equation while accounting for

the magnetic field as follows:

2
g“”a—s 05 _ —m? (1 — Q) : (3.11)

Oxt dxv m
with § denoting the Jacobi action, and motion restricted to the equatorial plane,
the action can be expressed as S = —Ft + L¢ + S.(r), and in this context, we
have m = 1. Therefore, the radial motion can be easily described in terms of the

following equation:
i = &% — Vg, (3.12)

in which
2 I

Vaalrs0) = £00) (11 = SF /2P + 5 ). 313
is the effective potential felt by the test particles. In Fig. 3.1, we illustrate how
the radial dependence of the effective potential varies with the specific angular
momentum (left panel) and the magnetic interaction parameter 5 (middle panel).
The maximum of the effective potential denotes instability. Furthermore, these
plots indicate that increasing the specific angular momentum [ of the magnetized
particles and the magnetic interaction parameter 3 leads to an increase in the
stable circular orbits (at rym) of the test particles with magnetic dipole momen-
tum. Conversely, an increase in the specific angular momentum of the magnetized
particle results in a decrease in the unstable circular orbits (at rpax) of the par-
ticles with magnetic dipole moment. Moreover, escalating the magnetic coupling
parameter 5 leads to an increase in the unstable circular orbits of the magnetized
particles. Additionally, Fig. 3.1 presents the radial profile of the effective potential
with the specific angular momentum [;gco of the magnetized particles in the In-

nermost Stable Circular Orbit (ISCO) for a given value of 5 = 0.1. Consequently,
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Figure 3.1: The radial profile of the effective potential is depicted for fixed values of the magnetic
coupling parameter 3 (left panel), and the specific angular momentum [ (middle panel). The
minima (ry;,) in the effective potential corresponded to stable circular orbits, while the maxima
(rmax) correspond to unstable circular orbits. Additionally, the turning points r, 1, 7, 74, and

the radius of the unstable circular orbit r, are indicated in the right panel.

Fig. 3.1 indicates that for specific angular momentum values [ > ligco, there are
two extreme points in the effective potential, namely ., corresponding to unsta-
ble circular orbits and r,;, corresponding to stable circular orbits. For the specific
angular momentum value [ = ligco, there is only one extreme point rp;,, corre-
sponding to the stable circular orbit. However, for specific angular momentum
values | < lisco, there are no extreme points in the effective potential, indicating
the absence of any circular orbits in this case. Additionally, insights into the orbits
of magnetized test particles can be obtained from the effective potential. In the
right panel of Fig. 3.1, we depict the turning points ry and r; corresponding to
the deflecting trajectories. Furthermore, concerning the planetary bound orbits,
we have also denoted the turning points r, (periapsis), the smallest orbital sep-
aration, and r, (apoapsis), the largest orbital separation, of particles possessing
magnetic dipole moment orbiting a Schwarzschild BH within magnetized fields.

We will later explore that test particles establish bound orbits if their specific
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energy £ is less than /1 — 8 and unbound orbits if £, > & > /1 — 3, where
E% = Vq(r,) represents the energy corresponding to the unstable circular orbits
at 7, = "max-

One can utilize Egs. (3.9) and (3.12) to derive the general equation of motion in

the equatorial plane for angular trajectories. This yields the differential equation

(dr>2 rt (1 +ﬁ\/m>2

do) — 2

x[€2—f( <1+——5\/7>]. (3.14)

In the forthcoming sections of the paper, we will employ this equation to analyt-
ically analyse the bound and unbound orbits of magnetized test particles in the

spacetime under consideration.

3.3 The bound orbits

Following the same procedure as in Ref. [219] to determine the (I, £) parameter
space for circular orbits, in this section we will investigate how this space varies
with the magnetic coupling constant 3. Subsequently, by employing the conditions
E? = Vg and Vi = 0, we can ascertain the specific energy £ and specific angular

momentum [ of the magnetized particles as

2 Mrg {ﬁ / (7“;)&(23]\25 v/ m’))}’ (3.15)

£ = f(r) (1—16\/f<m>)2
o T (- 7))

(’I“O—SM)

_|_

(3.16)

corresponding to circular orbits at the radius r = ry. It is well-known that
to identify stable circular orbits, one should examine the second derivative of

the effective potential, namely VJj > 0 indicates stable circular orbits, while
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Figure 3.2:  Graphical representation of the ISCO radius risco, ISCO specific angular mo-

mentum lisco, and the ISCO specific energy Esco along the magnetic coupling parameter [3.

¢ < 0 indicates unstable circular orbits. However, our determination of stable
and unstable circular orbits depends on 3. Therefore, in Table 3.1, we present the
values of the critical radii of the unstable circular orbits. It is evident that Vi > 0
for rg > rmax, corresponding to stable orbits, and e’f’f < 0 for rmin < 19 < Tmax,
corresponding to unstable orbits. Surely, rg = rpmn corresponds to the ISCO.
Therefore, from Table 3.1, one can easily conclude that increasing the magnetic
coupling constant [ leads to an increase in the value of the ISCO radius. To

provide more precise insight, in Fig. 3.2, we illustrate how the ISCO radius

B | rmin T'max
0.0 | 3M 6M
0.1 | 3M | 6.09984M
0.3 | 3M | 6.36414M
0.5 | 3M | 6.78254M

Table 3.1: The radii of stable and unstable circular orbits for different values of the magnetic

coupling constant f3.

risco, the specific energy Esco, and the specific angular momentum ligco of the
magnetized particle in the ISCO depend on the magnetic coupling constant 5.
From Fig. 3.2, one can readily conclude that increasing the magnetic coupling
parameter 3 results in a decrease in the specific energy &sco and the specific

angular momentum [igco of the magnetized particles in the ISCO. In contrast,
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Figure 3.3: Values of the specific energy £ and specific angular momentum [ for circular orbits
plotted for fixed values of the magnetic coupling parameter 3. Solid lines represent stable
circular orbits, while dashed lines represent the radius of unstable circular orbits.

increasing the magnetic interaction term [ leads to an increase in the value of the
ISCO radius rigco of the particles with the magnetic dipole moment. Additionally,
in Fig. 3.3, we have plotted the domain (for the quantities £, [/M, and the line
representing the non-relativistic limit, i.e. {/M — oo), within which, magnetized

particles can possess circular orbits.

3.3.1 Analytical solution for the angular trajectories

We now endeavor to utilize the classification scheme developed by Levin and
Perez-Giz (refer to Ref. [220]) to determine potential values for specific energy
& and specific angular momentum [ for a given orbit. To begin this process, we

introduce a new variable, u = 1/r, in Eq. (3.14), which yields

du _i(l—l—ﬁ\/l—QMu)
do l

X \/52 — (1 —2Mu) (1 + 1Pu? — BV1 — 2Mu>. (3.17)
Subsequently, employing the approximation 5v/1 — 2Mu ~ 8 — SMu+ O (u2)

and neglecting the A?u* term, we arrive at the expression

@ 2: CLUS— u2 Ccu
(d¢) (1+8)( bu® + cu +d), (3.18)



where

0 =2M |(28+1) — Qﬁ;MZ | (3.19)
28(1 — 43) M2
b= (6+1)+ ( B ) , (319b)
C:M[2—5(55+252—1)] (3.10¢)
2 ’ |
2 _
PG (5;5 ), (3.194)

From Eq. (3.18), it is evident that for £ < 1 — 3, bound orbits occur, which is
the primary focus of this section. We assume u; < us < ugz, where {uy, us, us}
represent the real roots of Eq. (3.18). In the scenario where all these roots are
positive, in accordance with the right panel of Fig. 3.1, the radii of the particle
orbits vary between r, = 1/u; and r, = 1/uy (that is, u; < w < wg). This
situation corresponds to planetary bound orbits (see, for example, Ref. [221]),
wherein the radial position of the test particles oscillates between the apoapsis
uy and the periapsis us. If one of these roots is negative (for instance, ug < 0
and 0 < u; < ug), the test particles will either deflect to infinity at the turning
point r; = 1/uy or plunge into the black hole at the turning point ry = 1/ug, as
denoted in the right panel of Fig. 3.1. The former type of orbits is termed orbits
of the first kind (OFK), while the latter is designated as orbits of the second kind
(OSK). These types of orbits are discussed in the next section.

Now, to obtain a general analytical solution for the angular motion, we assume
that the magnetized particles commence their motion from v = w; and ¢ = 0.
Then, Eq. (3.18) can be expressed as

v du

1
b= va(l+p) Ju \/(U_U1)(U—U2)(U—U3)’

which yields the solution
QF( arcsin 4 /ﬁ, ko)
(3.21)

\/a(l + B)(ug — uq) 7

(3.20)

¢(u) =
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where

ko = /22— (3.22)
Uz — Uq

In Eq. (3.21), F(x, k) is the incomplete elliptic integral of the first kind, with
argument x and modulus k |222]. By performing the inversion of the above

solution and restoring the change of variable, we arrive at the analytical expression

1
r@) = uy + (ug — up)sn?(0o, ko)’ (3:29)

where 0y = 0y(¢) = /a(l + B)(uz — u1)¢/2. In the above relation, sn(6, k)l

denotes the Jacobi elliptic sine function, with argument # and modulus k.

3.3.2 Periodic orbits for fixed topological characteristics and the im-

pact of eccentricities

The roots of the characteristic polynomial (3.18) can be expressed in the fol-

lowing form [221]:

ur= (3.24a)
1
= € (3.24b)
A\
b 2
- =z 24
BT 0+ B N (3.24¢)

!The well-known incomplete elliptic integral of the first kind is given by the general form [222]

0=F

¢ dt
0= [ =
0 v1—k2sin“t

where ¢ = F~1(0,k) = am(, k) is the Jacobi amplitude. This way, the Jacobi elliptic sine function is defined

as

sin ¢ = sin (am(6, k)) = sn(6, k).



where e and A denote eccentricity and the latus rectum, respectively. For bound

orbits, the condition 0 < e < 1 applies. Then we will have

b 3—e
—uy = — 3.25
Y Gy PR W (3.250)
2
s — up = —. (3.25D)
A
Accordingly, the exact solution for bound orbits can be written as
"(¢) = 4 (3.26)
1 —e+2esn2(0y, k)’ '
in which
1 3 —
mzem@:Vﬁ—“(+ﬁx 254 (3.27a)
A 2
2ea(1+ B)
ki = : 3.27h
! \/A—a(l-l—ﬁ)(S—e) ( )

Considering the oscillation of the radial coordinate between u; and wus during
one period of planetary orbits, one can determine the associated change in the

azimuth angle using Eq. (3.21). This calculation results in,

4K (k
Ady = 2¢(u) = (Fo)
va(l+ B)(us —u)
4K (k
- () , (3.28)
\/b . a(l—i—ﬁ/\)(?)—e)
where K (k) is the complete elliptic integral of the first kind [222].
Levin and Perez-Giz [220] proposed a taxonomy scheme in the form
Ady
gtlmwt i1 =20 (3.29)
z 2m

where w, v, and z represent the whirl, vertex, and zoom numbers, respectively.

Subsequently, Equation (3.28) can be reformulated as

g+1= (3.30)
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Furthermore, for each e and A, the corresponding specific angular momentum and

specific energy can be found using Eqs. (3.18) and (3.24) as

e = {arpan-p¥
—46? (1 &) M*| + 0 + 0}, (3.31)
12 = w’ (3.32)

v

where the coefficients involved are provided in appendix 3.8.

Now, we can illustrate the periodic orbits of the magnetized particles for se-
lected values of the periodic orbit parameters (z,w,v) and eccentricity e. To
achieve this, we numerically solve Eq. (3.30) to obtain A and then determine the
corresponding specific energy and specific angular momentum using Eq. (3.32).
In our numerical calculation of A, we have disregarded the term ~ £%/I? in a
and, b as it is considerably smaller than ~ 3. Subsequently, Tables (3.2), (3.3),
and (3.4) present numerical values of the latus rectum A, along with the corre-
sponding specific energy £ and specific angular momentum [, for the periodic
orbits (4,0,1), (3,0,1), and (2,0, 1), respectively. These tables reveal that the
magnetic interaction term S leads to an enlargement of the orbits of magnetized
particles. This expansion can be attributed to the repulsive interaction between
magnetized particles and an external uniform magnetic field B. Subsequently,
plotting orbits for these selected values is straightforward, as demonstrated in
Cartesian coordinates in Fig. 3.4. The diagrams in this figure illustrate how the
magnetic interaction term [ contributes to the expansion of periodic orbits for

test particles with dipole magnetic moment.
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Figure 3.4: Orbits corresponding to various eccentricities: blue orbits represent 5 = 0.1, while
black orbits represent 8 = 0.0. The black hole is assumed to be positioned at the origin. Here

b = < is the impact parameter.
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Table 3.2:

selected eccentricity e and the periodic orbit (4,0, 1), with fixed values of the magnetic coupling

parameter 3.

Table 3.3: The same table as in Table 3.2 for the periodic orbit (3,0, 1).

s

e

A

l

£

0.0
0.0
0.0
0.1
0.1
0.1

0.5
0.8
0.8
0.5
0.8
0.8

16.7637M
16.9124 M
8.40393 M
17.8396 M
18.2964 M
11.1572M

4.56019M
4.64227M
3.85035M
4.39676 M
4.50733M
3.92914M

0.978644
0.989591
0.98
0.930824
0.940086
0.935

The specific energy £ and specific angular momentum [ values corresponding to

s

e

A

l

£

0.0
0.0
0.1
0.1
0.1

0.5
0.8
0.5
0.8
0.8

13.8243M
13.9918 M
15.3592M
15.8208 M
7.60573M

4.25126 M
4.34876 M
4.17356 M
4.29611M
3.86844M

0.974472
0.987505
0.928205
0.938799
0.93

&

e

A

l

&

0.0
0.0
0.1
0.1
0.1

0.5
0.8
0.5
0.8
0.8

10.9382M

11.145M
12.7528 M
13.2453M
7.60573M

3.94488M
4.06822M
3.94033M
4.0825M
3.86844M

0.968567
0.984504
0.924563
0.936994
0.93

Table 3.4: The same table as in Table 3.2 for the periodic orbit (2,0, 1).

3.3.3 Estimating the magnetic coupling parameter § using observed

data from the S2 star

Studying the S2 star’s orbits provides a unique opportunity to test General
Relativity near Sgr A*. It offers insights into stellar dynamics and gravitational
forces in the galactic center. The proximity of S2 to the black hole Sgr A* allows

exploration of supermassive black hole properties, such as mass and spin. Tracking
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Figure 3.5: Observed trajectory of the star S2 orbiting SgrA*.

S2’s orbit over time informs our understanding of black hole characteristics and
the surrounding environment. Hence, observation data of the motion of the S2
star near Sgr A* offer a pathway to evaluate various physical theories (see, for
example, [223]). In this subsection, we aim to determine the potential values of
the magnetic coupling parameter 5 based on the observation data provided in
Ref. [224]. To achieve this, we utilize Eq. (3.30) to compute numerical values
of 5. Given numerical values of eccentricity e and latus rectum A, we can derive

numerical values of 5. For a simple elliptic trajectory, the orbit of the S2 star
should be (1,0,0). Thus, Eq. (3.30) can be represented as
K (k1)

\/b 1+,B3e'

We have depicted the periodic orbit corresponding to the observed trajectory of

(3.33)

the S2 star orbiting Sgr A* in Fig. 3.5. In the trajectory calculation, we will
assume the external magnetic field around Sgr A* and extend to the S2 star’s
orbit. In this coordinate system, the x and y axes correspond to offsets in the
right ascension (ARA/M) and declination (ADec/M) of Sgr A*. Additionally,
the origin of the coordinate system coincides with the fitted center of mass of Sgr

A*. Using Eq. (3.33) together with Egs. (3.31) and (3.32), we computed the
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ﬁmax ﬁmin lmax lmin gmax gmin
0.419751 | 0.14249 | 5.02989M | 7.4095M | 0.871573 | 0.923948

Table 3.5: The magnetic coupling parameter § values yield periodic orbits for the observed
trajectory of the S2 star orbiting Sgr A*, alongside the respective specific energy and specific

angular momentum of the S2 star.

possible values of the magnetic coupling parameter Sy max and, correspondingly,
the specific energy Emin max and the specific angular momentum iy max of the S2
star (see Table 3.5). Our calculations indicate that the specific energy and specific
angular momentum of the S2 star lie within the ranges 0.871573 < £ < 0.923948
and 5.02989M <[ < 7.4095M, respectively.

Our findings may help us to determine the limits for the magnetic dipole mo-
ment of the S2 star with the mass ~ 14M; [225]. The magnetic field in the
vicinity of Sgr A* (at the ISCO 6 Mgga+ > 0.24 AU) is approximately 5-100 G
[226, 227|, and near the orbit of the magnetar PSR 1745-2900 is about mG [228].
To estimate the magnetic dipole moment of the magnetized S2 star, we assume
the magnetic field near its orbit is about 1 G. The estimated value of the magnetic

interaction parameter § = puB/m is

1
N of ™ B 3
w28 x 10 (14 ®> (1G) G - cm”. (3.34)

One may have the possible range of the maximum and minimum of the magnetic

dipole using the obtained Bpaxmin as

1 7 1
— <) < - .
3~ (106G-cm3> 2 (3:35)

3.4 unbound orbits

In this section, we will shift our focus from analyzing bound orbits to exploring
unbound trajectories, particularly those involving deflection, which hold signifi-

cant implications for understanding the dynamics of magnetized particles in BH



M

Figure 3.6: The relationship between the radius of unstable circular orbits and specific angular

momentum for fixed values of the magnetic coupling constant 3.

spacetimes.

3.4.1 Unstable circular orbits

According to the right panel of Fig. 3.1, unstable circular orbits occur at the
maximum of the effective potential, where the condition VJ; = 0 is satisfied. Fig-
ure 3.6 illustrates the relationship between the radius of unstable circular orbits,
Ty, and the specific angular momentum, considering fixed values of the coupling
parameter 5. As the diagram shows, as the [ parameter increases, the mutual
dependence of the above quantities becomes less noticeable. In other words, for
larger values of 3, the changes in r, depend less strongly on the changes in [.
Furthermore, utilizing Eq. (3.9), we can determine the period of unstable circular
orbits as measured by both the comoving (proper) and distant observers for a
long-term circular orbit. When considering a complete orbit (i.e. ¢, = 27), one

can obtain the following:

2
2wy,

T — l 2w,

B luf(ru)

[1 + BF(ru)] LT (3.36)

Furthermore, [, can be derived using the condition V; = 0. Furthermore, the

expression 7 = 0 or 53 = Vet (1) leads to the determination of &,. Therefore, we
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obtain,

T, = 4nr, [1 + mﬁ} Q(ry), (3.37)

Ty = 4mr, Q(ry)A(ry), (3.38)

in which

_ r—3M
M (4-38\/70))
A%(r) = ! <1 - 15F> . (3.39b)

(3.39a)

We continue this section by exploring the deflecting trajectories.

3.4.2 Orbits of the first kind

From Eq. (3.18), it is evident that for £2 > 1 — 3, magnetized particles follow
unbound orbits. Utilizing the condition dr/d¢ |.,= 0 of a general turning point
re, and Eq. (3.14), we can find the turning points of the particles, which helps
to distinguish between OFK and OSK. Subsequently, in Fig. 3.7, we illustrate
how the radii of the turning points depend on the angular momentum for fixed
values of the specific energy £ and magnetic coupling parameter 5. From these
diagrams, it is evident that particles exhibit two distinct turning point radii: the
smallest orbital separation r; and the largest orbital separation r;. The latter, r;,
corresponds to the OFK. Particles reaching this orbit either proceed to infinity
following hyperbolic motion in the £2 > £? > 1 — 3 case or engage in periodic
orbits when 7, = r,, as observed previously, in the £2 < 1 —  scenario. Notably,
the equation of motion governing OFK is almost identical to that of bound orbits.
However, it is crucial to consider that this is one of the roots of Eq. (3.18) is

negative for unbound orbits. Consequently, assuming that a magnetized particle



x|z

Figure 3.7: The variation of turning point radii with specific angular momentum for fixed values
of specific energy &£ (left panel), and coupling parameter /5 (right panel). Red points represent

the smallest orbital separation r,, while gray points denote the largest orbital separation r;.
initiates its motion from u = us and ¢ = 0, Eq. (3.21) can be expressed as
2F (arcsin \ s k‘0> — 2K (ko)

. (3.40)

Va(l+5)(us — u)

Following some straightforward calculations, we obtain the trajectory of the mag-

¢(u) =

netized particles as

1

1o = uy + (ug — uqp)sn? <90 + K (ky), k;()) '

(3.41)

Similarly to Eqs. (3.24), we can express the roots of Eq. (3.18) in the same
manner, however, here e > 1 as we are dealing with hyperbolic orbits. Then Eg.

(3.41) can be expressed as

r(6) = 4

- . (3.42)
1—e+2é@y+ng¢Q

We have determined the corresponding specific energy and angular momentum
for each e and A in Eq. (3.32). Furthermore, in Table 3.6, we have provided
the values of the latus rectum and the specific angular momentum for the se-
lected values of specific energy &£, eccentricity e, and magnetic coupling constant

5. Hence, plotting the hyperbolic trajectories of the magnetized particles is now
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Bl e A l £
0.0 | 1.5 | 6.28198M | 6.18387M | 1.2
0.0 | 1.5 | 5.52617M | 10.5156M | 1.5
0.0 | 2.0 | 11.4327M | 5.43019M | 1.2
0.0 | 2.0 | 8.23412M | 7.41205M | 1.5
0.3 | 1.5 | 8.56076M | 13.1119M | 1.2
0.3 | 1.5 | 8.43699M | 19.1212M | 1.5
0.3 | 2 |11.9084M | 8.70001M | 1.2
0.3 | 2 | 11.3611M | 12.3606M | 1.5

Table 3.6: The specific angular momentum and latus rectum values corresponding to selected

specific energy and eccentricity, with fixed magnetic coupling parameter.

straightforward. In Fig. 3.8, we depict the OFK for the particles around the BH.
Given the behavior of particles and their deflection from the BH, the concept of
OFK in this context aligns with the magnetic counterpart of the gravitational
Rutherford scattering (see Refs. [182, 188]). The scattering process can be either
repulsive or attractive, depending on the eccentricity e and, correspondingly, the
specific energy £ and specific angular momentum [ associated with this eccen-
tricity. The diagrams show that neutral particles approach the BH more closely
than magnetized particles just before heading toward infinity. Similarly to bound
orbits, this phenomenon can be attributed to the repulsive nature of the mag-
netic interaction between magnetized test particles and the external magnetic
field B. Furthermore, for identical specific energy values, the influence of eccen-
tricity becomes apparent in the transition between attractive and repulsive OFK.

An increase in this parameter enhances the tendency of particles to move away

from the BH.

3.4.3 Orbits of the second kind

As depicted in Fig. 3.7, magnetized particles exhibit two distinct turning

points during their unbound orbits. In particular, the smallest orbital separation,
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Figure 3.8: The gravitational Rutherford scattering plotted for e = 1.5 (left panel), and for
e = 2 (right panel).

denoted as 7y, corresponds to the OSK. In this scenario, particles reaching r; are
drawn into the event horizon by spiraling motion. Assuming particles commence
their motion from the point u = uz = 1/rs and ¢ = 0, integration of Eq. (3.20)
yields

d(u) = N ;)(W — [F (arcsin 52_—1;11’@

1
—F (arcsin k—,k0>:| , (3.43)

0

which enables us to find the analytical solution for the OSK as

1
r(¢) = . : (3.44)
uy + (ug — uy)sn? (00 + F (arcsin T k()) ,k())

In Fig. 3.9, we illustrate the trajectories of magnetized particles approaching
the BH from a distance ry, with fixed values of 8 and the impact parameter
b =1/E. From the figure, we infer that a larger impact parameter results in a
more noticeable bending of the trajectories as particles approach the BH, with the
turning point positioned at a smaller distance. The magnetic interaction further

enhances this bending, especially evident in the final segment before the particles
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fall into the BH. Conversely, smaller impact parameters cause the trajectories to
start their approach from a more distant location, indicating a turning point at a

greater distance from the BH.

— event hor.

Figure 3.9: The OSK for different values of the S-parameter and the impact parameter b.

So far, we have comprehensively analyzed all possible angular trajectories for
magnetized test particles and presented fully analytical solutions to the equations
of motion. For the completeness of our study, in the next section, we proceed

with the analysis of purely radial trajectories.

3.5 Radial trajectories

Studying particles in free fall with zero angular momentum offers several ad-
vantages for standard general relativistic tests. One key area of investigation
is the gravitational clock effect experienced by falling observers in gravitational
fields, which forms the theoretical basis for phenomena such as the gravitational

redshift-blueshift of light rays passing near a BH. Another significant aspect is



the phenomenon of frozen infalling objects, observed by distant observers as they
approach the event horizon of a BH. This stems from the disparities in time mea-
surements between distant observers () and falling observers (7), and provides
valuable insight into gravitational effects and their implications for our under-
standing of spacetime dynamics [229, 230, 231]. Hence, the radial motion of mag-
netized particles without angular momentum also presents an interesting subject
to explore.

For purely radial orbits, the effective potential (3.13) adopts the following form:

Ve = f(r)[1 = BF(r)], (3.45)

which, together with Eqs. (3.11) and (3.13) enables us to establish relationships

for the radial velocities as

(Z—:)? = & — f(r)[1 - BF(r)], (3.46)
(%) = {ro+pFe}
{1 - % 1+ 8F ()]}, (3.47)

In obtaining analytical representations for the time parameters, we derived power
series expansions for Eqs. (3.46) and (3.47) centered at § = 0 up to the sec-
ond order. Upon integrating these radial velocities, we can determine the radial
dependence of the time parameters for magnetized particles that initiate their

motion from the point ry. This procedure yields

T(r) = Ti(ro) — T;(r), (3.48)
t(r) = Ti(ro) — Te(r), (3.49)
where
1
To(r) =3 [AT +B: —Cr + DT} : (3.50a)
Te(r) = ég [At + By —Ci — Dt} . (3.50b)
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The expansion coefficients are shown in the Appendix 3.9. In Fig. 3.10, we depict
the dependency of the proper time and coordinate time of magnetized particles
on their distance from the BH. This illustration highlights that while a falling
observer may perceive particles crossing the event horizon, the process takes an

infinite amount of time for a distant observer.

—— p=0;&=11
—— p=01;&=11

—— B=01;&=12

Event horizon

35

Figure 3.10: Radial profiles of proper time (dot-dashed curves) and coordinate time (solid
curves) for test particles on radial orbits, plotted for various values of the S-parameter and

specific energy.

Having thoroughly investigated the angular and radial motion of magnetized
particles through comprehensive analytical methods, we have explored various
aspects of their trajectory dynamics. With this in mind, we close our discussion

at this point and proceed to summarize our findings in the next section.

3.6 Conclusion

This study investigated particles’ bound and unbound orbits with a dipole mo-
ment as they approached a magnetized Schwarzschild BH. Magnetization of the
BH was achieved by assuming proportionality between the four-potential and a
space-like Killing vector. We constructed the Lagrangian dynamics for test parti-
cles, where the magnetic moment directly contributed to their conjugate momenta,

with a magnetic interaction parameter 8 playing a crucial role in determining the



magnetic field’s effects on particle motion. We derived and analyzed the effective
potential experienced by approaching particles, classifying possible bound and
unbound orbits based on their specific energy and angular momentum. Bound
orbits resembled planetary orbits oscillating between apoapsis and periapsis, with
the possibility of complete circularity at the minimum of the effective potential,
determining the ISCO. We noted that while the ISCO radius increased with S, it
caused decreases in the specific energy and angular momentum of particles on the
ISCO. Analytical solutions to the angular equations of motion for bound orbits
were expressed in terms of elliptic integrals and Jacobi elliptic functions, with a
precise classification of orbits based on topological characterization. Simulating
various bound orbits with different eccentricities revealed topological variations
and geometric extensions in the exterior spacetime of the BH. Comparisons be-
tween observed positions of the S2 star around Sgr A* and theoretical predictions
were made for two different values of 3, calculating minimum and maximum val-
ues for this parameter, as well as specific energy and specific angular momentum
of the S2 star. We found that the magnetic dipole moment associated with the

3. Unbound orbits, classified as unstable

S2 star was on the order of 10°G - cm
circular orbits, OFK, and OSK, either deflected from the BH to infinity or fell
inexorably onto the event horizon. The period of unstable circular orbits was
calculated for comoving and distant observers, and the OFK was likened to the
magnetic counterpart of gravitational Rutherford scattering. For such deflecting
trajectories, the characteristic polynomial of the equation of motion had only two
positive roots, leading to analytical solutions differing in elliptic integrals’ argu-
ments. The scattering of test particles could be attractive or repulsive for the
OFK, depending on eccentricity. The OSK trajectory curvature increased with

the magnetic interaction parameter, resulting in a smaller turning point. Lastly,

we explored purely radial orbits for magnetized particles, obtaining the radial
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profile of proper time for infalling observers and coordinate time for distant ob-
servers. The study of magnetized particles in BH spacetimes offers new avenues
for investigating relativistic stars at galaxy centers potentially associated with
magnetic fields. Expanding models to include BHs with more degrees of freedom

could advance research in relativistic astrophysics, a direction for future studies.

3.7 Appendix. A uniform magnetic field around the self-
dual black hole in Loop Quantum Gravity

Here, we solve the differential Eq. (2.15) analytically. To this end, we expend
it into powers of small P < 1 and obtain the second order differential equation

as follows:

Cg (4Pr (7“2 — Mr) + 7"2(7“ — 2M)) + C</b (QP (87“2 - 6M7“) +

1
+2 (20" = 3Mr) ) = 8MPC, +~O(P)* =0, (3.51)

which solves to give the following solution

C¢ = KQ(—4PT — T) §P+ [QM(ZP -+ 1)] % [(4P’l‘ —+ 7“) V2P+1

X9 F1 (ag, bo; co; 20) + K1 (—2M (2P + 1)) var+1

X9 (2 — ag,4 — by; 2 — cp; zo)} : (3.52)

Here K, Ky and o Fi(a,b;c;2) = 230:0%2—7 are the integration constants and

Hypergeometric function, respectively. Also we have introduced new variables as

_ V/1-2P _\/1-2P 2\/1 2P 4Pr+
@ = sper L b= apr t2 00 = Ty L %0 = e

the above equation that the constant K can easily lose its meaning in the limit

It is obvious from

of P = 0 that restores Schwarzschild black hole case. Hence, recalling Eq. (3.53),



we derive the following expression for Cj

1\ Ve P P
1 1—2P i-2P
C¢:K2 <2P+§> (M(2p+1))1—¢mr¢m—1 %
2F1 (ao, bo; co; 20) - (3.53)
In the case when P = 0 (i.e., Schwarzschild black hole case), we derive Cy = %,

which allows one to find Ky = % easily. Taken all together, for the self-dual black
hole immersed in an external uniform magnetic field in LQG , the four potential

of the electromagnetic field can be obtained as follows:

B
Al = 70(8)A xo Py (A, A+ 324+ 3;B) & (3.54)
where we have defined A = /3222 — 1 and B = TAPHD) oo hew variables.

1+2P 2M(2P+1)

3.8 Appendix A: The coefficients of Eqgs. (3.31) and (3.32)

These coefficients are as follows:

®=4(B+1)(28+1)[B(58—1)—2](e*+1) AM?, (3.55a)
U=88(B+1)(28+1)(1—¢€)M*—2(8+1)\
—220{8(38(28 +5) + 13| + [B(8+ 1)(28 +3) + 1]e? + 3},

(3.55b)

E=(=38"=B+2) N +168° (1 —€*) M> —4(B+1) 8% (e + 3) AM?,
(3.55¢)

o= AQM{B[B(%(QB +3)— 1) + (5 (482 + 68 —T7) — 5)62 _ 19} _ 8}.
(3.55d)

3.9 Appendix B: The coefficients of Eqs. (3.50)

These coeflicients are as follows:
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r/E2 = J(r) [-AM? (3026, — 8EF) — AMrE) (%€, — 8€3) + r2&) (35° + 8€3)]

AT - 2 )
(3.56a)
M [38% (6% — 1) + 8€2] In (28Ltré0) | o, /€2 —
g M [ (68" 1) ¢ 8] 7<2 L) 4o JET=F(T)) | 50
g/
_ AP/ E — fr) (ME; +1&))
Cr = E2(2M + &) ’ (3:56¢)
128ME? 1In <2r\/ Fr)E = Fr) — 2[M (5;—%)—7“50])
D, = =P : (3.56d)
P /E2 — f(r) [AM? (B2E4 + 8EF) + AMrE, (B2E5 + 8E3) + r2EF (B2Es + 8EY) ]
o & (2M 1 &)’ ’
(3.56¢)
5 _ M [B%E, — 8E3&:] In (Q(M—\/J%&') +2r\/E? — f(r)) ABr\/F(r)(E2 = f(r)) (ME; + ré
- gl N E2 (2M + r&)
(3.56f)
4B MEgIn (27“\/]"(7“)(52 _ f(?“)) . Q[M(gi/_g%)—ré’o])
Cr = 57 , (3.56g)
50
o 16M In (r [25, e ) + 250} + 2M) 16D rg(r) .
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in which we have defined
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E=E—1,

E =280 —6E* —1,
Ey =280 — 98 — 3,
Ey=4E%* +2,
Ey=16E* —8E%2 + 7,
Es =138 — 108 + 7,
g =8E Y — 128+ 7,
Er =2E% -3,

Eg =28 —3rE% +r,
Eg =281 —7E% 4+ 2.



Main results and conclusions

Below we present the main results of the dissertation.

1. We found an novel analytical Schwarzschild-like BH in Dehnen-type DM
halo. Additionally, we analyzed a newly derived BH solution by examining
its spacetime curvature characteristics and energy conditions. This solution
could represent an alternative perspective on the interaction of BH-DM sys-

tems, providing new insights into the fundamental properties of DM halos

2. We study the motion of magnetic dipoles and electrically charged particles in
the vicinity of a self-dual BH in LQG immersed in an external asymptotically
uniform magnetic field. We explore the effects of the quantum correction pa-
rameter and electromagnetic interactions on the particle geodesics. We derive

the field equations and determine the electromagnetic four-vector potential

for the case of a self-dual BH in LQG.

3. We investigate the ISCOs for both magnetic dipoles and electrically charged
particles in detail, demonstrating that the quantum correction parameter sig-
nificantly influences on the ISCO radius, causing it to shrink. Additionally,
we show that the ISCO radius of magnetic dipoles is greater than that of
electrically charged particles due to the magnetic field interaction. We inves-
tigate the ISCO parameters (i.e., r15c0, lisco, E1sco, visco, and Qrsco) for
magnetic dipoles and electrically charged particles, providing detailed values.

Furthermore, we examine the trajectories of charged particles under various
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scenarios resulting from the quantum correction parameter P. Finally, ana-
lyzing the ISCO parameters that define the inner edge of the accretion disk,

we explore the accretion disk around a self-dual BH in LQG.

. We have investigated the bound and unbound motion of magnetized par-

ticles orbiting a Schwarzschild BH immersed in an external asymptotically
uniform magnetic field, which includes all conceivable types of bounded and
unbounded orbits. In particular, for planetary orbits, we perform a com-
parative analysis of our findings with the observed position of the S2 star
carrying magnetic dipole moment around Sagittarius A* (Sgr A*). We found
maximum and minimum values for the parameter of magnetic interaction be-
tween the magnetic dipole of the star and the external magnetic field, as well
as the energy and angular momentum of the S2 star. As a result, we obtain
estimations of the magnetic dipole of the star in order of 10°G x em?. Ad-
ditionally, we explore deflecting trajectories akin to gravitational Rutherford
scattering. In obtaining the solutions for the orbital equations, we articulate
the elliptic integrals and Jacobi elliptic functions, and illustrative figures and

simulations augment our study.
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